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PREFACE
Now that this book is done I can look back, and identify two purposes which
led me to begin writing, and which have guided the work to completion.
One good practical purpose was to bring together and assess the wealth of data
provided over the last decade by new techniques in experimental physics and in
optical, radio, radar, X-ray, and infrared astronomy. Of course, new data will
keep coming in even as the book is being printed, and I cannot hope that this work
will remain up to date forever. I do hope, however, that by giving a comprehensive
picture of the experimental tests of general relativity and observational cosmology,
I will help to prepare the reader (and myself) to understand the nmv data as they
emerge. I have also tried to look a little way into the future, and to discuss what
may be the next generation of experiments, especially those based on artificial
satellites of the earth and sun.
There was another, more personal reason for my writing this book. In learning
general relativity, and then in teaching it to classes at Berkeley and M.I.T., I
became dissatisfied with what seemed to be the usual approach to the subject.
I found that in most textbooks geometric ideas were given a starring role, so that a
student who asked why the gravitational field is represented by a metric tensor, or
why freely falling particles move on geodesics, or why the field equations are
generally covariant would come away with an impression that this had something
to do with the fact that space-time is a Riemannian manifold.
Of course, this was Einstein's point of view, and his preeminent genius
necessarily shapes our understanding of the theory he created. However, I believe
that the geometrical approach has driven a wedge between general relativity
and the theory of elementary particles. As long as it could be hoped, as Einstein
did hope, that matter would eventually be understood in geometrical terms, it
made sense to give Riemannian geometry a primary role in describing the theory
of gravitation. But now the passage of time has taught us not to expect that the
strong, weak, and electromagn13tic interactions can be understood in geometrical
terms, and too great an emphasis on geometry can only obscure the deep connections between gravitation and the rest of physics.
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In place of Riemannian geometry, I have based the discussion of general
relativity on a principle derived from experiment: the Principle of the Equivalence
of Gravitation and Inertia. It will be seen that geometric objects, such as the
metric. the affine connection, and the curvature tensor, naturally find their way
into a theory of gravitation based on the Principle of Equivalence and, of course,
one winds up in the end with Einstein's general theory of relativity. However, I
have tried here to put off the introduction of geometric concepts until they are
needed, so that Riemannian geometry appears only as a mathematical tool for
the exploitation of the Principle of Equivalence, and not as a fundamental basis
for the theory of gravitation.
This approach naturally leads us to ask why gravitation should obey the
Principle of Equivalence. In my opinion the answer is not to be found in the realm
of classical physics, and certainly not in Riemannian geometry, but in the constraints imposed by the quantum theory of gravitation. It seems to be impossible
to construct any Lorentz-invariant
quantum theory of particles of mass zero and
spin two, unless the corresponding classical field theory obeys the Principle of
Equivalence. Thus the Principle of Equivalence appears as the best bridge
between the theories of gravitation and of elementary particles. The quantum
basis for the Principle of Equivalence is briefly touched upon here in a section on
the quantum theory of gravitation, but it was not possible to go far into the
quantum theory in this book.
The nongeometrical approach taken in this book has, to some extent, affected
the choice of the topics to be covered. In particular, I have not discussed in detail
the derivation and classification of complicated exact solutions of the Einstein
field equations, because I did not feel that most of this material was needed for a
fundamental understanding
of the theory of gravitation, and hardly any of it
seemed to be relevant to experiments that might be carried out in the foreseeable
future. By this omission, I have left out much of the work done by professional
gel).eral relativists over the past decade, but I have tried to provide an entree
to this work through references and bibliographies. I regret the omission here of a
detailed discussion of the beautiful theorems of Penrose and Hawking on gravitational collapse; these theorems are briefly discussed in Sections 11.9 and 15.11,
but an adequate discussion would have taken up too much time and space.
I have tried to give a comprehensive set of references to the experimental
literature on general relativity and cosmology. I have also given references to
detailed theoretical calculations whenever I have quoted their results. However, I
have not tried to give complete references to all the theoretical material discussed
in the book. Much of this material is now classical, and to search out the original
references would be an exercise in the history of science for which I did not feel
equipped. The mere absence of literature citations should not be interpreted as a
claim that the work presented is original, but some of it is.
It is a pleasure to acknowledge the inestimable help I have received in writing
this book. Students in my classes over the past seven years have, by their questions
and comments, helped to free the calculations of errors and obscurities. I especially
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thank Jill Punsky for carefully checking many of the derivations. I have drawn
very heavily on the knowledge of many colleagues, including Stanley Deser,
Robert Dicke, George Field, Icko Iben, Jr., Arthur Miller, Philip Morrison, Martin
Rees, Leonard Schiff, Maarten Schmidt, Joseph Weber, Rainier Weiss, and especially Irwin Shapiro. Finally, I am greatly indebted to Connie Friedman and Lillian
Horton for typing and retyping the manuscript with inexhaustible skill and patience.
STEVEN

WEINBERG

Cambridge, Massachusetts
April 1971

NOTATION
Latin indices i, j, k, l, and so on generally run over three spatial coordinate labels,
usually, 1, 2, 3 or x, y, z.
Greek indices ex,/3,y, '5, and so on generally run over the four space-time inertial
coordinate labels 1, 2, 3, 0 or x, y, z, t.
Greek indicesµ, v, K, A, and so on generally run over the four coordinate labels in a
general coordinate system.
Repeated indices are summed unless otherwise indicated.
The metric 'Ylapin an inertial coordinate
+ 1, -1.
A dot over any quantity
Cartesian three-vectors

system has diagonal elements

denotes the time derivative

+ 1, + 1,

of that quantity.

are indicated by boldface type.

The speed of light is taken to be unity, except when c.g.s. units are indicated.
Planck's constant is not taken to be unity.
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PARTONE
PRELIMINARIES

"But the tale of history
forms a very strong bulwark
against the stream of time,
and to some extent checks
its irresistible flow, and, of
all things done in it, as
many as history has taken
over, it secures and binds
together, and does not allow
them to slip away into the
abyss of oblivion."
Anna Oomnena, The Alexiad

I HISTORICAL
INTRODUCTION

Physics is not a finished logical system. Rather, at any moment it spans a
great confusion of ideas, some that survive like folk epics from the heroic periods
of the past, and others that arise like utopian novels from our dim premonitions
of a future grand synthesis. The author of a book on physics can impose order on
this confusion by organizing his material in either of two ways: by recapitulating
its history, or by following his own best guess as to the ultimate logical structure
of physical law. Both methods are valuable; the great thing is not to confuse
physics with history, or history with physics.
This book sets out the theory of gravitation according to what I think is its
inner logic as a branch of physics, and not according to its historical development.
It is certainly a historical fact that when Albert Einstein was working out general
relativity, there was at hand a preexisting mathematical formalism, that of
Riemannian geometry, that he could and did take over whole. However, this
historical fact does not mean that the essence of general relativity necessarily
consists in the application of Riemannian geometry to physical space and time.
In my view, it is much more useful to regard general relativity above all as a theory
of gravitation, whose connection with geometry arises from the peculiar empirical
properties of gravitation, properties summarized by Einstein's Principle of the
Equivalence of Gravitation and Inertia. For this reason, I have tried throughout
this book to delay the introduction of geometrical objects, such as the metric, the
affine connection, and the curvature, until the use of these objects could be
motivated by considerations of physics. The order of chapters here thus bears very
little resemblance to the order of history.
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Nevertheless, because we must not allow the history of physics "to slip away
into the abyss of oblivion," this first chapter presents a brief backward look at
three great antecedents to general relativity-non-Euclidean
geometry, the
Ne,vtonian theory of gravitation, and the principle of relativity. Their history is
traced up to 1916, the year in which they were brought together by Einstein in the
General Theory of Relativity. 1

I

History of Non-Euclidean Geometry

Euclid showed in his Elements 2 how geometry could be deduced from a few
definitions, axioms, and postulates. These assumptions for the most part dealt
with the most fundamental properties of points, lines, and figures, and seem as
self-evident to schoolboys in the twentieth century as they did to Hellenistic
mathematicians in the third century B.c. However, one of Euclid's assumptions
has always seemed a little less obvious than the others. The fifth postulate states

"If a straight line falling on two straight lines make the interior angles on the
same side less than two right angles, the two straight lines if produced indefinitely
meet on that side on which the angles are less than two right angles."
For two thousand years geometers tried to purify Euclid's system by proving that
the fifth postulate is a logical consequence of his other assumptions. Today we
know that this is impossible. Euclid was right, there is no logical inconsistency in a
geometry without the fifth postulate, and if we want it we will have to put it in at
the beginning rather than prove it at the end. However, the struggle to prove the
fifth postulate is one of the great success stories in the history of mathematics,
because it ultimately gave birth to modern non-Euclidean geometry.
The list of those who hoped to prove the fifth postulate as a theorem includes
Ptolem,y (d. 168), Proclos (410-485), Nasir al din al Tusi (thirteenth century),
Levi ben Gerson (1288-1344), P.A. Cataldi (1548-1626), Giovanni Alfonso Borelli
(1608-1679), Giordano Vitale (1633-1711), John Wallis (1616-1703), Geralamo
Saccheri (1667-1733), Johann Heinrich Lambert (1728-1777), and Adrien Marie
Legendre (1752-1833). Without exception, their efforts only succeeded in replacing
the fifth postulate with some other equivalent postulate, which might or might not
seem more self-evident, but which in any case could not be proved from Euclid's
other postulates either. Thus, the Athenian neo-Platonist Proclos offered the
substitute postulate: "If a straight line intersects one of two parallels, it will
intersect the other also." (That is, if we define parallel lines as straight lines that
do not intersect however far extended, then there can be at most one line that
passes through any given point and is parallel to a given line.) John Wallis,
Savillian Professor at Oxford, showed that Euclid's fifth postulate could be
replaced ,vith the equivalent statement "Given any figure there exists a figure,
similar to it, of any size." And Legendre proved the equivalence of the fifth
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postulate with the statement "There is a triangle in which the sum of the three
angles is equal to two right angles." 3
The attempt to dispense with Euclid's fifth postulate began to take a different
direction in the eighteenth century. In 1733 the Jesuit Geralamo Saccheri published
a detailed study of what geometry would be like if the fifth postulate were false.
He particularly examined the consequences of what he called the "hypothesis of
the acute angle," that is, that "a straight line being given, there can be drawn a
perpendicular to it and a line cutting it at an acute angle, which do not intersect
each other." 3 However, Saccheri did not really think that this is possible; he still
believed in the logical necessity of the fifth postulate, and explored non-Euclidean
geometry only in the hope of eventually turning up a logical contradiction.
Similar tentative explorations of non-Euclidean geometry were begun by Lambert
and Legendre.
It seems to have been Carl Friedrich Gauss (1777-1855) who first had the
courage to accept non-Euclidean geometry as a logical possibility. His gradual
enlightenment is recorded in a series of letters 4 to W. B6lyai, Olbers, Schumacher,
Gerling, Taurinus, and Bessel, extending from 1799 to 1844. In a letter dated 1824
he begged Taurinus to keep silent about the "heretical opinions" he had revealed.
Gauss ev~n went to the extent of surveying a triangle 40 in the Harz mountains
formed by Inselberg, Brocken, and Roher Hagen to see if the sum of its interior
angles was 180° ! (It was.) Then, in 1832, Gauss received a letter from his friend
Wolfgang B6lyai, describing the non-Euclidean geometry developed by his son,
Janos B6lyai (1802-1860), an Austrian army officer. He subsequently also learned
that a professor in the Kazan, Nikolai Ivanovich Lobachevski (1793-1856), had
obtained similar results in 1826.
Gauss, B6lyai, and Lobachevski had independently discovered what in modern
terms is called the two-dimensional space of constant negative curvature. Such spaces
are still very interesting; we shall see in the chapter on cosmography that the space
in which we actually live may be a three-dimensional space of constant curvature.
But to its discoverers the important thing about their new geometry was that it
describes an infinite two-dimensional space in which all of Euclid's assumptions
are satisfied-except
the fifth postulate! In this it is unique, which perhaps
explains why it was discovered more or less independently in Germany, Austria,
and Russia. (The surface of a sphere also satisfies Euclidean geometry without the
fifth postulate, but being finite it does not have room for parallel lines.) We shall
see in Chapter 13, on symmetric spaces, that the two-dimensional space of constant
negative curvature cannot be realized as a surface in ordinary three-dimensional
Euclidean space, which is doubtless why it took two millennia to find it. And of
course it also violates the alternative "common-sense" versions of Euclid's fifth
postulate given by Proclos, Wallis, and Legendre-through
a given point there
can be drawn infinitely many lines parallel to any given line; no figures of different
size are similar; and the sum of the angles of any triangle is less than 180°.
However, it still remained an open possibility that Euclid's fifth postulate
could be derived from the others, for it was not at all obvious that the geometry of
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Gauss, B6lyai, and Lobachevski did not contain a logical inconsistency. The ~sual
way to "prm ...e" that a system of mathematical postulates is self-consistent is to
construct a model that satisfies the postulates out of some other system whose
consistency is (for the moment) unquestioned. For both Euclidean and nonEuclidean geometry the "model" is provided by the theory of real numbers.
Descartes' analytic geometry shows that if a point is identified with a pair of real
numbers (x 1 . x 2 ) and the distance between two points (x 1 , x 2) and (X 1 , X 2) is
identified as [(x 1 - X 1 )2 + (x 2 - X 2 )2]1 12 , then all of Euclid's postulates can be
proYed as theorems about real numbers. In 1870 a similar analytic geometry 5 was
constructed by Felix Klein (1849-1925) for the geometry of Gauss, B6lyai, and
LobacheYski-a
"point" is represented as a pair of real numbers x 1 , x 2 with

x/ + x/

(1.1.1)

< 1

and the distance d(x, X) between two points x, X is defined by
h [d(x, X)]
cos

--a-

= (1 -

1 - x 1X 1 - x 2 X 2
x/)1;2(1 - X/

x/ -

-

X/)1;2

( 1.1.2)

where a is a fundamental length which sets the scale of the geometry. Note that
this space is infinite, because d(x, X) ~ oo as X/ + X/ approaches unity.
With this definition of "point"' and "distance" one can verify that this model
satisfies all of Euclid's postulates except the fifth, and in fact obeys the geometry
discovered by Gauss, B6lyai. and Lobachevski. Thus after two millennia the logical
independence of Euclid's fifth postulate was at last established.
This was just the beginning of the development of non-Euclidean geometry.
We saw that in order to discu,er the geometry of Gauss, B6lyai, and Lobachevski
it was necessary to give up the idea that a curved surface could only be described
in terms of its embedding in ordinary three-dimensional spaces. How then can we
describe and classify curved spaces? To pick up our story we must go back to 1827
when Gauss pu blishedhis Disquisitiones generales circa superficies curvas. Gauss for the
first time distinguished the inner properties of a surface, that is, the geometry experienced by small flat bugs living in the surface, from its outer properties, that is, its
embedding in a higher-dimensional space, and he realized that it is the inner properties
of surfaces that are "most worthy of being diligently explored by geometers."
Gauss also realized that the essential inner property of any surface is the
metric function d(x, X), which gives the distance between x and X along the
shortest path between them on the surface. For instance, a cone or a cylinder has
the same local inner properties as a plane, since a plane can be rolled without
stretching or tearing (i.e., without distorting metric relations) into a cone or a
cylinder. On the other hand, all cartographers know that a sphere cannot be
unrolled onto a plane surface without distortion, and thus its local inner properties
are not the same as the plane's.
There is a simple example that has been used by Einstein, Wheeler, and others
to illustrate how the inner properties of a surface can be discovered by exploring
its metric. (See Figure 1.1.) Consider N points in a plane. We can use one point as
an origin of coordinates and draw an x-axis through a second point, so that the
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Problem:

Is Middle Earth flat?

distances between the various points are described in terms of (2N - 3) coordinates, that is, the x-coordinate of the second point and the x- and y-coordinates
of the remaining (N - 2) points. But there are N(N - 1)/2 different distances
between the N points, and thus for large enough N these distances must be
subject to M algebraic relations, where
M = N(N 2

l) - (2N - 3)

(N - 2)(N - 3)
2

(1.1.3)

For instance, in the simplest interesting case, N = 4, we can easily show that the
distances dmn between points m and n satisfy the single relation
0

= d 1 / d3/

+

+

d 1/ d 2 /

4
d13 dz/
d3/

+

4
d14 dz/
2
d1/ ~24 d4/

+

+ dz3 4 d1/ + d24 4 d13 2 + d344 d1/
+ d1/ d34 2 d4/ + dz3 2 d34 2 d4/

- d122 dz32 d342 - d132 d322 dz42 - d122 dz42 d432 - d142 d422 dz32
- d 132 d 3/ d 4/

- d 1/ d 4/ d 322 - d 2/ d 3/ d 142 - d 2/ d 132 d 342

- dz/

- dz/

d4/

d1/

d14 2 d4/

- d312 d1/ dz4 2 - d32 2 dz/

d14 2
(1.1.4)
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This relation will be satisfied on any simply connected patch of a cylinder or a
cone, which share the same inner properties as the plane, but it will not be satisfied
by a table of airline distances among any four cities, because the earth's surface has
different inner properties. There is a different relation appropriate to spherical
surfaces, which is satisfied by airline mileage tables, and can be used to measure the
radius of the earth. Of course, this is not the most convenient method and it is not
the method used by Eratosthenes, but the important point here is that the curvature of the earth's surface can be determined from its local inner properties.
Were our imaginations given free rein, we could conceive of a great variety of
peculiar metric functions d(x, X). It was Gauss's great contribution to pick out one
particular class of metric spaces, which was broad enough to include the space
of Gauss, B6lyai, and Lobachevski as \\'ell as that of ordinary curved surfaces, but
narrow enough to deserve the name of geometry. Gauss assumed that in any
sufficiently small region of the space it would be possible to find a locally Euclidean
coordinate system (<;
1, <;2) so that the distance between two points with coordinates
(<;1, <;2) and (<;1 + d<;1, <;2 + 2) satisfies the law of Pythagoras,
d.s2 = d~ i2 + d<;/
(1.1.5)

a,

For instance, we can set up such a locally Euclidean coordinate system at any
point in an ordinary smooth curwd surface by using the Cartesian coorainates of a
plane tangent to the surface at the given point. However, this should not make us
suppose that Gauss's assumption has anything to do with outer properties; it
deals only with inner metric relations for infinitesimal neighborhoods.
If a surface is not Euclidean, it will not be possible to cover any finite part of
it with a Euclidean coordinate system (<;
1, <;2) satisfying the law of Pythagoras.
Suppose that we use some other coordinate system (x 1 ,· x 2 ) that does cover the
space, and ask what form Gauss's assumption takes in these coordinates. It is easy
to calculate that the distance ds between points (x 1, x 2) and (x 1 + dx 1, x 2 + dx 2)
is given by
d.s2 = g 11 (x 1, x 2) dx 12 + 2g12(x1, x 2) dx 1 dx 2 + g22(x 1, x 2) dx 22
(1.1.6)
·where

2
2
= (8<;1) + (8<;2)
8xl
8x1

= (8<;1)(8<;1)+ (8<;2)(8<;2)
8xl

8x2

8x1

(1.1.7)

8x2

2

2

= (8<;1) + (8<;2)
8x2

2

8x2

This form for d.s is the hallmark of a metric space. [We shall see in Chapter 3 that
this derivation can be reversed; given any space with ds given by (1.1.6), we can
at any point choose locally Euclidean coordinates <;1 , <;
2 satisfying (1.1.5).] For the
case of a sphere of radius a we can use spherical polar coordinates fJ, <p, and the
metric is
2
2
(1.1.8)
g"'"' = a sin f)
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It is the factor sin 2 () in g"'"'
that gives a sphere different inner properties from a
plane. In the geometry of Gauss, B6lyai, and Lobachevski,· we can use the coordinates x 1 , x 2 of Klein's model, and find from the posited formula for d(x, X)
that

(1.1.9)

The length of any path can be determined by integrating ds along the path.
The metric functions gii determine all inner properties of a metric space, but
they also depend on how we choose the coordinate mesh. For instance, we can use
polar coordinates r, () to describe a plane surface, and find that the metric functions
are
(l.1.10)
This does not look like a Euclidean space, but of course it is, as we can show
formally by transforming to Cartesian coordinates x = r cos(), y = r sin().
)fore generally, a change of coordinates from (x 1 , x 2 ) to (x~, x;) will change the
metric functions gii to g[j, where, for instance,

=G!J
+G!J
2

2
(a'1ax1+ a,1ax2) + (a,2
ax1+ a,2
ax2)
ax1ax~ ax2ax~
ax1ax~ ax2ax~
2
2
_
(ax1)
+ 2 12axlax2+ 22(ax2)
11
ax~ g ax~ax~ g ax~
- g

=

(1.1.11)

How then can we tell the inner properties of a space by looking at its metric
coefficients? What we need is some function of the gii and their derivatives that
depends only on the inner properties of the space and not, like the gii• also on the
particular coordinate system chosen to describe the space.
Gauss found this function, and found it to be essentially unique; it is the
so-called Gaussian curvature:
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where g is the determinant

(The reader should not quail at the awful appearance of this formula. After
introducing a certain amount of mathematical formalism, we shall be able to
derive and discuss the curvature in a far more compact and elegant notation, in
Chapter 6.) By applying Eq. (1.1.12) to the metric functions (1.1.8) and (1.1.9), we
find that the surface of a sphere is a space of constant positive curvature
(sphere)

(1.1.13)

whereas the space of Gauss, B6lyai, and Lobachevski
curvature

1

K=

(G-B-L)

a2

has constant

negative

(1.1.14)

(Incidentally, there is nothing very exotic about negative curvature; an ordinary
saddle is negatively curved. It is the constancy of K that makes the geometry of
Gauss, B6lyai, and Lobachevski unrealizable for ordinary curved surfaces. It is also
obvious that only with K constant could the other postulates of Euclid be satisfied,
because these other postulates describe an intrinsically homogeneous space,
whereas if K varied from point to point then the inner properties of the space
would vary with it.) Finally, if ·we apply our formula for K to the metric (1.1.10)
that describes a plane in polar coordinates, then we find

K = 0

(plane)

(1.1.15)

as of course we must. Thus, however perverse we are in our choice of coordinate
system, the inner properties of a space can still be revealed by the straightforward
procedure of calculating K.
Having come so far, it was not long before mathematicians
turned to the
problem of describing the inner properties of curved spaces having three or more
dimensions. It was not a trivial matter to expand the work of Gauss to more than
two dimensions, because the inner properties of such spaces cannot be described
by a single curvature function K. In D dimensions there will be D(D + 1)/2
independent metric functions gii• and our freedom to choose the D coordinates at
will allows us to impose D arbitrary functional relations on the gii• leaving C
functions that truly express the inner properties of the space, where
C = D(D

+
2

1) _ D

D(D - 1)
2

For D = 2, C = 1, as found by Gauss. For D > 2, C > 1, and the description of
the geometry becomes much more complicated. This problem was completely
solved in 1854 by Georg Friedrich Bernhard Riemann (1826-1866), who presented
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what we now call Riemannian geometry in his Gottingen inaugural lecture, Uber
die Hypothesen, welche der Geometrie zu Grunde liegen. Subsequent work by
Christoffel, Ricci, Levi-Civita, Beltrami, and others developed Riemann's ideas
into the beautiful mathematical structure described in our chapters on tensor
analysis and curvature. However, it remained for Einstein to see the use physics
could make of non-Euclidean geometry.

2

History of the Theory of Gravitation

At the end of the Principia, Isaac Newton (1642-1727) described gravitation
as a cause that operates on the sun and planets "according to the quantity of solid
matter which they contain and propagates on all sides to immense distances,
decreasing always as the inverse square of the distances." 6 There are two parts to
Newton's law, which were discovered in different ways, and which played different
roles in the development of mechanics from Newton to Einstein.
It was of course Galileo Galilei (1564-1642) who discovered that bodies fall at a
rate independent of their mass. His tools were an inclined plane to slow the fall,
a water clock to measure its duration, and also a pendulum, to a void rolling friction.
These observations were later improved by Christaan Huygens (1629-1695).
Newton could thus use his second law to conclude that the force exerted by
gravitation is proportional to the mass of the body orr which it acts; the third
law then ensures that the force is also proportional to the mass of its source.
Newton was well aware that these conclusions might be only approximately
true, and that the "inertial mass" entering in his second law might not be precisely
the same as the "gravitational mass" appearing in the law of gravitation. If this
were the case, we would have to write Newton's second law as
(1.2.1)

and write the law of gravitation

as
(1.2.2)

where g is a field depending on position and other masses. The acceleration at a
given point would be
(1.2.3)
and would be different for bodies with different values for the ratio mg/mi; in
particular pendulums of equal length would have periods proportional
to
(mdmg) 1 12 • Newton tested this possibility by experiments with pendulums of
equal length but different composition, and found no difference in their periods.
This result was later verified more accurately by Friedrich Wilhelm Bessel ( 17841846) in 1830. Then, in 1889, Roland von Eotvos 7 succeeded by a different method
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in sho-wing that the ratio rng/mi does not differ from one substance to another by
more than one part in 10 9 . (See Figure 1.2.) Eotvos hung two weights A and B
from the ends of a 40-cm beam suspended on a fine wire at its center. At equilibrium
the beam would sag in such a way that
(1.2.4)

Ag;

mi

i

- T

t

IA
18

[1)A
mi

Ag;~

t

mg

Figure 1.2

m;Bg~~·

Ag

Schematic

Yiew of the Eotvos

experiment.

where g is the earth's gravitational field, g; is the vertical component of the centripetal acceleration due to the earth's rotation, and lA and ln are the effective lever
arms for the two weights. [Of course Eotvos chose weights and lever arms to be
nearly equal, but the point of his method is that even if A is a little bigger than B,
the beam will still sag just so as to make (1.2.4) correct.] At the latitude of Budapest
the centripetal acceleration due to the earth's rotation also has an appreciable
horizontal component
giving to the balance a torque around the vertical axis
equal to

g;,

Using the equilibrium con<lition to determine ln, we have then

or, since g; is much less than g,
T

= l A g'm
s gA [miA - miBJ
rngA

mgB

Any inequality in the ratios mJmg for the two weights would thus tend to twist
the wire from which the balance was suspended. No twist was detected, and
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Eotvos concluded from this that the difference of mdm9 for wood and platinum
was less than 10- 9 •
Einstein was very impressed with the observed equality of gravitational and
inertial mass 8 , and as we shall see, it served him as a signpost toward the Principle
of Equivalence. (It also sets very stringent limits on any possible nongravitational
forces that might exist. For instance, any new kind of electrostatic force in which
the number of nucleons plays the role of charge would have to be much weaker
than gravitation. 9 ) In recent years a group under R. H. Dicke 10 at Princeton has
improved on Eotvos' method, by using the gravitational field of the sun and the
earth's centripetal acceleration toward the sun, rather than the rotation of the
earth, to produce the torque on the balance. The advantage is that the angle
between the direction of the sun and the balance arm changed with a 24-hr period,
and so Dicke could filter out of his data any noise not at the diurnal frequency. In
this way·he concluded that "aluminum and gold fall toward the sun with the same
acceleration, the accelerations differing from each other by at most one part in
10. 11 " It has also been shown (with very much less precision) that neutrons fall
with the same acceleration as ordinary matter, 11 and that the gravitational force
on electrons in copper is the same as on free electrons. 1 2
We now move on to the second part of Newton's law of gravitation, \\·hich says
that the force decreases as the inverse square of the distance. This idea was not
entirely original with Newton. Johannus Scotus Erigena (c. 800-c. 877) had guessed
that heaviness and lightness vary with distance from the earth. This theory was
taken up by Adelard of Bath (twelfth century), who realized that a stone dropped
into a very deep well could fall no farther than the center of the earth. (Incidentally,
Adelard also translated Euclid from Arabic into Latin, thus making it available to
medieval Europe.) The first suggestion of an inverse-square law may have been
made around 1640 by Ismael Bullialdus (1605-1694). However, it was certainly
Newton who in 1665 or 1666 first deduced the inverse-square law from observations. He knew that the moon falls toward the earth a distance 0.0045 ft. each
second, and he knew that the moon is 60 earth radii away from the center of the
earth. Hence, if the gravitational force obeys an inverse-square law, then an apple
in Lincolnshire (which is 1 earth radius away from the center of the earth) should
fall in the first second 3600 times 0.0045 ft, or about 16 ft, in good agreement with
the measured value. However, Newton did not publish this calculation for twenty
years, because he did not know how to justify the fact that he had treated the earth
as if its whole mass were concentrated at its center. Meanwhile, it became known to
several members of the Royal Society, including Edmund Halley (1656-1742),
Christopher Wren (1632-1723), and Robert Hooke (1635-1703), that Kepler's third
law would imply an inverse-square law of force if the orbits of planets were circular.
That is, if the squares of the periods, r 2 /v2 , are proportional to the cubes of the
radii r 3 , then the centripetal acceleration v 2 fr is proportional to l/r 2 . However, the
planets actually move on ellipses, not circles, and no one knew how to calculate
their centripetal acceleration. Under Halley's instigation, Newton in 1684 proved
that planets moving under the influence of an inverse-square-law force would
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indeed obey all the empirical laws of Johannes Kepler (1571-1630); that is, they
would move on ellipses with the sun at a focus, they would sweep out equal areas in
equal times, and the square of their periods "·ould be proportional to the cube of
their major axes. Finally, in 1685, Newton was able to complete his lunar calculation of 1665. These stupendous accomplishments ,vere published on July 5, 1686,
under the title Philosophiae N aturalis Principia Mathematica. 1 3
In the following centuries Newton's law of gravitation met with a brilliant
series of successes in explaining the motion of the moon and planets. Some
irregularities in the orbit of Uranus remained unexplained until, in 1846, they were
independently used by John Couch Adams (1819-1892) in England and Urbain
Jean Joseph Le Verrier (1811-1877) in France to predict the existence and position
of Neptune. The discovery of Neptune shortly thereafter was perhaps the most
splendid verification of Newton's theory. The motion of the moon and Encke's
comet (and, later, Halley's comet) still showed departures from Newtonian theory,
but it was clear that nongravitational forces could be at work.
One problem remained. A year before his prediction of Neptune, LeVerrier
had calculated that the obserYed precession of the perihelia of Mercury was
35" /century faster than what would be expected according to Newton's theory
from the known perturbing fields of the other planets. This discrepancy was
confirmed in 1882 by Simon Kewcomb (1835-1909), who gave a value of 43" for
the excess centennial precession. 14 Le Verrier had thought that this excess was
probably due to a group of small planets between Mercury and the sun, but after a
careful search none were discovered. Newcomb then suggested that perhaps the
matter responsible for the faint "zodiacal light" seen in the plane of the ecliptic
of the solar system was also responsible for the excess precession of Mercury.
However, his calculations sho\\·ed that the amount of matter needed to account
for the precession of Mercury would, if placed in the plane of the ecliptic, produce a
rotation of the plane of the orbits (that is, a precession of the nodes) of both
Mer~ury and Venus different from what had been observed. For this reason,
Newcomb was led by 1895 "to drop these explorations as unsatisfactory, and to
prefer provisionally the hypothesis that the Sun's gravitation is not exactly as the
inverse square." 15
Unfortunately this was not the last word. In 1896 H. H. Seeliger constructed
an elaborate model of the zodiacal light, placing the matter responsible on ellipsoids
close to the sun, which could account for the excess precession of Mercury without
upsetting the agreement between theory and experiment for the rotation of the
planes of the inner planets' orbits. Today we know that this model is totally wrong,
and that there simply is not enough interplanetary
matter to account for the
observed excess precession of Mercury. However, Seeliger's hypothesis, together
with the continued success of Newtonian theory elsewhere, convinced Newcomb
that there was no need to alter the law of gravitation. 15
I do not know whether Einstein was very much influenced, in creating general
relativity, by the problem of the precession of Mercury's perihelia. However, there
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is no doubt that the first confirmation of his theory was that it predicted an excess
precession of precisely 43" /century.

3

History of the Principle of Relativity

Newtonian mechanics defined a family of reference frames, the so-called
inertial frames, within which the laws of nature take the form given in the Principia.
For instance, the equations for a system of point particles interacting gravitationally
are
m
N

d2x N
__
dt2

G

L mNmM(xM
M

lxM -

-

xN)

(1.3.1)

xNl3

where mN is the mass of the Nth particle and xN is its Cartesian position vector
at time t. It is a simple matter to check that these equations take the same form
when written in terms of a new set of space-time coordinates:

x' =Rx+
t' = t +

vt

"[

+

d

(1.3.2)

where v, d, and rare any real constants, and R is any real orthogonal matrix. (If O
and O' use the unprimed and primed coordinate system, respectively, then 0' sees
the O coordinate axes rotated by R, moving with velocity·v, displaced at t = 0 by
d, and O' sees the O clock running behind his own by a time r.) The transformations (1.3.2) form a IO-parameter group (three Euler angles in R, plus three components each for v and d, plus one r) today called the Galileo group, and the
invariance of the laws of motion under such transformations
is today called
Galilean invariance, or the Principle of Galilean Relativity.
What really impressed Newton about all this was that there are a great many
more transformations that do not leave the equations of motion invariant. For
instance, (1.3.1) does not retain its form if we transform into an accelerating or a
rotating coordinate system, that is, if we let v or R depend on t. The equations of
motion can hold in their usual form in only a limited class of coordinate systems,
called inertial frames. What then determines which reference frames are inertial
frames? Newton answered that there must exist an absolute space, and that the
inertial frames were those at rest in absolute space, or in a state of uniform motion
with respect to absolute space. In his words 16 .
"Absolute space, in its own nature and with regard to anything external, always
remains similar and unmovable. Relative space is some movable dimension or
measure of absolute space, which our senses determine by its position with
respect to other bodies, and is commonly taken for absolute space."
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Newton also described several experiments that demonstrated what he interpreted as the effects of rotation with respect to absolute space. The most famous is
the rotating bucket 1 7 :
"If a bucket, suspended by a long cord, is so often turned about that finally
the cord is strongly twisted, then is filled with water, and held at rest together
with the water; and afterwards by the action of a second force, it is suddenly
set whirling about the contrary way, and continues, while the cord is untwisting
itself, for some time in this motion; the surface of the water will at first be level,
just as it was before the vessel began to move; but subsequently the vessel, by
gradually communicating its motion to the water, will make it begin sensibly to
rotate, and the water will recede little by little from the middle and rise up at the
sides of the vessel; its surface assuming a concave form. (This experiment I
have made myself.) ... At first, when the relative motion of the water in the vessel
was greatest, that motion produced no tendency whatever of recession from the
axis, the water made no endeavor to move upwards towards the circumference,
by rising at the sides of the vessel, but remained level, and for that reason its
true circular motion had not yet begun. But afterwards, when the relative
motion of the water had decreased, the rising of the water at the sides of the
vessel indicated an endeavor to recede from the axis; and this endeavor reveals
the real circular motion of the water, continually increasing till it had reached its
greatest point, when relatively the water was at rest in the vessel. ... "

Newton's conception of absolute space was rejected by his great opponent
Gottfried Wilhelm von Leibniz (1646-1716), who argued that there is no philosophical need for any conception of space apart from the relations of material
objects. The issue was debated in a famous series of letters 18 (1715-1716} between
Leibniz and Newton's supporter, Samuel Clarke (1675-1729), and philosophers
continued the argument, with Newton's pos{tion defended by Leonhard Euler
(1707-1783) and Immanuel Kant (1724-1804) and attacked by Bishop George
Berkeley (1685-1753) in his Principles of Human Knowledge (1710) and Analyst
(1734). Of course none of this high-minded metaphysics led to any idea about how
to develop a dynamical theory that might replace Newton's.
The first constructive attack on Newtonian absolute space was launched in the
1880's by the Austrian philosopher Ernst Mach (1836-1916). In his book Die
Mechanik in ihrer Entwicklung 19 he remarks that
"Newton's experiment with the rotating vessel of water simply informs us, that
the relative rotation of the water with respect to the sides of the vessel produces
no noticeable centrifugal forces, but that such forces are produced by its relative
motion with respect to the mass of the Earth and the other celestial bodies. No
one is competent to say how the experiment would turn out if the sides of the
vessel increased in thickness and mass until they were several leagues thick."
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The hypothesis, that there is some influence of the mass of the Earth and the
other celestial bodies" which determines the inertial frames, is called JJ;Jach ·...,
principle.
There is a simple experiment that anyone can perform on a starry night, to
clarify the issues raised by Mach's principle. First stand still, and let your arms
hang loose at your sides. Observe that the stars are more or less unmoving, and
that your arms hang more or less straight down. Then pirouette. The stars will
seem to rotate around the zenith, and at the same time your arms will be drawn
upward by centrifugal force. It would surely be a remarkable coincidence if the
inertial frame, in which your arms hung freely, just happened to be the reference
frame in which typical stars are at rest, unless there were some interaction between
the stars and you that determined your inertial frame.
This argument can be made more precise. The surface of the earth is not
exactly an inertial frame, and of course the rotation and revolution of the earth
give the stars an apparent motion, but these effects can be eliminated by using the
inertial frame defined by the solar system as a whole. In this inertial frame of
reference the average observed rotation of the galaxies with respect to any axis
through the sun is less than about 1 arc-sec/century! 20
We seem to be faced with an unavoidable choice: Either we admit that there
is a Newtonian absolute space-time, which defines the inertial frames and with
respect to which typical galaxies happen to be at rest, or we must believe with
Mach that inertia is due to an interaction with the average mass of the universe.
And if Mach is right, then the acceleration given a particle by a given force ought
to depend not only on the presence of the fixed stars but also, very slightly, on the
distribution of matter in the immediate vicinity of the particle. We shall see in
Chapter 3 that Einstein's equivalence principle gives an answer to the problem of
inertia that does not refer to a Newtonian absolute space and yet does not quite
agree with the conclusions of Mach. The issue is not closed.
I have not yet mentioned special relativity because, despite its name, it really
does not affect the antinomy between absolute and relative space. However, we
shall have to formulate the equivalence principle in special-relativistic terms, so a
detailed review of special relativity is presented in the next chapter; for the
moment we only take a glance at its history.
The theory ·of electrodynamics presented in 1864 by James Clark Maxwell
(1831-1879) clearly did not satisfy the principle of Galilean relativity. For one
thing, Maxwell's equations predict that the speed of light in vacuum is a universal
constant c, but if this is true in one coordinate system xi, t, then it will not be true
in the "moving" coordinate system x'i, t' defined by the Galilean transformation
(1.3.2). Maxwell himself thought that electromagnetic waves were carried by a
medium, 21 the luminiferous ether, so that his equations would hold in only a
limited class of Galilean inertial frames, that is, in those coordinate frames at rest
with respect to the ether.
Howeverr all attempts to measure the velocity of the earth with respect to the
ether failed, 22 even though the earth has a velocity of 30 km/sec relative to the
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sun, and about 200 km/sec relative to the center of our galaxy. The most important
experiment Yrns that of Albert Abraham Michelson (1852-1931) and E. W.
Morley, 2 3 ·which showed in 1887 that the velocity of light is the same, within
5 km/sec, for light traveling along the direction of the earth's orbital motion and
transverse to it. The accuracy of this result has been recently improved to about
1 km/sec. 24
The persistent failure of experimentalists to discover effects of the earth's
motion through the ether led theorists, including George Francis Fitzgerald 2 5
(1851-1901), Hendrik Antoon Lorentz 26 (1853-1928), and Jules Henri Poincare 2 7
(1854-1912) to suggest reasons why such "ether drift" effects should be in principle
unobservable. (See Figure 1.3.) Poincare in particular seems to have glimpsed the
revolutionary implications that this would have for mechanics, and Whittaker 2 8
gives the credit for special relativity to Poincare and Lorentz. Without entering
this controversy, 29 it is safe to say that a comprehensive solution to the problems
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of relativity in electrodynamics and mechanics was first set out in detail in 1905
by Albert Einstein 3 0 (1879-1955).
Einstein proposed that the Galilean transformation
(1.3.2) should be
replaced with a different IO-parameter space-time transformation, called a Lorentz
transformation, that does leave Maxwell's equations and the speed of light invariant. (It is not clear that Einstein was directly influenced by the MichelsonMorley experiment itself, 31 but he specifically refers to "the unsuccessful attempts
to discover any motion of the earth relative to the 'light medium"' in his 1905
paper. 32 ) The equations of Newtonian mechanics, such as Eq. (1.3.1), are not
invariant under Lorentz transformations;
therefore Einstein was led to modify
the laws of motion so that they would be Lorentz-invariant.
The new physics,
consisting of Maxwell's electrodynamics and Einstein's mechanics, then satisfied a
new principle of relativity, the Principle of Special Relativity, which says that all
physical equations must be invariant under Lorentz transformations.
These
developments are discussed in detail in the next chapter.
The Lorentz group of transformations
is not in any way larger than the
Galileo group, and therefore the principle of relativity was not originated by the
special theory of relativity, but rather restored by it. Before Maxwell, it might have
been supposed that all of physics is invariant under the Galileo group. Maxwell's
equations were not invariant under this group, and for half a century it appeared
that only mechanics, not electrodynamics, obeys the principle of relativity. After
Einstein, it was clear that the equations of both mechanics and electrodynamics
are invariant, but with respect to Lorentz transformations,
not Galileo transformations. The laws of physics in the form given them by Maxwell and Einstein
could still only be true in a limited class of inertial reference frames, and the
question of what determines these inertial frames was as mysterious after 1905
as in 1686.
It remained to construct a relativistic theory of gravitation. A crucial step
toward this goal was taken in 1907, wht:m Einstein introduced the Principle of
Equivalence of Gravitation and Inertia, 3 3 and used it to calculate the red shift of
light in a gravitational field. As we shall see in Chapter 3, this principle determines
the effects of gravitation on arbitrary physical systems, but it does ~ot determine
the field equations for gravitation itself. Einstein tried to use the equivalence
principle in 1911 to calculate the deflection of light in the sun's gravitational
field, 34 but the structure of the field was not then correctly understood, and
Einstein's answer was one-half the "correct" general-relativistic
result, derived
here in Chapter 8. A number of attempts were made in 1911-1912 by Einstein, 35
Abraham, 36 and Nordstrom 3 7 to construct relativistic field equations for a single
scalar gravitational field, but Einstein soon became dissatisfied with all such
theories, largely on aesthetic grounds. (The gravitational deflection of light by the
sun had not yet been measured.) A collaboration with the mathematician Marcel
Grossman led Einstein by 1913 to the view 3 8 that the gravitational field must be
identified with the 10 components of the metric tensor of Riemannian space-time
geometry. As discussed in Chapters 4 and 5, the Principle of Equivalence is
incorporated into this formalism through the requirement that the physical
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equations be invariant under general coordinate transformations, not''just Lorentz
transformations, though I do not know to what extent this "General Principle of
Relativity" took on in Einstein's mind a life of its own, apart from the Principle
of Equivalence. During the next tw4ears,
Einstein presented to the Prussian
Academy of Sciences a series of paped· 39 .in which he worked out the field equations
for the metric tensor and calculated the gravitational deflection of light and the
precession of the perihelia of Mercury. These magnificent achievements were
finally summarized by Einstein in his 1916 paper, 1 titled "The Foundation of the
General Theory of Relativity."
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"There are really four
dimensions, three which we
call the three planes of
Space, and a fourth, Time.
There is, however, a
tendency to draw an unreal
distinction between the
former three dimensions
and the latter, because it
happens that our consciousness moves intermittently
in one direction along the
latter from the beginning
to the end of our lives."
'"That', said a very young
man, making spasmodic
efforts to relight his cigar
over the lamp; 'that ...
very clear indeed."' H. G.
Wells, The Time Machine

2 SPECIAL
RELATIVITY

We now review Einstein's Special Theory of Relativity. This chapter, while
self-contained, is only a brief summary, and aims primarily at establishing our
notation and collecting some formulas that will be useful later. The reader who
needs a more extensive introduction to special relativity is advised to turn to one
of the books listed at the end of this chapter, and then return. The reader who feels
completely at home with the subject may find it desirable to move on immediately
to Chapter 3.

I

Lorentz Transformations

The Principle of Special
under a particular group of
transformations. We saw at
invariant under the Galilean

Relativity
space-time
the end of
coordinate

states that the laws of nature are invariant
coordinate transformations, called Lorentz
Chapter 1 that Newton's laws of motion are
transformations (1.3.2), but that Maxwell's
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equations are not, and that Einstein resolved this conflict by replacing Galilean
invariance with Lorentz invariance. I shall not continue this discussion in historical
terms, but shall simply define the Lorentz transformations, and then show how
Lorentz invariance guides our search for the laws of nature.
A Lorentz transformation is a transformation from one system of space-time
coordinates x(Xto another system x'cx, so that
(2.1.1)

where acxand A cxpare constants, restricted by the conditions
A cx
Y AP" 1Jcxp
= Y/y.,

(2.1.2)

with
{

/3
/3
!Y. #- /3

+l
-1

!Y.
!Y.

0

=
=

1, 2, or 3
0

(2.1.3)

In our notation a, /3,y, and so on, will always run over the four values 1, 2, 3, 0,
with x1, x 2 , x 3 the Cartesian components of the position vector x and x 0 the time t.
We shall use natural units in which the speed of light is unity, so all xcxhave the
dimension oflength. Any index, like f3in Eq. (2.1.1), that appears twice, once as a
subscript and once as a superscript, is understood to be summed over unless
otherwise noted; that is, Eq. (2.1.1) is an abbreviation for

The fundamental property that distinguishes the Lorentz transformations
that they leave invariant the "proper time" dr, defined by

dr 2

= dt

2

-

dx 2 = -YJcxpdx(XdxP

is

(2.1.4)

In a new coordinate system x':X,the coordinate differentials are given by (2.1.1) as

dx'cx = AcxydxY
so the new coordinate time will be

dr' 2

-YJcxpdx'cxdx'P
-YJcxpA\ APt, dxY dx"
-YJyti dxY dx"

and therefore

dr' 2

=

dr 2

(2.1.5)

It is this property that accounts for the observation by Michelson and Morley that
the speed of light is the same in all inertial systems. A light wave front will have
jdx/dtl equal to the speed oflight, which in our units is unity; hence the propagation oflight is described by the statement that
dr = 0

(2.1.6)

2J

Lorentz Traniformations

Performing a Lorentz transformation
does not change dr, so dr' 2 = 0, and
therefore ldx' /dt' I = 1; that is, the speed of light in the new coordinate system is
still unity.
We can also show that the Lorentz transformations (2.1.1) are the only nonsingular coordinate transformations x -+ x' that leave dr 2 invariant. (Nonsingular
means that x'(x) and x(x') are well-behaved differentiable functions, so that the
has a well-defined inverse iJxPjiJx'r:1..)
A general coordinate transmatrix ox'r:1./iJxP
formation x -+ x' will change dr into dr', given by
dr'

2

= -17 r:1.P
dx'r:1.dx'P

If this is equal to dr 2 for all dxY, we must have
ox'r:1.
ox'P
1]y(';

Differentiation

(2.1.7)

= IJr:1.p
OXY OX(';

with respect to xi: gives

To solve for the second derivatives, we add to this the same equation with y and e
interchanged, and subtract the same withe and() interchanged; that is,

-

i32 x'l7. ox'P
-----

i)xY

OX(';OXE

The last term cancels the second, the penultimate cancels the fourth (because
t/11.p
= t/pr:1.),
and the first equals the third, so we are left with

But both IJr:1.p
and ox'PjiJxt'j are nonsingular

0

matrices, so this immediately

yields
(2.1.8)

The general solution of (2.1.8) is of course just the linear function (2.1.1 ), and by
inserting (2.1.1) in (2.1.7) we see that Ar:1.p
must be subject to the condition (2.1.2).
This proof is an elementary example of the sort of thing we do in Chapter 13, on
symmetric spaces. (Incidentally, if we had only assumed that the transformations
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x ---+ x' leave dr invariant when dr = 0, that is, for a particle moving at the speed
of light, then we would have found that these transformations
are in general
nonlinear, and form a 15-parameter group, the conformal group, which contains
the Lorentz transformations as a subgroup. But the statement that a free particle
moves at constant velocity would not be an invariant statement unless the velocity
were that of light, and since there are massive particles in the world, we must
reject the conformal group as a possible invariance of nature.)
The set of all Lorentz transformations
of the form (2.1.1) is correctly called
the inhomogeneous Lorentz group, or the Poincare group. The subset with aa. = 0
is called the homogeneous Lorentz group. Both the homogeneous and the inhomogeneous Lorentz groups have subgroups called the proper homogeneous and
inhomogeneous
Lorentz groups, defined by imposing on A a.p the additional
requirements
Aoo ~ l;

Det A

+l

(2.1.9)

Note from (2.1.2) that
1

+

L

(Aio)2 ~ 1

(2.1.10)

i= 1,2,3

and
(Det A) 2 = 1

(2.1.11)

[Equation (2.1.10) follows upon setting y = 6 = 0 in (2.1.2). Equation (2.1.11)
is derived by writing Eq. (2.1.2) as a matrix equation 17 = AT17A and taking its
determinant.] It follows that any A \ 1 that can be converted to the identity 6a.p
by a continuous variation of its parameters must be a proper Lorentz transformation, because it is impossible by a continuous change of parameters to jump from
A 90 ~ - 1 to A OO ~ + 1, or from Det A = - 1 to Det A = + 1, and the
identity has A OO = + 1 and Det A = + 1. The improper Lorentz transformations
involve either space in version (Det A = - 1, A OO ~ 1), which is now known not to
be an exact symmetry of nature, 1 or time reversal (Det A = -1, A OO ~ -1),
which is strongly suspected to be not an exact symmetry of nature, 2 or their
product. We are dealing almost exclusively with proper Lorentz transformations,
and unless otherwise noted, any Lorentz transformation
is assumed to satisfy
Eq. (2.1.9).
The proper homogeneous Lorentz transformations
have a further subgroup,
consisting of the rotations, for which

where Rij is a unimodular orthogonal matrix (i.e., Det R = 1 and RTR = 1) and
the indices i, j run over the values 1, 2, 3. With regard to both rotations and the
space-time translations xa. ---+ xa. + aa., there is no difference between the Lorentz
group and the Galileo group discussed in Chapter 1. The difference arises only in
those transformations,
called boosts, that change the velocity of the coordinate
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frame. Suppose that one observer O sees a particle at rest, and a second observer 0'
sees it moving with velocity v. From (2.1.1) we have
(2.1.12)
or, since dx vanishes,
dxti

Ai 0 dt

dt'

= A OO dt

(i

1, 2, 3)

(2.1.13)
(2.1.14)

Dividing dx' by dt' gives the velocity v, so
(2.1.15)
We can get a second relation
Eq. (2.1.2):
-1

between

= No APo1J(l.p=

Ai O and A OO by setting y

L

= 6 = 0 in

(Aio)2 - (Aoo)2

(2.1.16)

i= 1,2,3

The solution of Eqs. (2.1.15) and (2.1.16) is
A oo

y

(2.1.17)
(2.1.18)

where
(2.1.19)
The other A(/.P are not uniquely determined, because if A(/.P carries a particle from
rest to velocity v, then so does A\ RYp, where R is a:Q arbitrary rotation. One
convenient choice that satisfies Eq. (2.1.2) is
(2.1.20)
(2.1.21)

It can easily be seen that any proper homogeneous Lorentz transformation
expressed as the product of a boost A(v) times a rotation R.

2

may be

Time Dilation

Although the Lorentz transformations
were invented to account for the
invariance of the speed of light, the change from Galilean relativity to special
relativity had immediate kinematic consequences for material objects mo,~ing at
speeds less than that of light. The simplest and most important is the time dilation
of moving clocks. An observer looking at a clock at rest will see two ticks separated
by a space-time interval dx = 0, dt = fit, where fit is the nominal period between
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ticks intended
(2.1.4) as

by the manufacturer.
dr

He will calculate the proper time interval

= (dt

2

-

dx 2 ) 1 12

= fit

A second observer, who sees the same clock moving with velocity v, will observe
that the two ticks are separated by a time interval dt' and also by a space interval
dx' = v dt'. and he will conclude that the proper time interval is
dr'

= (dt'

2

-

dx' 2) 112 = (1 - v 2) 112 dt'

But both observers are supposed to be using inertial coordinate systems, so their
coordinate systems are related by a Lorentz transformation, and on comparing
notes they must find that dr = dr', in accordance with Eq. (2.1.5). It follows that
the observer who sees the clock in motion will see it tick with a period
(2.2.1)
[For an alternate derivation, use Eqs. (2.1.14), (2.1.17), (2.1.19).] This relation is
literally being verified every day by experiments that measure the mean lifetime of
rapidly moving unstable particles from cosmic rays and accelerators. Such particles
of course do not tick; instead (2.2.1) tells us here that a moving particle will have
a mean life larger than it has at rest by a factor (1 - v 2 )- 1 12 , in perfect agreement
with the lifetime measurements made electronically or by measuring the free path
length.
The time dilation (2.2.1) is not to be confused with the apparent time dilation
or contraction known as the Doppler effect. If our "clock" is a moving source of
light of frequency v = I/fit, then the time between emission of successive wave
fronts (say, with a maximum value of some component of the electric field) is
given by (2.2.1) as dt' = At(l - v 2 )- 1 12 . However, during this time the distance
from the observer to the light source will have increased by an amount vr dt',
where vr is the component of v along the direction from observer to light source.
Hence the period between reception of wave fronts will be
dt 0

=

(1

+

vr) dt'

=

(1

+

vr)(l

-

v 2 )- 112 At

That is. the ratio of the frequency of the light actually measured by the observer
to the frequency of the light source at rest is
Vohs

= (1

+

vr)-1(1

_ v2)1/2

v

(2.2.2)

If the light source is moving away, then vr > 0, and this is necessarily a red shift.
If the light source is moving transversely, then vr = 0, and we have the pure time
dilation red shift discussed above. If the light source is moving directly toward the
observer, then vr = -v, and (2.2.2) gives a violet shift by a factor
(1

+

v) 1;2(1 -

v)- 1;2
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The transition from violet to red shift occurs for a source moving at an angle
between straight toward the observer and at right angles to the line of sight.

3

Particle Dynamics

Let us suppose that a particle moves in a field of force at a velocity so high that
Newtonian mechanics does not suffice to calculate its motion. Let us also suppose,
as in the case of electrodynamics, that we know how to calculate the force Fon our
particle in any Lorentz frame in which, at a given moment, it is at rest. Then we
could compute the motion of our particle by performing a Lorentz transformation
to a frame in which the particle is at rest at some time t 0 , computing the velocity
dv = F dt/m at the time t 0 + dt, performing another Lorentz transformation to
bring the velocity to zero again, and so on. Fortunately, there is an easier way.
Let us define the relativistic forcer acting on a particle with coordinates x'\r)
by
(2.3.1)

r

were known, we could compute the motion of our particle. We shall
Clearly, if
relater
to the Newtonian force by noting two of its properties:
(A) If the particle is momentarily at rest, then the proper time interval d1:
equals dt, so
= F\ where Fi are the Cartesian components of the nonrelativistic
force F, and

r

F

0

=0

(2.3.2)

(B) Under a general Lorentz transformation (2.1.1), the coordinate differentials
transform according to dx'a. = Aa.p dxP, while dr is invariant, so (2.3.1) tells us
that
has the Lorentz transformation rule:

r

(2.3.3)

r

that transforms according to Eq. (2.3.3) is called a
Any quantity such as dxa. or
four-vector.
Now suppose that our particle has velocity vat some moment t 0 , and introduce
a new coordinate system x'a., defined by

where A(v) is the "boost" defined by Eqs. (2.1.17)-(2.1.21). Since A(v) is constructed so as to carry a particle from rest to velocity v, and since our particle has
velocity vat time t 0 in the coordinate system xa., it must be at rest at this moment
in the coordinate system x'a.. Hence, according to (A), the force four-vector in the
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coordinate system x'cx at time t 0 is equal to the nonrelativistic force Fcx. And
therefore, according to (B), the force in our original coordinate system is

r
or more explicitly, since F 0

= Acxp(v)FP

(2.3.4)

= 0,
f = F

+

fO =

(y -

(v · F)
1) v -v2

yv · F = v · f

(2.3.5)
(2.3.6)

with v the instantaneous velocity.
we can use the differential equations
Now that we know how to calculate
(2.3.1) to calculate the four dependent variables xcx(r), and then eliminate T to
determine x(t). However, the initial values of dxcx/dr must be chosen so that dr
really is the proper time, that is, so that

r,

(2.3.7)
Note that (2.3.7) will be true for all r if it is true at some initial r, providing that its
derivative vanishes, that is, providing that
(2.3.8)
That this is true can be seen either directly from (2.3.4), or more elegantly by
noticing that the right-hand side is Lorentz-invariant:

and that it vanishes by virtue of (2.3.2) in a reference frame in which the particle is
at rest.

4

Energy and Momentum

The relativistic form (2.3.1) of Newton's second law immediately suggests that
we define an energy-momentum four-vector
(2.4.1)

4 Energy and Momentum
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and write the second law as

dp(l. =
dr

r

(2.4.2)

Recall that
dr

=

(dt 2

dx 2 ) 112

-

=

(1 - v 2 ) 1 12 dt

where
v

=

dx
~

dt

Then the space components of p(J.form the momentum vector

p = myv

(2.4.3)

=E = my

( 2.4.4)

and its time component is the energy
p

0

where

y

= dt

(2.4.5)

~

dr

For small v, these definitions give

p = mv
E

= m

+ O(v3 )
+ tmv 2 +

(2.4.6)

O(v4 )

(2.4.7)

in agreement with the nonrelativistic formulas, except for the term min E. (Recall
that in our units 1 sec equals 3 x 10 10 cm, so 1 g equals 9 x 10 20 ergs.) Sometimes
the factor my is called the relativistic mass m,so that p = mv.I do not follow this
custom here; for us, "mass" will always mean the constant m.
Why do we call p and E the relativistic momentum and energy? We can use
these names for anything we like, but if the concepts of momentum and energy
are to be useful they must be reserved for quantities that are conserved. The
unique feature of our p and E is that, if one observer says that they are conserved
in a reaction, then so will any other observer related to the first by a Lorentz
transformation. Note that dx(J.is a four-vector whereas m and dr are invariants, so
the p(J.for any single particle is a four-vector; that is, it transforms under (2.1.1)
like

Since A does not depend on anything but the Lorentz transformation being performed, it follows that in any reaction, the change of the sum of the p:1.of all
particles is also a four-vector:
~ ~

Ir;_

i..J Pn
n
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(The sums run oYer all particles, and ~ denotes the difference between initial and
final states.) The conservation of p and E in the original inertial frame tells us that
~ Ln p/ vanishes, so in any coordinate system related to the first by a Lorentz
transformation they will still be conserved; that is, ~ Ln p~rzwill vanish.
(I shall not show here that p and E are the only functions of velocity whose
oonser,ation is Lorentz-invariant. 3 However, it is worth stressing that E must be
conser,ed if p is. For suppose that momentum is conserved in two different
coordinate systems related by a Lorentz transformation, that is,

d

L Pn =

0

Since~ Ln Pnrz is a four-vector, we have
~

L p~i =

N/3~

n

L p}
n

and using momentum conservation in both coordinate systems, this gives

But Ai0 is not necessarily zero, so p 0 = Eis conserved.)
At zero velocity the energy E has the finite value m. For this reason we sometimes give the name "kinetic energy" to the quantity E - m, which for small v
is approximately !mv 2 . If the total mass is conserved in a reaction (as in elastic
scattering), then the kinetic energy is conserved, but if some mass is destroyed
(as in radioactive decay or fusion or fission), then very large quantities of kinetic
energy will be liberated, with consequences of well-known importance.
The velocity can be eliminated from Eqs. (2.4.3) and (2.4.4), yielding a relafo
between energy and momentum
E(p)

= (p2 + m 2) 1;2

(2.4.8)

This can also be derived by noting from (2.4.1) and the definition of dr that

(2.4.9)
For a photon or neutrino we must set v 2 = 1 and m = 0, so (2.4.3) and
(2.4.4) become indeterminate, but their ratio gives a relation useful for all particles
p

E

Note that for m

v

O Eq. (2.4.8) gives
E =

IPI

so vis a unit vector, as of course it must be for a massless particle.

(2.4.10)
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Vectors and Tensors

Next we go on to electrodynamics and relativistic hydrodynamics, but it is
convenient first to pause and outline a notation that makes the Lorentz transformation properties of physical quantities transparent. This notation will be extended in
Chapter 4, on tensor analysis, to encompass general coordinate transformations,
but in fact few changes will be needed.
We have already introduced the term "four-vector" for any quantity such as
dxa. or fa. or pa. that undergoes the transformation

(2.5.1)
when the coordinate system is transformed

by

(2.5.2)
More precisely, such a va. should be called a contra variant four- vector, to distinguish it from a covariant four-vector, defined as a quantity Ua. whose transformation rule is

(2.5.3)
where

(2.5.4)
introduced here is numerically the same as lJp.5,that is,
The matrix 1713'5
11/Jb= l]p.5

(2.5.5)

but we write it with indices upstairs to conform with our summation convention.
Note that
IX

= f3

IX

=/=/3

(2.5.6)

so A/ is the inverse of the niatrix APa.• that is,

A/ A a.f3 = 11a.blJyeA t5e A a.f3 = 11e{JlJye = 6 yf3
It follows that the scalar product of a contravariant
is invariant, that is,

(2.5.i)

with a covariant four-vector

(2.5.8)
To every contravariant
vector

four-vector

va. there corresponds

a covariant

four(2.5.9)

and to every covariant

Ua. there corresponds a contravariant

(2.5.10)
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Xote that raising the index on Va:simply gives back V'2, and lowering the index on
u(J.simply gives back u r;.,

,tP v P = 11(J.P
v(J.
11PYVY
Y/r;.puP= 1Ja:pY/PYUYu<X
:Note also that (2.5.9) does yield a covariant, because

v: = 1]r;.p
V'P = Y/r;.p
APy vY = Y/r;.pY/
y{J APy v ()

A/

V()

in agreement with (2.5.3). Similarly, (2.5.10) does yield a contravariant.
Although any vector can be written in a contravariant or a covariant form,
there are some vectors, such as dx(J.,that appear more naturally contravariant and
others that appear more naturally covariant. An example of the latter is the
gradient a;ax(J.,which obeys the transformation rule

a

a
ax'(J.

----+-

ax(J.

axP a
-ax'(J.a'xP

Multiplying (2.5.2) by A(J.
Y gives
Xy

= A(J.Yx'(J.

so

ox/3
ax'(J.

AP
(J.

and therefore the gradient is covariant:

a
ax'(J.

AP j_
(J.axP

(2.5.11)

One consequence is that the divergence of a contravariant
vector av(J.Jax(J.
is
invariant. Another is that the scalar product of aJax(J.with itself, the d'Alembertian
operator
(2.5.12)
is also invariant.
Many physical quantities are not scalars or vectors, but more complicated
objects called tensors. A tensor has several contravariant and/or covariant indices
with corresponding Lorentz transformation properties, for example,
e A ~Tf,
T ya;p---+ T'Ya;p-- AY()A(J.
/3 /;~

A contravariant or covariant vector can be regarded as a tensor with one index,
and a scalar is a tensor with no indices. There are several ways of forming tensors
out of other tensors:
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(A) Linear Combinations. A linear combination of tensors with the same
upper and lower indices is a tensor with these indices. For instance, if Ra.P and
sa.p are tensors, and a and b are scalars, and we define

then Ta.pis a tensor, that is,

_ aR'a.p + bS'a.p
= aA\

A/RY()

+

bA\ A/SY()

= A\ A/TY()
(B) Direct Products. The product of the components of two tensors yields a
tensor whose upper and lower indices consist of all the upper and lower indices of
the two original tensors. For instance, if A a.
p and BY are tensors, and

then Ta./ is a tensor, that is,

T'a.p Y

A'a.pB'Y
Aa. A e AY Tf, {
f, p
'
e

(C) Contraction. Setting an upper and lower index equal and summing it
over its values 0, 1, 2, 3, yields a tensor with these two indices absent. For instance,
if pa.pyb is a tensor and
then pa.y is a tensor, that is,

T'a./P
A a. A e A y AP Tf, 'K
<J /J
'
K
e
A a.
f, AY{ ()eKpbe 'K
Aa.()AY,T<J'
(D) Differentiation. The derivative a;axa.
of any tensor is a tensor with one
additional lower index r:t. For instance, if TPYis a tensor and

then T/Y is a tensor, that is,

T/Y
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:Xote that the order of indices matters, even as between upper and lower indices.
For instance. T/Y may or may not be the same as TP/.
Aside from the scalars, there are three special tensors whose components are
the same in all coordinate systems:
(i) The ::\linkowski Tensor. The definition of Lorentz transformations
us immediately that rJ~pis a covariant tensor,

tells

0
1'J~p-- AY~ A P 1'/yo

)Iultipl>ing this equation by 17~e17P~
and using (2.5.6) and (2.5.4), we find that

so r,XPis a contravariant tensor. (Recall that rJ~pand 17~Pare numerically the same
matrix, so this is a matrix that is both covariant and contravariant.) We can form a
mixed tensor by lowering one index on 17~Por raising one index on 1J~p;this gives
the Kronecker symbol

That this is a tensor follows from rules (B) and (C) and the fact that 17~Yand 1'/yp
are tensors.
(ii) The Levi-Civita Tensor.

This is a quantity s~pyodefined by
even permutation of 0123
if CJ../3yl5
odd permutation of 0123
if CJ..{3yl5
otherwise

(2.5.13)

Note that

because the left-hand side must be odd under any single permutation of the indices
set CJ../3yl5
= 0123. The left-hand side
is then simply the determinant of A, which for proper Lorentz transformations is
unit>-· (See Section 2.1.) Thus the constant of proportionality is unity, that is,

af3yl5.To find the constant of proportionality,

(2.5.14)
and therefore s~pyo is a tensor.
(iii) The Zero Tensor. We can define a tensor with an arbitrary
upper and lower indices by setting all its components equal to zero.

pattern

of

are tensors, we can use them to raise or lower indices on an
Since 17~Pand 1'J~p
arbitrary tensor; rules (B) and (C) tell us that this gives a new tensor with one

6 Currents and Densities
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more upper or lower index and one less lower or upper index. For instance, if
T rx.py
is a tensor, then so is

In particular, we can lower some or all of the indices on the Levi-Civita tensor
erx.Prb.
Lowering all the indices gives back the same numerical quantity except for a
minus sign:
(2.5.15)

The point of all this algebra is that it enables us to tell at a glance that an
equation is Lorentz-invariant.
The fundamental theorem is that if two tensors,
with the same upper and lower indices, are equal in one coordinate system, then they
are equal in any other coordinate system related to the first by a Lorentz transformation.
For instance, if Trx.p= srx.p,then

A\ A/

T'(l.p

TYb

= A\ A/

SYb

S'rx.p

In particular, the statement that a tensor vanishes is Lorentz-invariant.
The formalism outlined in this section is nothing but a description of the
representations
of the homogeneous Lorentz group. We shall explore these
representations in greater generality in Section 2.12.

6

Currents and Densities

Suppose that we have a system of particles with position xn(t) and charges en.
The current and charge densities are usually defined by
(2.6.1)

e(x, t)

=L enb (x 3

(2.6.2)

xn(t))

n

Here £53 is the Dirac delta function, defined by the statement that for any smooth
function f(x),

f d xf(x)J
3

3

(x - y) = j(y)

We can unite J and e into a four-vector Jrx.by setting
(2.6.3)

that is
Jrx.(x)

=L enb (x
3

n

x (t)) dxnrx.(t)
n

dt

(2.6.4)
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To show that this is a four-vector, define xn°(t) = t, and write (2.6.4) as

The differentials dt' cancel, and hence can be replaced with an invariant

dr:
(2.6.5)

But <:54 (x - xn(r)) is a scalar (because Det A = 1) and dxnCl is a four-vector, so Jct
is a four-vector.
\Ve also note that

a

V · J(x, t) = "' e -. 1 b 3 (x - x (t))

f

n

ax

- "' e

f

-

=
or, in four-dimensional

n

n

~ J3(x
ax/

a b (x Ln en -at
3

dx i(t)
_n dt

- x (t)) dx/(t)
n

dt

x (t))
n

a
-at
e(x, t)

language
(2.6.6)

The Lorentz invariance of this statement is evident.
Whenever any current Jct(x) satisfies the invariant
we can form a total charge

Q
This quantity is time-independent,

=

conservation

law (2.6.6),

f d3xJO(x)

(2.6.7)

because (2.6.6) and Gauss's theorem give

If Jct(x) is a four-vector, then Q is not only constant but a scalar. To see this, write

Q as
(2.6.8)
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where (} is the step function
0(8)

= {~

s > 0
s < 0

and n;. is defined by

The effect of a Lorentz transformation

on Q is then evidently simply to change n:

and using (2.6.6), the change in Q is then

Q' - Q =

f d xil.[J'(x){8(npx")
4

- O(nir"'))]

The current Jrx(x) can be presumed to vanish if lxl ---+ oo with t fixed, whereas the
function 8(n 13xP) - 8(npxP) vanishes if ltl ---+ oo with x fixed. Hence we can apply
the four-dimensional Gauss theorem, and find Q' - Q = 0 ; that is, Q is a scalar.
(For the current density J 0 defined by (2.6.2) the charge (2.6.7) is

which of course is a constant scalar; however, in dealing with the charge and
current distributions of extended particles it is important to realize that (2.6. 7)
defines a time-independent scalar for any conserved four-vector Jrx.)

7

Electrodynamics

Maxwell's equations for the electric and magnetic fields E, B produced by a
given charge density sand current density J are
(2.7.1)

VxB=-+J

aE
at

(2.7.2)
(2.7.3)

V x E

=

an
at

(2.7.4)
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To uncover the Lorentz transformation
matrix F,.f3,defined by
F12
Fo1

= B3

F23

E1

Fo2

=

properties
B1

F31

=

Bz

Ez
-FPa.

Fo3

=

E3

=
=

Fa.P =

of E and B, we introduce

a

(2.7.5)

Then (2.i'.l) and (2.7.2) can be written as
_JP
(recall that J 0

=

(2.7.6)

e) whereas (2.7.3) and (2.7.4) give

e

a.pyo__!)_
F - 0
"' P yo -

(2.7.7)

OX

v,here ea.pyois the Levi-Civita symbol defined in Section 2.5, and Fya is the covariant
defined as usual by
Fyr,
1Jya.1JopFa.P

=

Since Ja. is a four-vector, we conclude that Fa.Pis a tensor,

(2.7.8)
because if Fa.Pis a solution of (2.7.6) and (2.7.7), then (2.7.8) will be a solution in a
Lorentz-transformed
coordinate system.
The electromagnetic force on a charged particle is

f

a. =

Fa.PdxY - Fa. dxY
e1Jpy
- e Y
dr
dr

(2.7.9)

That this is correct may be seen by repeating the arguments of Section 3. Equation
(2.7 .9) is correct in a reference system in which the particle is at rest because in this
frame it gives f = eE, J0 = 0, and it transforms like a four-vector, so it is correct
for all ,~elocities. Note incidentally that (2.7.9) and (2.4.2) give
d p = e[E

dt

+

v x BJ

so the formula for magnetic force follows as a consequence of special relativity.
There is a useful alternate form to the homogeneous equations (2. 7. 7):

(2.7.10)
Xote that for Y.. {3. y all different, Eq. (2.7.10) is the same as (2.7.7); for instance,
setting r:t = 0 in Eq. (2.7.7) gives the same result as setting r:t{3y= 123 in Eq.
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(2.7.10). On the other hand, for two indices equal, Eq. (2.7.10) is an identity;
instance, if p = y then (2.7.10) reads

for

(not summed)
and this is identically true because Fr,.p= -Fpr,.·
Equation (2.7 .7) allows us to represent Frf> as a "curl" of a four-vector Ar:
F

y{>

=-A

a

OXY

{>

--A

a

OX{>

y

(2.7.11)

(See section 4.11.)
We can change Ar by a term oy<pwithout affecting Frf>' so Ar may be defined so
that
(2.7.12)
With (2.7.11) and (2.7.12), the rest of Maxwell's equations reduce to

0 2 Ar,. = -J(l.

8

(2.7.13)

Energy-Momentum Tensor

In Section 5 we introduced the density
now give a similar definition for the density
four-vector pr,.. First consider a system
momentum four-vectors Pn(1.(t).The density

a and current J of electric charge. We
and current of the energy-momentum
of particles labeled n, with energyof pr,.is defined by
(2.8.1)

and its current is defined by
(2.8.2)
These two definitions can be united into a single formula,
(2.8.3)

where xn°(t)

= t. We note from (2.4.10) that
Pnp = E dx/
n

dt
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so (2.8.3) can also be written as
TIXP(x) =

IX p

L Pn Pn
n

t53(x - xn(t))

(2.8.4)

E 11

and ,rn see that TIXPis symmetric:
(2.8.5)
\\'e ran also write (2.8.3) in analogy with (2.6.5) as
(2.8.5a)
and ,ve see that TIXPis a tensor, that is,

under a Lorentz transformation (2.1.1).
The conservation law for TIXPwill take a little more thought.
(2.8.1) and (2.8.2) we see that

a!•
T'

1

(x, t) -

-

~ P. '(t)

dxit)
a::

a
- L PnIX(t) ot
- t53(x -

Returning

to

3

b (x - x (t))
0

xn(t))

n

and so
(2.8.6)
where G 2 is the density of force:

If the particles are free, then PnIXis constant and TIXPis conserved, that is,

(2.8.7)
The same is also true if the particles interact only during collisions that are strictly
localized in space. In this case (2.8.6) gives
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where xc(t) is the location of the cth collision going on at time t, and n E c means
we sum only over the particles participating in the cth collision. But each collision
conserves momentum, so Ln e c Pn"(t) must be time-independent,
yielding the
conservation equation (2.8.7).
The energy-momentum tensor (2.8.3) will not be conserved if the particles are
subject to forces that act at a distance. For instance, consider a gas of charged
particles, with charges en . Then (2.8.6), (2.4.1), and (2.7.9) give

and, using (2.6.4), this gives
(2.8.8)
Although this is not conserved, we can construct a conserved tensor by adding a
purely electromagnetic term
(2.8.9)
That is, the electromagnetic

energy and momentum

Tern00 = !(E2

+

densities are given by

B2)

(2.8.10)

We note that

[Here o/ox(t = 11"P(o/oxP).]
With a little reshuffling of indices, this becomes
_!}_____
T ap
p em

ax

= F"

y

FPY _
a_!}_____
p
x

1-F
2

py

(_!}_____
FPY

ax"

+a
_!}_FY" + _!}_
a F"P)
Xp

xy

Using the Maxwell equations (2.7.6) and (2.7.10), we find
(2.8.11)
Comparing
tensor as

(2.8.8) with (2.8.11), we are led to redefine the energy-momentum

(2.8.12)
This is again a symmetric tensor, and is now conserved
(2.8.13)
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\Ve can continue to add more and more terms to Tr,.pto account for other fields
and keep Tr,.p consen-ed. A systematic method for constructing these terms is
presented in Chapter 12.
Just as the integral of the charge density J 0 is the total charge, the integral
of the density T 10 of p(l.is the total p(l.:

I

Pro,,!=

3

0

d xT'

(x, t)

(2.8.14)

That this is a constant four-vector can be shown in the same way that we showed
in Section 6 that the total charge (2.6.7) is a constant scalar.

9

Spin

One important use we can make of the energy-momentum tensor Tr,.pis to
define angular momentum and spin. Consider first an isolated system, for which the
total energy-momentum tensor TxP is conserved

We can use T to construct another tensor,

(2.9.1)
and because T is conserved and symmetric, M is also conserved:

aMyr,.p

-= TP(l.- Tr,.p= 0
8xY

(2.9.2)

\Ve can then form a total angular momentum
J'P

I

=

= -JP•

d'xMo,p

(2.9.3)

From (2.9.2) we see (by following the arguments of the last section) that J!1.P is
constant in time and is a tensor. We further note that

Jii =

I

d'x(x'TiO

- xiTiO)

and since T 10 is the density of the jth component of momentum, we may regard
J 23 , J 31 , and J 12 as the 1-, 2-, and 3-components of the angular momentum. The
other components of J!1.Pare

J 0'

=

tp

1

-

J

x'T

00

3

d x
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These components have no clear physical significance, and in fact can be made to
vanish if we fix the origin of coordinates to coincide with the "center of energy"
at t = 0, that is, if at t = 0 the moment JxiT 00 d 3 x vanishes.
Although a tensor with regard to the homogeneous Lorentz transformations
xa: --+ A a:pxP,the total angular momentum behaves peculiarly under the translation
xa: --+ x'a: = xa: + aa:.From (2.9.3) and (2.8.13) we find that
(2.9.4)
This is of course because Ja:Pincludes the orbital angular momentum, which is
always defined with respect to some center of rotation. In order to isolate the
internal part of Ja:P,it is convenient to define a spin four-vector
(2.9.5)
where Bapybis the completely antisymmetric tensor discussed in Section 5, and
ua: pa:/(-PpPP) 1 l 2 is the four-vector velocity of the system. Because of the
antisymmetry of Ba:pyJ,
the translation xa: --+ xa: + aa:,which changes JPY according
to the rule (2.9.4), does not change Sa:.Furthermore, Sa:is obviously a vector and is.
constant for a free particle

=

dSa: = O
dt
Finally we note that in the center-of-mass
U 0 = 1, so in this frame

(2.9.6)
frame of the system

Ui = 0 and
(2.9.7)

This justifies us in regarding Sa:as the internal angular momentum of the system.
Even when the velocity U is not zero, Sa:really has only three-independent components, because (2.9.5) gives
(2.9.8)
We use these properties of Sa: later, when we discuss the precession of a gyroscope in free fall.

10 Relativistic Hydrodynamics
A great many macroscopic physical systems, including perhaps the universe
itself, may be approximately regarded as pe1fect fluids. A perfect fluid is defined as
having at each point a velocity v, such that an observer moving with this velocity
sees the fluid around him as isotropic. This will be the case if the mean free path
between_ collisions is small compared with the scale oflengths used by the observer.
(For instance, a sound wave will propagate in air if its wavelength is large compared
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with the mean free path, but at very short wavelengths viscosity becomes
important and the air stops acting like a perfect fluid.) We shall translate the above
definition of a perfect fluid into a statement about the energy-momentum tensor.
First suppose that we are in a frame of reference (distinguished by a tilde) in
which the fluid is at rest at some particular position and time. At this space-time
point, the perfect fluid hypothesis tells us that the energy-momentum tensor takes
the form characteristic of spherical symmetry:
lj'iii
lj'iiO
lj'iOO

= pbij
= Toi =0

(2.10.1)

=p

(2.10.3)

(2.10.2)

The coefficients p and p are called the pressure and the proper energy density,
respectively. Now go into a reference frame at rest in the laboratory, and suppose
that the fluid in this frame appears to be moving (at the given space-time point)
with velocity v. The connection between the comoving coordinates 5:Pand the
lab coordinates xlX is then
XIX= A IXp(v)x/J
with AIXp(v)the "boost" defined by Eqs. (2.1.17)-(2.1.21).
in the lab frame it is

But TIX/Jis a tensor, so

or explicitly
Tii = pbii

+

(p

(p

+

(p

+ pv2)

+
v.1

v.v.

p) ~l _!~
- v

p) 1 - v 2

(2.10.4)

(2.10.5)

(2.10.6)

1 - v2

To check that this is a tensor, we note that (2.10.4)-(2.10.6) can be integrated into a
single equation:
(2.10.7)

where CIXis the velocity four-vector,

(2.10.8)

normalized so that
-1

(2.10.9)

1O
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Indeed, Eq. (2.10.7) could have been derived very easily by noting that the quantity
on the right-hand side is a tensor, which equals the tensor Tr,.pin a Lorentz frame
moving with the fluid, and hence must equal Tr,.pin all Lorentz frames.
Apart from energy and momentum, a fluid will in general carry one or more
conserved quantities, such as the charge, the number of baryons minus the number
of antibaryons, or, at normal temperatures, the number of atoms. Let us consider
one such conserved quantity, and refer to it for brevity as the "particle number."
If n is the particle number density in a Lorentz frame that moves with the fluid at
a given space-time point, then in this frame the particle current four-vector at
this point is

= n

N°

(2.10.10)

In any other Lorentz frame, in which the fluid at this point moves with velocity
v, the particle current is related to (2.10.10) by the "boost" A(v):

= Aip(v)NP =

Ni

(1 - v2)-112vin

N° = A Op(v)NP = (1 - v 2 )-

(2.10.11)

1 2

1 n

(2.10.12)

or, more concisely,
(2.10.13)
The motion of the fluid will be governed by the equations of conservation of
energy and momentum,
(2.10.14)
and of the particle number:

(2.10.15)
It is convenient to write (2.10.14) as separate three-vector and scalar equations.
The three-vector equation is obtained by setting CL = i in Eq. (2.10.14), writing
Ui = viU 0 , and then using Eq. (2.10.14) with CL = O; this gives

av
~ +
at

2

(v · V)v

=

(1 - v )
(p + p)

[v

The scalar equation is obtained by multiplying
relation
0

=

__£__
(U U(l.)
axP
a

=

p+v~

ap]
at

(2.10.16)

Eq. (2.10.14) by Ur,.;using the

2U
a

au(l.
axP

(2.10.17)
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aT(l.P ap

a

0 = U ~ = UP - - [(p
r,. 8xP
8xP
8xP

+

p)UP]

rsing Eq. (2.10.15), we can write this as

o = uP[ap _ n
8xP

__<}_
(~)]

8xP

n

(2.10.l 7a)
The second law of thermodynamics tells us that the pressure p, the energy density
p. and the volume per particle 1/n may be expressed as functions of the temperature
T and the entropy per particle (Jk, in such a way that

(2.10.18)
(Boltzmann's constant k is introduced here to make (J dimensionless.) Our scalar
equation (2.10.l 7a) can now be written
0

= UP a(J oc a(J+ (v · V)(J

ox11

8t

(2.10.19)

The specific entropy (J is therefore constant in time at any point that moves along
with the fluid. The fundamental equations of relativistic hydrodynamics are the
"continuity equation" (2.10.15), the "Euler equations" (2.10.16), the "energy
equation" (2.10.19), together with equations of state that give p and pin terms of
n and (J.
In order to gain some insight into the possible equations of state, we may
consider a fluid composed of structureless point particles that interact only in
spatially localized collisions. As shown m Section 2.8, the energy-momentum
tensor is
(2.10.20)
[See Eq. (2.8.4.)J In a comoving Lorentz frame, Tr,.p will have the isotropic form
(2.10.1)-(2.10.3), so the pressure and energy density will be given in this frame by
(2.10.21)
(2.10.22)

Relativistic Hydrodynamics

1O

51

whereas- the particle number density is, in analogy with (2.6.2),
(2.10.23)

It follows that in general
(2.10.24)
For a cool, nonrelativistic

gas, we can approximate

so (2.10.22) gives
(2.10.25)

fP

p ~nm+

For a hot, extremely relativistic gas, we have

so (2.10.22) gives
p ~ 3p ~ nm

(2.10.26)

Both (2.10.25) and (2.10.26) can be incorporated into a single equation,
(2.10.27)
with

y
Equation

=

nonrelativistic

{!

(2.10.28)

extreme relativistic

(2.10.18) then gives
kT d(J = pd

(1)+ (

y - 1)

n

_ (p)= ~1

d n

ny-l

y - 1

(p)

d nY

(2.10.29)

Thus Eq. (2.10.19) takes the form
0

+ (v · V) (P)
at(E_)
nY
nY

= £_

(2.10.30)

and (2.10.27) is to be used to express pin terms of n and pin Eq. (2.10.16). The
proportionality expressed in Eq. (2.10.27) between internal energy and pressure
actually holds, with various values of y, over a class of fluids much wider than the
simple gas of point particles discussed here. For all such fluids, the energy equation
can be put in the form (2.10.30).
As an example, let us calculate the speed of sound in a static homogeneous
relativistic fluid. In the unperturbed state, we haven, p, p, and (J constant in space
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and time, and v = 0. The sound wave produces small changes n 1 , p 1 , p 1 , and v 1
inn, p, p, and v. but according to (2.10.19), it leaves CJ unchanged. To first order in
small quantities. Eqs. (2.10.15) and (2.10.16) then read

an
1
~
+ nV · v
at

av1

= 0

Vp 1

_

at

1

P

+

P

But with du = 0, Eq. (2.10.18) gives

= -

0

(p

+

+

p) n1

Pi

n
so that
n
where
v2
S

=

P1

-

P1

=

(ap)
aP
G

(2.10.31)

Const

Combining the equations for n 1 and v 1 , we obtain a wave equation
2

0

= at2
-a - vs 2 V 2 ] n 1

[

that shows that sound waves travel with the speed V 5 , just as in a nonrelativistic
fluid. The speed of sound is much less than the speed of light (i.e., unity) for a
nonrelativistic fluid, but it increases with temperature, so it is worth checking
whether vs might exceed unity for a fluid of highly relativistic point particles, such
as hydrogen above 10 13 0 K. In this case, (2.10.26) and (2.10.31) give a sound
speed
vs

=

1

(2.10.32)

./3

which is still safely less than unity. This conclusion would not be affected if electromagnetic forces were taken into account, because Eqs. (2.10.7) and (2.8.9) impose
on the electromagnetic pressure p em and energy density p em the relation
0

= T em

11
11

= 3JJem

-

Pem

(2.10.33)

so the inclusion of Pem and Pem would not invalidate (2.10.26) or (2.10.32). It is anopen question whether V 5 remains less than unity when nonelectromagnetic
forces
are taken into account. 4
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Relativistic Imperfect Fluids*

The last section dealt with a perfect fluid, in which mean free paths and times
are so short that perfect isotropy is maintained about any point moving with the
fluid. In practice, one often has to deal with somewhat imperfect fluids, in which
the pressure, density, or velocity vary appreciably over distances of the order of a
mean free path, or over times of the order of a mean free time, or both. In such
fluids, thermal equilibrium is not strictly maintained, and the fluid kinetic energy
is dissipated as heat.
The correct treatment of dissipative effects for relativistic fluids raises certain
delicate questions of principle, which do not arise in the nonrelativistic case. For
this reason, and also because dissipation plays an increasingly important role in
theories of the early universe (see Sections 15.8, 15.10, 15.11), it will be worth our
while here to develop the outlines of the general theory of relativistic imperfect
fluids.
W,e suppose that the presence of weak space-time gradients in an imperfect
fluid has the effect of modifying the energy-momentum tensor and particle current
vector by terms 11TaPand 11Na,which are of first order in these gradients. Instead
of (2.10.7) and (2.10.13), we then have

Tap = PIJap+ (p
Na = nUa

+

+

p)UaUP

+

11TaP

11Na

(2.11.1)
(2.11.2)

Once we allow such correction terms, the definitions of the pressure p, energy
density p, particle density n, and fluid velocity uabecome somewhat ambiguous.
The general practice is to define p and n as the total energy density and particle
number density in a comoving frame:
Too=

N°
a comoving frame being characterized
velocity four-vector is

p

(2.11.3)

=n

(2.11.4)

by the condition that at a given point, the

u0

=1

(2.11.5)

In addition, the pressure p is generally defined to be the same function of p and n
[e.g., (2.10.27)] as in the case where all fluid gradients are negligible and dissipation
is absent. Finally, it is necessary in a relativistic fluid to specify whether uais the
velocity of energy transport or particle transport. In the approach of Landau and
Lifshitz, 5 uais taken to be the velocity of energy transport, so that Tio vanishes
in a comoving frame. In the approach of Eckart, 6 uxis taken to be the velocity of

* This section lies somewhat
reading.

out of the book's main line of development,

and may be omitted

in a first
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particle transport. so that it is Ni that vanishes in a comoving frame. The two
approaches are perfectly equivalent, but Eckart's seems to me to be slightly more
convenient, and will be adopted here. With this definition of ua, we then have in a
comoving frame
(2.11.6)

A comparison of (2.11.3)-(2.11.6) with (2.11.1) and (2.11.2) shows that in a comoving frame, the dissipative terms 11TafJand 11Naare subject to the constraints
(2.11.7)

and therefore, in a general Lorentz frame,
uaUPf1Ta/J = 0

(2.11.8)

11N(J.= 0

(2.11.9)

All effects of dissipation thus shmY up as contributions to 11TafJ.Our task is now to
construct the most general possible dissipative tensor 11TafJallowed by Eq. (2.11.8)
and by the second law of thermodynamics.
To this end, let us calculate the entropy produced by fluid motions. As in the
last sections, we start by contracting the conservation law (2.8.7) with Ua:

0

=

J_

U
a

8xf1

TafJ

(2.11.10)

By following the same reasoning that was used to derive (2.10.19) for a perfect
fluid, one sees that in general

where T and (Jk are the temperature
(2.10.18). Hence (2.11.10) now reads

and entropy

per particle, defined by Eq.

~ (naUa) = _!_ U _<}__
!1TafJ
8x11.
kT a 8xf1
or equivalently
(2.11.11)

where
(2.11.12)

The entropy density in a comoving frame is nk(J = s 0 , so we may interpret sa as
the entropy current four-vector, and Eq. (2.11.11) thus gives the rate of entropy
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production per unit volume. The second law of thermodynamics then requires that
combination of velocity and temperature gradients, such that the
right-hand side of (2.11.11) is positive for all possible fluid configurations. Note that
this is only possible because we have included the second term in Eq. (2.11.12);
would not be simply quadratic in first derivatives, and
without this term, as~;ax~
hence could not be positive for all fluid configurations. Note also that 11.T~fJ
is not
allowed to involve gradients of p, p, n, and so on, because if it did then (2.11.11)
would contain products of pressure or density gradients with velocity or temperature gradients, and, again, these products would not be positive for all fluid
configurations.
It is convenient at this point to go over to a comoving frame, in which
has the form (2.11.5) at a given space-time point P. From (2.10.17), it follows that
00
and 11.T
equal
in this frame, all gradients of U0 vanish at P. Setting Ui,au0 Jaxa,
to zero in Eq. (2.11.11), we find that in a Lorentz frame comoving at P, the rate of
entropy production per unit volume at Pis

JiT~fJ
be a linear

u~

(2.11.13)
In order for this to be positive for all possible fluid configurations, we must have
(2.11.14)

11.Tij=

-11

'I

(au_i
a~j - ~3 V • UJ ..)
ax} + axl

- (V • UJ ..

IJ

I}

(2.11.15)

with positive coefficients
X 2 0,

(2.11.16)

1J 2 0,

so that (2.11.13) reads

as~= _],_
(VT +
ax~ T2

TiJ)2

+ !L (au_i+ au! _ ~ J ..
2T ax1
ax 3
1

+f

T

(V · U) 2 2 0

IJ

v.u)(au_i
+ au! _ ~ v.
u)
ax
ax
1

1

3

J ..
IJ

(2.11.17)

Except for the relativistic correction TiJ in (2.11.14), the form of (2.11.14) and
(2.11.15) is the same as in the nonrelativistic theory of imperfect fluids, 5 and we
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therefore may identify X, 17, and ( as the coefficients of heat conduction, shear
viscosity, and bulk viscosity.
It now only remains to translate our results from the forms (2.11.5), (2.11.7),
(2.11.14), (2.11.15), which are valid only in comoving frames, to forms valid in
general Lorentz frames. Let us define a shear tensor,
(2.11.18)
a hent -flou• vector,

(2.11.19)
and a projection tensor on the hyperplane normal to ucx:
(2.11.20)
It is straightforward to check that in a comoving Lorentz frame, our formulas
(2.11.7), (2.11.14), (2.11.15) for !iT 2 P are satisfied by the tensor

(2.11.21)
Since this formula is Lorentz-invariant, and valid in a comoving Lorentz frame, it is
valid in all Lorentz frames.
In general, the coefficients xT, 11,and ( might be expected on dimensional
grounds to be of the order of the pressure, or the thermal energy density, times
some sort of mean free time. However, there are important special cases 8 in which
the bulk viscosity ( is much smaller than 11or xT. To see when this applies, note
that (2.11.1) and (2.11.21) give the trace of the total energy-momentum tensor as

T\

= 3p - p - 3(

aur
axr

(2.11.22)

Suppose that we are dealing with a medium for which this trace can be expressed
as a function of p and n alone:

T\ =

f(p, n)

For instance, for the simple gas characterized

by (2.10.20), this trace is

(2.11.23)

11

In the extreme relativistic
satisfied, with

case, we have EN
j(p, n)

In the nonrelativistic
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m, so in this case (2.11.23) is

0

case, we have

so in this case (2.11.23) is again satisfied, with

f(p, n)

~

-mn

In the absence of velocity gradients,
formula for the pressure
P

+

(p - mn)

Eqs. (2.11.22) and (2.11.23) would give a

= t[P + f(p,

n)]

(2.11.24)

But we have agreed to define pin general as the same function of p and n as in the
absence of dissipation, so (2.11.24) must hold even in the presence of velocity
gradients, and therefore (2.11.22), (2.11.23), and (2.11.24) give
(2.11.25)

It would be wrong, however, to conclude that ( is generally negligible. As we have
seen, the trace of the energy-momentum tensor for a simple gas is a function of p
and n only in the extreme relativistic or extreme nonrelativistic limit; for kT of
order m, T"-,,_
cannot be expressed in the form (2.11.23), and the bulk viscosity is
of the same order as the shear viscosity. 7 The bulk viscosity is also important 8 in a
fluid that allows an easy exchange of energy between translational and internal
degrees of freedom, as in the case of a gas of rough spheres. 9 Another case, of
particular importance to cosmology, is that of a material medium with very short
mean free times, interacting with radiation quanta with a finite mean free time r.
In this case, the coefficients of heat conduction, shear viscosity, and bulk viscosity
are calculated to be 1 0
X = faT 3 r

(2.11.26)

11 = isaT4r

(2.11.27)

4

( = 4aT r

[i- (~:)J

(2.11.28)

where a is the Stefan-Boltzmann constant, defined so that the radiation energy
density is aT4, and p and p are the total pressure and energy density of the matter
and radiation. Note that, in general, xT, 17,and ( are comparable, but if the pressure
and thermal energy are dominated by radiation, then (8p/8p)n ~ t and. as
expected, the bulk viscosity will be small.
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Representations of the Lorentz Group*

The tensor formalism described in Section 2.5 is perfectly adequate for handling
the problems of relativistic classical physics. However, there are certain formal
advantages in looking at these Lorentz transformation rules in a more general way,
from the perspective of the theory of the representations of the homogeneous
Lorentz group. We shall see in Section 12.5, that this approach allows an elegant
reformulation of the effects of gravitation on arbitrary physical systems. Also, it
is only in this way that we can deal with fields of half-integer spin.
Under the general Lorentz transformation rule, a set of quantities t/Jntransform under a Lorentz transformation A a.Pinto the new quantities:

t/J~=

Lm [D(A)Jnmt/Jm

(2.12.1)

In order for a Lorentz transformation A 1 followed by a Lorentz transformation A 2
to give the same result as the Lorentz transformation A 1 A 2 , it is necessary that the
matrices D(A) should furnish a representation of the Lorentz group, that is,
(2.12.2)
with matrix multiplication now understood.
vector va., then D(A) is simply

For instance, if t/Jis a contravariant

(2.12.3)
vi'hereas for a covariant tensor Ta.p, the corresponding D-matrix is
(2.12.4)

It is easy to check that (2.12.3) and (2.12.4) do satisfy the group multiplication rule
(2.12.2). vVe can compile a catalogue of all possible Lorentz transformation rules by
constructing the most general representation of the homogeneous Lorentz group.
In fact, the most general true representations of the homogeneous Lorentz
group are provided by the tensor representations, such as (2.12.3) and (2.12.4), so
we might expect that all quantities of physical interest should be tensors. However,
there are additional representations of the infinitesimal Lorentz group, the spinor
representations, that play an important role in relativistic quantum field theory.
The infinitesimal Lorentz group consists of Lorentz transformations infinitesimally
close to the identity, that is,
Arxp

=

f>rxp+ Wrxp

Jwa.pl~
* This section lies somewhat
reading.

(2.12.5)

1

out of the book's main line of development,

and may be omitted

in a first
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condition (2.1.2) for a Lorentz trans-

In order for this to satisfy the fundamental
formation, we must have

or, to first order in co,

(2.12.6)
with the indices on co of course lowered with 17:

For such a transformation,
close to the identity

the matrix representation
D(I

+ co) =

I

+

D(A) must be infinitesimally

(2.12.7)

}waP(Jap

where (Japare a fixed set of matrices, which by virtue of (2.12.6) can always be
chosen to be antisymmetric in r:l and f3:

(Ja{J= -(J pa
For instance, for the tensor representations

(2.12.8)

(2.12.3) and (2.12.4), we have

[(JapFo = b/lJpo - biJJao

(2.12.9)

[(Jap]y/( = 1Jayb/b(o - IJpyb/6( 0

+

'7aob/b"y - 1]p0b}b"y

(2.12.10)

The matrices (Japare not allowed to be just any set of constant matrices, but
must be constrained so that D(A) satisfies the group multiplication rule (2.12.2).
It is convenient first to apply this rule to the product A[l + w]A - l:

To zero order in co, this simply says that 1
equate the coefficients of Wapon both sides:

= 1, whereas to first order, we must
(2.12.11)

If we now set A = 1 + co (not necessarily with the same co) and A - l = 1 - CJ.
then this will be satisfied to first order in co provided that (J satisfies the commutation relations,
(2.l~.12)

with square brackets denoting the usual matrix commutator
[ U, V]

=

UV -

VU
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The reader can easily check that the matrices (2.12.9) and (2.12.10) do satisfy
Eq. (2.12.12). The problem of finding the general representations of the infinitesimal
homogeneous Lorentz group is thus reduced to the problem of finding all matrices
that satk-fy the commutation relations (2.12.12).
These commutation relations can be put in a somewhat more familiar form by
defining the matrices

Equation

a1

-H-iu23

a2

-H -i(J31

a3

-H -ia-12

+ 10]
+ (J20J
+ (J30J
(J

b1

-t[-iu23

-

(J

10]

b2

-H-ia31

-

(J

20]

b3

-H-ia12

-

(J

30]

(2.12.13)

(2.12.12) then takes the form

a x a

ia

(2.12.14)

b x b

= ib

(2.12.15)

[ai, bi]

= 0

(2.12.16)

Equations (2.12.14)-(2.12.16) are simply the commutation relations for a pair of
independent angular momentum matrices. The rules for constructing such matrices
can be found in any book on nonrelativistic quantum mechanics 11 : In the most
general case a and bare a direct sum of "irreducible" components, each characterized by an integer or half-integer A or B, with
a 2 = A(A

+

1)

b2

= B(B +

1)

(2.12.17)

and with dimensionality 2A + 1 or 2B + 1. Thus the most general objects t/Jn,
which transform linearly under infinitesimal homogeneous Lorentz transformations, can be decomposed into "irreducible" pieces, characterized by a pair of
integers and/or half-integers
(A, B), each piece having (2A + 1)(2B + 1)
components.
A straightforward calculation shows that the contravariant vector representation (2.12.9), as well as its covariant counterpart, has A = B = "!· Any tensor
representation, such as (2.12.10), can be regarded as a direct product of vector
representations,
so it consists only of irreducible components with A + B an
integer; for instance, the general second-rank tensor representation
(2.12.10)
consists of irreducible components with (A, B) equal to (1, 1), (1, 0), (0, 1), and
(0, 0). The representations in which A + Bis a half-integer are quite distinct from
the tensors. and are called spinor representations. The most familiar example is the
Dirac electron field, which consists of components with (A, B) equal to ( -t, O)
and (0, -!).
The transformation property of any object under ordinary spatial rotations is
determined by its behavior with respect to infinitesimal Lorentz transformations
(2.12.5) for which Ww = 0, and hence by the structure of the purely spatial com-
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ponents a 12 , u 23 , a 31 of lT,,_p·From these components,
vector

we can construct
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a matrix

(2.12.18)
that according to (2.12.14)-(2.12.16)' has the commutation
momentum:

relations of an angular

s x s = is

(2.12.19)

Any irreducible representation (A, B) of the homogeneous Lorentz group can be
decomposed 11 into pieces with s 2 equal to s(s + 1), wheres is an integer or halfinteger between IA - Bl and A + B; each term describes excitations (e.g.,
particles) of spins. It follows then from (2.12.18) that the tensor representations
can describe only excitations with integer spin, whereas the spinor representations
describe only excitations with half-integer spin.
Finite Lorentz transformations can be built up by multiplying together an
infinite number of infinitesimal Lorentz transformations.
In the same way, the
tensor representations of the infinitesimal Lorentz group can be used to construct
the tensor representations,
such as (2.12.3) and (2.12.4), of the group of finite
Lorentz transformations. However, if we try to construct spinor representations of
the finite Lorentz transformations, we find that we can only get "representations
up to a sign"; 12 that is, the group multiplication law (2.12.2) will occasionally have
a minus sign on the right-hand side. For instance, the product of two successive
180° rotations about a given axis does not give the unit matrix, but minus the
unit matrix. The appearance of these minus signs means that a spinor field itself
cannot be a physical observable, though even functions of spinor fields can be
observables.

13

Temporal Order and Antiparticles*

One of the most striking features of the Lorentz transformations is that they
do not leave invariant the order of events. For instance, suppose that in one
reference frame an event at x 2 is observed to occur later than one at x 1 , that is,
x 2 > x 1 A second observer who sees the first observer moving with velocity v
will see the events separated by a time difference

°

°.

where AP,,_(v)is the "boost"
(2.1.21) gives then

* This section lies somewhat
reading.

defined by (2.1.17)-(2.1.21).

out of the book's main line of development,

Applying (2.1.17) and

and may be omitted

in a first
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and this will be negative if
v . (x2

-

< - (x2 o

xi)

-

(2.13.1)

X1 o)

At n~t sight this might seem to raise the danger of a logical paradox. Suppose that
the first observer sees a radioactive decay A ---+ B + 0 at x 1 , followed at x 2 by
absorption of particle B, for example, B + D ---+ E. Does the second observer then
see B absorbed at x 2 before it is emitted at x 1 ? The paradox disappears if we note
that the speed lvl characterizing any Lorentz transformation A(v) must be less
than unity, so that (2.13.1) can be satisfied only if
(2.13.2)
However, this is impossible, because particle B was assumed to travel from x 1 to
x 2 , and (2.13.2) would require its speed to be greater than unity, that is, than the

speed of light. To put it another way, the temporal order of events at x 1 and ~2 is
affected by Lorentz transformations only if x 1 - x 2 is spacelike, that is,

whereas a particle can travel from x 1 to x 2 only if x 1

-

x 2 is timelike, that is,

Although the relativity of temporal order raises no problems for classical
physics, it plays a profound role in quantum theories. The uncertainty principle
tells us that when we specify that a particle is at position x 1 at time t 1 , we cannot
also define its velocity precisely. In consequence there is a certain chance of a
particle getting from x 1 to x 2 even if x 1 - x 2 is spacelike, that is, jx 1 - x 2 I >
lx1 ° - x 2 °I· To be more precise, the probability of a particle reaching x 2 if it
starts at x 1 is nonnegligible as long as
2

( X1 -

X2 )

2

-

(

X1

O

-

X2

0)2

;5 -2h
m

where h is Planck's constant (divided by 2n) and m is the particle mass. (Such
space-time intervals are very small even for elementary particle masses; for instance, if m is the mass of a proton then h/m = 2 x 10- 14 cm or in time units
6 x 10- 2 5 sec. Recall that in our units 1 sec = 3 x 10 10 cm.) We are thus faced
again with our paradox; if._oneobserver sees a particle emitted at x 1 , and absorbed
at x 2 , and if (x 1 - x 2 ) 2 - (x 1 ° - x 2 °)2 is positive (but less than h 2 /m 2 ), then a
second observer may see the particle absorbed at x 2 at a time t 2 before the time t 1
it is emitted at x 1 .
There is only one known way out of this paradox. The second observer must
see a particle emitted at x 2 and absorbed at x 1 . But in general the particle seen by
the second observer will then necessarily be different from that seen by the first.
For instance, if the first observer sees a proton turn into a neutron and a positive
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pi-meson at x 1 and then sees the pi-meson and some other neutron turn into a
proton at x 2 , then the second observer must see the neutron at x 2 turn into a proton
and a particle of negative charge, which is then absorbed by a proton at x 1 that
turns into a neutron. Since mass is a Lorentz invariant, the mass of the negative
particle seen by the second observer will be equal to that of the positive pi-meson
seen by the first observer. There is such a particle, called a negative pi-meson, and
it does indeed have the same mass as the positive pi-meson. This reasoning leads
us to the conclusion that for every type of charged particle there is an oppositely
charged particle of equal mass, called its antiparticle. Note that this conclusion
does not obtain in nonrelativistic quantum mechanics or in relativistic classical
mechanics; it is only in relativistic quantum mechanics that antiparticles are a
necessity. 13 And it is the existence of antiparticles that leads to the characteristic
feature of relativistic quantum dynamics, that given enough energy we can create
arbitrary numbers of particles and their antiparticles.
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PART TWO
THE GENERAL THEORY
OF RELATIVITY

"Either the well was very
deep, or she fell very slowly,
for she had plenty of time
as she went down to look
about her, and to wonder
what was going to happen
next." Lewis Carroll, Alice's
Adventures in Wonderland

3 THE PRINCIPLE
OF EQUIVALENCE

The Principle of the Equivalence of Gravitation and Inertia tells us how an
arbitrary physical system responds to an external gravitational field. We shall first
see what this principle says, and then in the balance of this chapter we shall take a
look at a few of its consequences. However, the appropriate mathematical
technique for implementing the Principle of Equivalence is tensor analysis, and
only after we complete the introduction to tensor analysis in the next chapter
will we be able to make use of the full content of this principle.

I

Statement of the Principle

The Principle of Equivalence rests on the equality of gravitational and inertial
mass, demonstrated
by Galileo, Huygens, Newton, Bessel, and Eotvos. (See
Section 1.2.) Einstein reflected that, as a consequence, no external static homogeneous gravitational field could be detected in a freely falling elevator, for the
observers, their test bodies, and the elevator itself would respond to the field with
tbe same acceleration. This can be easily proved for a system of particles R,
moving with nonrelativistic velocities under the influence of forces F(xN - x,,.1 )
(e.g., electrostatic or gravitational forces) and an external gravitational field g.
The equations of motion are

d__2 x N

m
N

dt2

(3.1.1)
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Suppose that -we perform a non-Galilean
x'

=

-!-gt2

x -

Then g will be canceled by an inertial
become
mN

d 2 x'
__

N

dt' 2

space-time

=

"force,"

~

coordinate

t' = t
and the equation

F(x~ - x~)

11

transformation
(3.1.2)
of motion will

(3.1.3)

Hence the original observer O who uses coordinates xt, and his freely falling friend
O' who uses x't', will detect no difference in the laws of mechanics, except that O
will say that he feels a gravitational field and O' will say that he does not. The
equivalence principle says that this cancellation of gravitational by inertial force
(and hence their equivalence) will obtain for all freely falling systems, whether or
not they can be described by simple equations such as (3.1.1).
We are not yet ready to state the Principle of Equivalence in its final form,
because the preceding remarks dealt only with a static homogeneous gravitational
field. Had g depended on x or t, we would not have been able to eliminate it from
the equations of motion by the acceleration (3.1.2). For example, the earth is in
free fall about the sun, and for the most part we on earth do not feel the sun's
gravitational field, but the slight inhomogeneity in this field (about 1 part in 6000
from noon to midnight) is enough to raise impressive tides in our oceans. Even the
observers in Einstein's freely falling elevator would in principle be able to detect
the earth's field, because objects in the elevator would be falling radially toward the
center of the earth, and hence would approach each other as the elevator descended.
Although inertial forces do not exactly cancel gravitational forces for freely
falling systems in an inhomogeneous or time-dependent gravitational field, we can
still expect an approximate cancellation if we restrict our attention to such a small
region of space and time that the field changes very little over the region. Therefore
we formulate the equivalence principle as the statement that at every space-time

point in an arbitrary gravitational field it is possible to choose a "locally inertial
coordinate system" such that, within a sufficiently small region of the point in question,
the laws of nature take the same form as in unaccelerated Cartesian coordinate systems
in the absence of gravitation. There is a little vagueness here about what we mean by
"the same form as in unaccelerated Cartesian coordinate systems," so to avoid any
possible ambiguity we can specify that by this we mean the form given to the laws
of nature by special relativity, for example, such equations as (2.3.1), (2.7.6),
(2.7.7), (2.7.9). and (2.8.7). There is also a question of how small is "sufficiently
small ... Roughly speaking, we mean that the region must be small enough so that
the gra,itational
field is sensibly constant throughout it, but we cannot be more
precise until we learn how to represent the gravitational
field mathematically.
(See the end of Section 4.1.)
The attenti-,e reader may have noticed a certain resemblance between the
Principle of Equivalence and the axiom which Gauss took as the basis of nonEuclidean geometry. The Principle of Equivalence says that at any point in space-
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time we may erect a locally- inertial coordinate system in which matter satisfies the
laws of special relativity. We saw in Chapter 1 that Gauss assumed that at any
point on a curved surface we may erect a locally Cartesian coordinate system in
which distances obey the law of Pythagoras. Because of this deep analogy, we
should expect the laws of gravitation to bear a strong resemblance to the formulas
of Riemannian geometry. In particular, Gauss's assumption implies that all inner
properties of a curved surface can be described in terms of derivatives Jt'-JJx11 of
the function ~a(x) that defines the transformation
x ~ ~ from some general
coordinate system x 11 covering the surface to the locally Cartesian system ~a,
whereas the Principle of Equivalence tells us that all effects of a gravitational field
11 of the function ~o:(x)that defines
can be described in terms of derivatives a~a/Jx
the transformation
from the "laboratory"
coordinates x 11 to the locally inertial
coordinates ~a. Furthermore, it was shown in Chapter 1 that the geometrically
relevant functions of these derivatives are the quantities g11v defined by Eq. (1.1.7);
we shall see in the following sections of this chapter that the gravitational field is
described in just the same way.
Occasionally one finds references to a "weak Principle of Equivalence" and a
"strong Principle of Equivalence." The strong Principle of Equivalence is just what
I have already stated, with "laws of nature" meaning all the laws of nature. The
weak principle is the same, but with "laws of nature" replaced by "laws of motion
of freely falling particles." That is, the weak principle is nothing but a restatement
of the observed equality of gravitational and inertial mass, whereas the strong
principle is a generalization of these observations that governs the effects of
gravitation on all physical systems.
The experiments of Eotvos, Dicke, and their predecessors (see Section 1.2)
provide direct verification only of the weak Principle of Equivalence, but they
provide some indirect evidence for the strong principle. The mass of different
substances arises in different proportions from the masses of the neutrons and
protons plus electrons of which they are composed, and from the strong and
electromagnetic forces that bind these particles together, so the ratio of gravitational to inertial mass will be equal for all these substances only if it is equal for
their constituents. Wapstra and Nijgh 1 have shown that the limits set by Eotvos
on any possible inequality in the ratio of gravitational to inertial mass for glass,
cork, antimonite, and brass imply that this ratio is equal for neutrons and protons
plus electrons to 1 part in 6 x 10 5 and equal for neutrons and binding energies to
1 .part in 1.2 x 10 4 . To this accuracy, an observer in a freely falling coordinate
system will detect no gravitational force on neutrons, hydrogen, or their bi_n.ding
energies. It would be difficult to conceive of a theory that satisfies this requirement
and does not go all the way to the strong principle (that no gravitational effects of
any sort can be felt in a locally inertial frame).
We might, however, distinguish two versions of the strong principle of
equivalence, a "very strong principle," which applies to all phenomena. and a
"medium-strong principle," which applies to all phenomena except grantation
itself. Certainly the experiments of Eotvos and Dicke are not accurate enough to
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say whether gravitational binding energies affect inertial and gravitational masses
in the same vrny. This question might be settled by studying the motion of a small
body in orbit about a large body that is itself in free fall in a gravitational field.
For instance, the gravitational binding energy of the earth contributes a fraction
-8.4 x 10- 10 of its total mass, whereas the gravitational binding energy of an
artificial satellite contributes a very much smaller fraction of its mass. Thus, if
(to take an extreme case) the (negative) gravitational binding energy contributes
fully to the inertial mass but not at all to the gravitational mass, then the ratio of
gravitational to inertial mass of the satellite would be greater than that for the
earth by a fraction 8.4 x 10- 10 . The earth is in free fall, with the gravitational
attraction of the sun balanced by the inertial force owing to the earth's revolution.
The gravitational and inertial forces on the satellite owing to the presence of the
sun and the earth's revolution are equal (neglecting for a moment the distance
between the satellite and the earth's center of mass) to the gravitational and
inertial forces on the earth times the ratio of gravitational or inertial masses, so
these two forces are not in balance for the satellite, the gravitational force being
greater than the inertial force by a fraction 8.4 x 10- 1 0 . The acceleration owing
to the sun's gravity is at the orbit of the earth about 6 x 10- 4 of the acceleration
owing to the earth's gravity at the surface of the earth, so we conclude that if the
gravitational binding energy of the earth contributed fully to its inertial mass but
not at all to its gravitational mass, then an artificial satellite in a low orbit about
the earth would feel an effective attraction toward the sun equal to about
5.4 x 10- 13 times its gravitational attraction toward the earth. This tiny effect
would be entirely masked by a "tidal" force because the satellite is far from the
center of mass of the earth, and there is no prospect of its being measured. This is a
pity, because it is precisely the very strong assumption that the Principle of
Equivalence applies to gravitational
fields that will lead us in Chapter 5 to
Einstein's field equations for gravitation.

2

Gravitational Forces

Consider a particle moving freely under the influence of purely gravitational
forces. According to the Principle of Equivalence, there is a freely falling coordinate
system ~a in which its equation of motion is that of a straight line in space-time,
that is,

0

(3.2.1)

with dr the proper time
(3.2.2)
[Compare Eqs. (2.3.1) and (2.1.4).J Now suppose that we use any other coordinate
system xµ, which may be a Cartesian coordinate system at rest in the laboratory,.
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but also may be curvilinear, accelerated, rotating, or what we will. The freely
falling coordinates ~a are functions of the xµ, and Eq. (3.2.1) becomes

a~a d 2 xµ
oxµ dr

=---+---- 2

a 2 ~rz dxµ dxv
oxµ axv dr dr

Multiply this by ax;./a~a,and use the familiar product rule

a~aax;.
-axµ a~a

=()

;.
µ

This gives the equation of motion
(3.2.3)
where

r;vis the affine connection, defined

by

ox;. a
r;.µv =---a~rz OXµ O{XV
2 ~rz

The proper time (3.2.2) may also be expressed in an arbitrary
system,

(3.2.4)
coordinate

(3.2.5)

or

dr 2 = -g µv dx 11dxv

(3.2.6)

where gµv is the metric tensor, defined by
(3.2.7)
For a photon or a neutrino the equation of motion in a freely falling system is
the same as (3.2.1), except that the independent variable cannot be taken as the
proper time (3.2.2), because for massless particles the right-hand side of (3.2.2)
0
, so that (3.2.1) and (3.2.2) become
vanishes. Instead of r we can use a

=~
d2~rz

da 2

=0
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Following the same reasoning as before, we find that the equation of motion in an
arbitrary gravitational field and an arbitrary coordinate system is
d 2 xµ
2

dCJ

dxv dx;.

+ r~;.--

dCJ dCJ

= o

(3.2.8)

dxµ dxv
-gµv d(J d;;.

0

(3.2.9)

r~;.and gµv given as before by (3.2.4) and (3.2.7).
Incidentally, in both (3.2.3) and (3.2.8) we do not need to know what r and CJ
are in order to find the motion of our particle, for these equations when solved give
xµ(r) or xµ(CJ),and r or CJcan be eliminated to give x(t). The purpose of (3.2.6) ,is to
tell us how to compute the proper time, whereas the purpose of (3.2.9) is to impose
initial conditions appropriate to a massless particle. In particular, Eq. (3.2.9) tells
us that the time dt for a photon to travel a distance dx is determined by the
quadratic equation
with

0 = g00 dt 2

+

2gi0 dx i dt

+

gii dx i dx j

with i andj summed over the values 1, 2, 3. The solution is
(3.2.10)

and the time required for light to travel along any path may be calculated by
integrating dt along the path.
The values of the metric tensor gµv and the affine connection r~vat a point X
in an arbitrary coordinate system xµ provide enough information to determine the
locally inertial coordinates (°((x) in a neighborhood of X. First, we multiply
Eq. (3.2.4) by a~Pjax"'and use the product rule
a~P ax;., = [> p

ex"'a~O(

0(

thereby obtaining the differential equations for ~O(
~

=

a2~0(

axµ axv

r"' ~~O(

(3.2.11)

µv ax"'

The solution is
~O((x)= aa

+

+

b\(xµ

!b\riv(xµ

- Xµ)
- Xµ)(xv - Xv)

+ ···

(3.2.12)

where
(3.2.13)
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From Eq. (3.2.7) we also learn that
1Jrxpb\bP
v = gµv(X)

(3.2.14)

r;v

and gµv at X, the locally inertial coordinates ~rxare determined to
Thus, given
order (x - X) 2 , except for the ambiguity in the constants arxand brx;..·The brx;..
are
determined by Eq. (3.2.13) up to a Lorentz transformation b\---+ ArxpbPµ,so the
ambiguity in the solution for ~rx(x)just reflects the fact that if ~IX are locally inertial
coordinates, then so are Arxp~P+ crx.Hence, since
and gµv determine the locally
inertial coordinates up to an inhomogeneous Lorentz transformation, and since the
gravitational field can have no effects in a locally inertial coordinate system, we
should not be surprised to find that all effects of gravitation are comprised in
and gµv· Note, however, that (3.2.12) satisfies (3.2.11) only at the point x = X;
in order for it to be possible to solve (3.2.11) for all x, it is necessary for the derivatives of the affine connection to satisfy certain symmetry conditions, to be
discussed in Chapter 5.

r~v

r;v

3 Relation between

gµv

and

r;v

Our treatment of freely falling particles has shown that the field
mines the gravitational force is the "affine connection"
whereas
time interval between two events with a given infinitesimal coordinate
is determined by the "metric tensor" gµv· We now show that gµv
gravitational potential; that is, its derivatives determine the field
We first recall the formula for the metric tennr, Eq. (3.2.7):

r;v,

that deterthe proper
separation
is also the

r;v.

Differentiation

with respect to x;.. gives

and recalling (3.2.11), we have

Using (3.2.7) again, we find
(3.3.1)
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Before solving for r, it is necessary to point out a subtlety in the derivation of
Eq. (3.3.1) that has been hidden by our too-compact notation. When we erect a
locally inertial coordinate system ~a(x), we do so at a specific point X, and the
a(x). Thus
coordinates that are locally inertial at X should be so labeled, as
Eqs. (3.2.7) and (3.2.11) should properly be written as

,x

X)

gJLV(

= (8~i(x)a~{(x)

a

X

IL

a

V

X

)

1Jap

(3.3.2)
x=X

(3.3.3)

When we differentiate (3.3.2) with respect to X'\ we get two kinds of terms. The
first kind arises because we set x = X; these contain just the second derivatives
(3.3.3) and can be easily calculated as before. The second kind of term arises
because ~1(x) carries a label X; these terms contain derivatives like

(3.3.4)

and do not seem to have anything to do with the metric or the affine connection.
In order to deal with this second kind of term it is necessary to sharpen somewhat
our interpretation
of what is meant by "locally inertial" in the Principle of
Equivalence. We shall see in Section 5 that first derivatives of the metric tensor
may be measured by comparing the rates of identical clocks an infinitesimal spacetime distance apart. Hence we shall interpret the Principle of Equivalence as
meaning that the locally inertial coordinates ~l that we construct at a given point X
can be chosen so that the first derivatives of the metric tensor vanish at X. In the
coordinate system ~1the metric tensor at a point X' is given by (3.3.2) as

and our new interpretation
of the Principle of Equivalence tells us that this
quantity is stationary in X' at X' = X. In order to use this information, we
introduce an arbitrary "laboratory" coorilinate system xJL,and write
X')

gµ v (

=(8~1,(x)
a a~{,(x)
a 11 )
v

µ

X

X

aP

x=X'
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Differentiating with respect ·to X';., and setting X' = X gives then (because
g;{>(X')is stationary)

ogµv(X) = x (X) (}_ {o~l(x) o~}(x)})
::::ixi
gy{>
::::i i
::::i µ
::::i v
u

uX

uX

uX

x=X

No derivatives like (3.3.4) now appear, and we can use (3.3.2) and (3.3.3) as before
to show that

ogµ)X)
= P Aµ(X)g pv(X)
axi

+

P AV(X)g pµ(X)

which is precisely Eq. (3.3.1 ).
Now we return to our previous compact notation, and solve for the affine
connection. Add to Eq. (3.3.1) the same equation withµ and A interchanged and
subtract the same equation with v and A interchanged. We have then

+

gKVr;).,+ gKAr;V

-

gKAr~µ - gKµr~i

(3.3.5)

= 2gKVqµ

(Recall that r;v and gµv are symmetric under interchange
matrix gva as the inverse of gva' that is,

ofµ

and v.) Define a

(3.3.6)
and multiply the above with gva; this gives finally
(3.3.7)

[It should be noted that (3.2.7) ensures that the metric tensor does have an inverse.
given by
(3.3.8)
for, using the familiar product rule
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we find

rxPax v ax"
ac a~6
1J a~rxa~P 1Jyoax" axv
_ rxPax"
a~y
- 11 a~P 11-yrx
axK

= ax(Ta~P = tJ(T
a~P ax"

K

as required by (3.3.6).] Occasionally the right-hand
Christoffel symbol and denoted

side of Eq. (3.3.7) is called a

One important consequence of the relation between the affine connection and
the metric tensor is that the equation of motion of a freely falling particle
automatically maintains the form of the proper time interval dr. Using (3.2.3) we
may calculate that

~{
dr

dxJLdxv} - agµv dx).,dxµ dxv
gµv dr dr - ax)., dr dr dr

and (3.3.5) tells us that this vanishes, that is,
(3.3.9)
where C is a constant of the motion. Hence, once we choose initial conditions such
that dr 2 is given by (3.2.6), we have C = 1, and (3.3.9) will ensure that (3.2.6)
continues to hold along the particle's path. Similarly, for a massless particle the
initial conditions give C = 0 (with r replaced by some other parameter a) and the
equations of motion will keep gµv dxJLdxv zero along the path.
An additional consequence of the relation (3.3.5) is that we are enabled to
formulate the law of motion of freely falling bodies as a variational principle.
Let us introduce an arbitrary parameter p to describe the path, and write the
proper time elapsed when the particle falls from point A to Bas
TBA

=

f

B

A

-dr dp =
dp

f

B {

A

-gµv

dxJLdxv}l/2
~ dp
dp dp
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Now vary the path from xlL(p) to xlL(p) + <5xlL(p),keeping fixed the endpoints.
that is, setting <5xlL
= 0 at p A and PB· The change in TBA is

I

dxlL
<5T = -1 B { -g
- dxv}BA 2 A
IL v dp dp

t/

2

{

J dxlL dxv
dxv}
-- aglLV<5x
- - 2g -d<5xlL
dp
8xA
dp dp
IL v dp
dp

The first factor within the integrand is just dp/dr, so the integral can be rewritten as

<5T =
BA

-IB{!

aglLV<)xAdxlLdxv
dr dr
A 2 8xJ

+

d<5xlL
dxv} dr
glLv dr dr

We now integrate by parts, neglecting the endpoint
vanishes at A and B. This gives

<5TBA=

contributions

because <5x1L

-I {!

B
aglLVdxlLdxv - agAVdx(Tdxv - gAVd2xv} bxA.dr
8x<Tdr dr
dr 2
A 2 8xJ dr dr

Inserting Eq. (3.3.5) and recalling that

<5TBA=

-I

B{ d2:v
A dr

r;vis symmetric
+

in its lower indices, we find

r;(TdxlLdx(T} gAV<)xAdr
dr dr

(3.3.10)

Hence the space-time path taken by a particle that obeys the equations (3.2.3)
for free fall will be such that the proper time elapsed is in extremum (and usually a
minimum), that is,
<5TBA= 0
We may therefore express the equations of motion (3.2.3) geometrically, by saying
that a particle in free fall through the curved space-time called a gravitational field
will move on the shortest (or longest) possible path between two points, "length"
being measured by the proper time. Such paths are called geodesics. For instance,
we can think of the sun as distorting space-time just as a heavy weight distorts a
rubber sheet, and can consider a comet's path as being bent toward the sun to
keep the path as "short" as possible. However, this geometrical analogy is an
a posteriori consequence of the equations of motion derived from the equivalence
principle, and plays no necessary role in our considerations.

4

The Newtonian Limit

To make contact with Newton's theory, let us consider the case of a particle
moving slowly in a weak stationary gravitational field. If the particle is sufficiently
slow, we may neglect dx/dr with respect to dt/dr, and write (3.2.3) as

2

d xlL +
-2
dr

IL (df )
roo
-

dr

2

-_ 0
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Since the field is stationary,

all time derivatives of
rµ00

= -

gµv

vanish, and therefore

1-gJLV 8g00

axv

2

Finally, since the field is weak, we may adopt a nearly Cartesian coordinate system
in which
(3.4.1)
so to first order in hap,

r aoo = -

1 ap ahoo
211 axP

Using this affine connection in the equations of motion then gives

The solution of the second equation is that dt/dr equals a constant (as could also
be seen by computing dr with hap neglected), so dividing the equation for d 2 x/dr 2
by (dt/dr) 2 , we find
(3.4.2)
The corresponding Newtonian result is
(3.4.3)
where cpis the gravitational potential, which at a distance r from the center of a
spherical body of mass M takes the form
¢=_GM

(3.4.4)
r

Comparing (3.4.2) with (3.4.3), we conclude that

h 00

= - 2¢ + constant

Furthermore, the coordinate system must become Minkowskian at great distances,
so h 00 vanishes at infinity, and if we define cpto vanish at infinity [as in (3.4.4)],
we find that the constant here is zero, so h 00 = - 2¢, and returning to the metric
(3.4.1),

goo =

-n

+

2¢)

(3.4.5)
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The gravitational potential q;is of the order of 10- 39 at the surface of a proton.
10- 9 at the surface of the earth, 10- 6 at the surface of the sun, and 10- 4 at the
surface of a white dwarf star, so evidently the distortion in g1LV produced by
gravitation is generally very slight. (In c.g.s. units cphas the dimensions of a
squared velocity; in our units q;is the c.g.s. value divided by the square of the
c.g.s. speed of light.)

5

Time Dilation

Consider a clock in an arbitrary gravitational field, moving with arbitrary
velocity, not necessarily in free fall. The equivalence principle tells us that its rate
is unaffected by the gravitational field if we observe the clock from a locally
inertial coordinate system ~\ so according to Section 2.2, the space-time interval
d~!J.between ticks is governed in this system by

where fit is the period between ticks when the clock is at rest in the absence of
gravitation. Hence in any arbitrary coordinate system the space-time interval
between ticks will be governed by

or, introducing

the metric tensor (3.2.7),

At = ( -g 11v dxJLdxv) 1 12

If the clock has velocity dxJL/dt, then the time interval dt between ticks will be
given by

dt = (dxJLdxv)lit
gµv dt dt
In particular,

1 2

1

(3.5.1)

if the clock is at rest this becomes

dt - (
At - -goo

)-1/2

(3.5.2)

We cannot observe the time dilation factors appearing in (3.5.1) and. (3.5.2)
by merely measuring the time interval dt between ticks and comparing with the
value lit specified by the manufacturer, because the gravitational field affects our
time standards in exactly the same way as it affects the clock being studied. That
is, if our standard clock says that a certain physical process takes 1 sec at rest in the
absence of gravitation, then it will also tell us that it takes I sec in the presence of

80

3 The Principle

efEquivalence

gravitation. both standard clock and process being affected by the field in the same
way. Hmwyer. ,Ye can compare the time dilation factors at two different points in a
field. For instance, suppose that at point 1 we observe the light coming from a
particular atomic transition at point 2. If points 1 and 2 are at rest in a stationary
gravitational field, then the time taken for a wave crest to travel from 2 to 1 will
be a constant, given by the integral of (3.2.10) over the path, and therefore the time
between the arrival at point 1 of successive crests will equal the time dt 2 between
their departure at point 2, given by (3.5.2) as
dt 2 = At(-g

00

(x 2 ))-

1 2

1

If the same atomic transition occurs at point 1, then the time between crests of the
light ,rnves to be observed at point 1 will be

Hence, for a given atomic transition, the ratio of the frequency (observed at point
1) of the light from point 2 to that of the light from point 1 will be

~ =
V1

In the weak field limit g00

~

(goo(X2))
goo(x1)

(3.5.3)

cp~ 1, so v2 /v1

- 2¢ and

-1

112

1

+ Av/v, where
(3.5.4)

(For a uniform gravitational field, this result could be derived directly from the
Principle of Equivalence, without introducing a metric or affine connection.)
Let us apply Eq. (3.5.4) to the case of light from the sun's surface observed on
the earth. The sun's gravitational potential can be calculated as
,J.,

_

'PO

-

-GM

0

Ro

where JI - and R 0 are the sun's mass and radius,

M0
R0

and G is the gravitational
G

1.97 x 10 33 g

0.695 x 10 6 km

constant

= 6. 67 x 10-

8

erg cm/ gm 2 = 9 .41 x 10-

29

cm/ gm

(3.5.5)

(Here we have used our convention that c = 1 to set 1 sec = 3 x 10 10 cm; in c.g.s.
units the quantity 7.41 x 10- 29 cm/gm would have to be called G/c2 .) We find
that the potential on the surface of the sun is

cp0 = -2.12

x 10-

6
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The gravitational potential of the earth is negligible in comparison, so ideally the
frequency of light from the sun should be shifted to the red by 2.12 parts per
million as compared with light emitted by terrestrial atoms.
The difficulty in measuring the solar gravitational red shift can be appreciated
if we reflect that a motion of the source by a velocity v along the earth-sun direction
will produce an additional Doppler frequency shift 11.v/v= v [recall Eq. (2.2.2)],
so the gravitational red shift can be masked by a velocity v = 2 x 10- 6 , or in
c.g.s. units, v = 0.6 km/sec. It is not the rotation of the earth or the sun that
bothers us; these are known effects which can easily be taken into account. Thermal
effects are more serious; at a temperature of 3000°K the thermal velocity of typical
light elements (C, N, 0) is about 2 km/sec, giving a Doppler broadening about
three times larger than the expected gravitational red shift. However, thermal
motions only broaden lines, not shift them, so they too can be lived with. The
really bothersome problems arise from unknown Doppler shifts owing to the
convection. of gases in the solar atmosphere. In fact, the frequency shift is observed
to vary from place to place on the solar disk, and is occasionally even toward the
blue! The convection tends to be vertical, so we can minimize the Doppler shifts it
produces by looking at the limb of the sun, where the motion is mostly at right
angles to the line of sight. Until recently the best result that could be achieved in
this way was that the solar gravitational red shift is of the order of 2 parts per
million. 2 In the last few,years improved observational techniques 3 have yielded a
much better value of the red shift, equal to 1.05 ± 0.05 times the predicted value.
However, it is too early to say that this result closes the story, at least until it can
be corroborated.
The red shifts are much larger for white dwarf stars like Sirius B and 40
Eridani B. Such stars have masses typically of the order of one solar mass, and
radii of the order of l /10 to l /100 the sun's radius, so the red shift of spectral lines
from their surface is about 10 to 100 times greater than for the sun, or roughly
I part in 10 4 to 10 5 . Although this alleviates problems arising from convective
Doppler shifts or temperature or pressure, a new difficulty enters here: It is
difficult to determine the value of the gravitational potential cpwith which to
compare the measured value of 11.v/v.If we know the mass of a white dwarf star,
we can deduce a rough value for its radius and surface gravitational potential from
astrophysical theory, 4 but the only white dwarf stars whose mass can be measured
are members of binary star pairs. For instance the mass of Sirius Bis determined
by calculating the total mass of Sirius A and B from their separation and period.
and then subtracting the mass of Sirius A calculated from stellar theory. However,
the scattering of light from Sirius A by the atmosphere of Sirius B makes the
gravitational red shift on Sirius B very difficult to measure. 13 On the other hand,
40 Eridani Bis sufficiently far from 40 Eridani A so that scattering of light is no
problem, and the mass of 40 Eridani B can be determined separately from that
of A by locating their center of mass in addition to measuring their period and
separation. However, because 40 Eridani Band A are so far apart, their period of
revolution is very long, and there has not yet been time to determine the mass of B
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very accurately. The best predicted value of the surface gravitational potential is
q;= -(5.7 ± 1) x 10-s, in good agreement with the observed 5 red shift
Av/v = -(7 ± 1) x 10- 5 . Taking account of Stark shifts in the spectrum of
40 Eridani B appears to improve the agreement. sa
The empirical evidence for the red shift predicted by the Principle of
Equivalence was much improved in 1960, by a terrestrial experiment performed by
Pound and Rebka. 6 They allowed a y-ray emitted by a 14.4 keV, 0.1 µsec transition
in Fe 5 7 to fall 22.6 m, and observed its resonant absorption by an Fe 5 7 target.
(Normally resonant absorption is impossible for such a narrow y-ray line, because
the recoil of the emitting nucleus lowers the y-ray energy below the nuclear energy
difference, whereas to produce the inverse transition in the target nucleus, which
also recoils, a little more energy than the nuclear energy difference is needed.
This experiment was made possible by the Mossbauer effect, 7 in which the recoil
momentum on emission and absorption is taken up by the whole crystal, so that
essentially no energy is lost to recoil on emission or absorption.) The difference in
the gravitational potential from top to bottom is

c/Jbottom

=

- 2 .46 x 10-

15

c/Jtop -

=

(980 cm/sec 2 )(2260 cm)
(3 x 10 10 cm/sec)

2

and if the equivalence principle is correct we would expect the photon arriving at
the target to be shifted upward in frequency by an amount Av/v = -Acp, lowering
the counting rate by a factor
C=---

r2
Av2 +

r2

where r is the full width of the y-ray line at half-maximum. (Note that r appears
here rather than r/2, because we have to fold together an emission coefficient
proportional to [(v + Av)2 + (r /2) 2 ]- 1 with an absorption coefficient proportional
to [v2 + (r/2) 2 1 ). But in this transition the fractional width was rfv = 1.13 x
10- 12 , which is larger than the predicted Av/vby a factor of 460, so the reduction in
the counting rate was by only 1 part in 2.1 x 10 5 l This would seem to make the
experiment impossible, and indeed Pound and Rebka had originally thought that
they might have to let they-ray fall several kilometers in order to get a frequency
shift Av comparable with r, but happily they thought of a trick which let them
measure very small frequency shifts. Their idea was to move the y-ray source up
and down with velocity v0 cos wt, where w is some arbitrary fixed frequency
(10 - 50 cps) and v 0 is also arbitrary, but much greater than -Aq;, that is, much
greater than 7.4 x 10- 5 cm/sec. To the gravitational violet shift AvGthere is then

r
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added a larger Doppler shift livn/v = -v 0 cos wt (see Section 2.2), so the counting
rate is reduced by a time-dependent factor

C(t)

and /ivG can be picked out by looking for a term linear in cos wt, for instance, by
measuring the asymmetry between the number of counts registered when the
source is going up (for example, cos wt > 1/~2)and down (cos wt < -1/ ~2).
In this way Pound and Rebka obtained a value for !ivG/v about four times larger
than the expected value 2.46 x 10- 15 . This discrepancy was actually an intrinsic
frequency shift owing to the difference between the source and target crystals
(including differences in their temperature) and was removed by subtracting the
asymmetry in y-ray counts when the source is below the target from the asymmetry
when the target is below the source. The final result for the gravitational frequency
shift was liv/v = (2.57 ± 0.26) x 10- 15 , in excellent agreement with the predicted value 2.46 x 10- 15 . The agreement between theory and experiment has
since 8 been improved to about 1 percent.
There have also been proposals 8 a to measure the gravitational red shift of
light from an artificial satellite. At a point directly below perigee there is no firstorder Doppler shift because the time for the light to reach us from the satellite is
momentarily constant. In this case the frequency shift of the emitted light must be
determined from (3.5.1), whereas the frequency shift of our laboratory time
standards may be calculated from (3.5.2), if we ignore the rotation of the earth. It
follows that the frequency vs of a given atomic line from the satellite will be related
to the frequency ve of the same line on earth by
-Yµv dxlLdxv)l/2
Vs _

~
Ve

-

(

dt
( g
-

The velocity vs of the satellite is given by

v2
s

oo

dt
)1/2

EB

s

(3.5.6)
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where H is the altitude of the satellite and M
the earth,

EBand

R EBare the mass and radius of

M EB = 5.983 x 10 27 g

REB = 6.371 x 10 8 cm
In the ,veak field approximation

(

we have

~

dxlLdxv)
dt

gµv

dt

1

+

2</Js-

v;

s
~

1 -

and

so to this order Eq. (3.5.6) gives a frequency ratio vsfve = 1

GJJ EB

!iv

3

v

2 R EB + H

~

~~~-+

-3.4 7 x 10-

+ liv/v, where

GM EB

~~

REB
10 {

3R EB

REB + H

-

2}

We see that at low altitudes there is a purely special-relativistic red shift (see
Section 2.2), to which is added at higher altitudes a general-relativistic violet shift,
yielding a net red shift for H < R EB/2 and a net violet shift for H > REB/2.
Incidentally, the gravitational red shift oflight rising from a lower to a higher
gravitational potential can to some extent be understood as a consequence of
quantum theory, energy conservation. and the "weak" Principle of Equivalence.
vVhen a photon is produced at point 1 by some heavy nonrelativistic apparatus,
an obserYer in a locally inertial coordinate system moving with the apparatus will
see its internal energy and hence its inertial mass change by an amount related to
the photon frequency v1 he observes, that is, by

where h = 6.625 x 10- 27 erg sec is Planck's constant. Suppose that the photon
is then absorbed at point 2 by a second heavy apparatus; an observer in a freely
falling system -willsee the apparatus change in inertial mass by an amount related
to the photon frequency v2 he observes, that is, by
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However, the total internal plus gravitational potential energy of the two pieces of
apparatus must be the same before and after these events, so

and therefore

in agreement with our previous result. (Also, it makes no difference whether the
photon frequencies are measured in locally inertial systems, because the gravitational field in any other frame will affect the rate of the observer's standard clock
in the same way as it affects the v's.) This result can be interpreted as saying that a
photon in a gravitational field has "kinetic energy" hv and "potential energy"
hwp, their sum remaining constant. However, I have insisted on including a nonrelativistic emitter and absorber in the above calculation, because the concept of
gravitational potential energy for a photon is otherwise without foundation.
This derivation rests on the Principle of Equivalence in two respects: It
assumes that the change in gravitational mass of the apparatus equals the change
in its inertial mass and hence its internal energy; and it also assumes that in a
freely falling frame the relation between photon energy and frequency is unaffected
by the presence of gravitational fields. Hence even if we suppose that the EotvosDicke experiments could improve to an unlimited accuracy, and that gravitational
mass were found to equal inertial mass exactly, still there would be some point in
verifying the gravitational red shift of spectral lines, as an independent test of the
Principle of Equivalence.

6

Signs of the Times

The relation between the Minkowski metric IJczpand the metric tensor gµv of
the theory of gravitation may be expressed in a matrix notation
(3.6.1)

where g is for the purposes of this section a 4 x 4 matrix (not a determinant)
whose elements are the gµv, 1Jis a matrix whose elements are the Y/czp,and Dis the
matrix
(3.6.2)

with DT its transpose

It has been tacitly assumed as part of the Principle of Equivalence that
transformation from laboratory coordinates xµ to locally inertial coordinates

the
is

~cz
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nonsingular: that is, ~rt is a differentiable function of xµ and xµ is a differentiable
function of ( \ It follows that there exists a matrix
(3.6.3)

which is reciprocal to D, that is,

so that D must have nonvanishing

determinant
Det D #- 0

(3.6.4)

~--\..
transformation of the form (3.6.1) with D having a nonvanishing determinant is
called a congruence.
The fact that gµv is related to Yfrtpby the congruence (3.6.1) does not mean that
the eigenvalues of g µv are the same as those of 1Jrtp,as would be the case if this were
a similarity transformation.
(Indeed, there are no invariant functions of the
components of the metric tensor, although there are invariant functions of the gµv
and their derivatives, as shown in Chapter 6.) However, there is a theorem known
as Sylvester's law of inertia 9 that states that the numbers of eigenvalues that are
respectively positive, negative, or zero do not change under such a congruence.
We conclude then that the metric tensor gµv must like YfrtPhave three positive
eigenvalues, one negative eigenvalue, and no zero eigenvalues. It is this property
of the metric that distinguishes our familiar (3 + 1)-dimensional space-time from
4-dimensional space, or (2 + 2)-dimensional space-time, or worse.

7

Relativity and Anisotropy of Inertia

"\Yehave already seen in Section 1.3 that Newton and Mach came to different
conclusions about the origin of inertia. Newton believed that inertial forces, such as
centrifugal force, must arise from acceleration with respect to "absolute space,"
whereas 1Iach argued that they were more likely caused by acceleration with
respect to the mass of the celestial bodies. The distinction is not one of metaphysics
but of physics, for if Mach were right then a large mass could produce small
changes in the inertial forces observed in its vicinity, whereas if Newton were right
then no such effect could occur.
Einstein considered himself a follower of Mach, but in fact the answer given
by the equivalence principle to the problem of inertia lies somewhere between that
of Newton and Mach. The inertial frames, that is, the "freely falling coordinate
systems," are indeed determined by the local gravitational field, which arises from
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all the matter of the universe, far and near. However, once in an inertial frame, the
laws of motion [such as Eq. (2.3.1)] are completely unaffected by the presence of
nearby masses, either gravitationally or in any other way. For instance, the mass
of the sun determines the motion of the freely falling earth, but once we fix our
coordinate frame to the earth we cannot detect the gravitational field of the sun,
as shown with great accuracy by the experiment of Dicke. (See Section 1.2.
Actually, the fact that the earth is not an infinitesimal neighborhood means that
we can detect the sun's field through tidal effects, as already discussed in Section
3.1.) The celestial bodies play a role here because the gravitational field equations
for gµv need boundary conditions at infinity, and these are provided by the requirement that at great distances from the sun gµv merge with the cosmic gravitational
field produced by all the mass in the universe. We are not yet ready to go into the
details of the field equations and cosmology, but we can anticipate that the
gravitational field determined by the mass of the sun and these cosmic boundary
conditions is such that planetary orbits far from the sun do not precess with
respect to the typical stars, in agreement with observation. (See Section 15.1.)
These points are so important that they are worth repeating. In the absence of
nearby matter, the inertial frames are determined by the mean cosmic gravitational
field, which is in turn determined by the mean mass density of the stars, so it is not
surprising that their inertial frames are at rest, or in a state of uniform nonrotating motion, with respect to the typical stars. When a large mass like the sun is
brought close, it changes the inertial frames so that they accelerate toward the
mass, but the laws of motion in these freely falling frames are still those of special
relativity, and show no effects of the surrounding mass distribution. In this sense,
the equivalence principle and Mach's principle are in direct opposition.
The issue between Mach and Einstein can be drawn by asking whether in fact
the presence of large nearby masses does affect the laws of motion, other than by
determining the inertial frames ? Cocconi and Sal peter pointed out 1 0 that there is
a large mass near us, the Milky Way galaxy, and that Mach's principle would
suggest slight differences in inertial mass when a particle is accelerated toward or
away from the galactic center. This was checked experimentally by Hughes,
Robinson, and Beltran-Lopez, 11 and in a similar experiment, by Drever. 12 (See
Figure 3.1.) Hughes et al. observed the resonant absorption of photons by a Li 7
nucleus in a 4700 Gauss magnetic field. The ground state has spin 3/2, so it splits
in a magnetic field into four energy levels, which should be equally spaced if the
laws of nuclear physics are rotationally invariant. In this case the three transitions
among neighboring states should have the same energy and the photon absorption
coefficient should show a single sharp peak at this energy. However, if inertia were
anisotropic then the four magnetic substates would not be exactly equally spaced.
and there would be not one but three closely spaced resonance lines. Hughes et al.
found that no such splitting greater than the line width of 5.3 x 10- 21 MeV
occurred over a 12-hr period, during which the rotation of the earth carried the
magnetic field from 22° toward the galactic center to 104° away from the galactic
center. If we think of the Li 7 nucleus as a single proton with angular momentum
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Figure 3.1 The Li 7 absorption spectrum as a test of the isotropy
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3/2 bound by a central potential to the other nucleons, then the anisotropy
in the proton mass must be such that
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where p 2 /2m is the proton kinetic energy. Since p 2 /2m is greater than-!- MeV, we
can conclude that the anisotropy in inertial mass is subject to the inequality

!J.m ;S
m

10-20

At least in this regard, the evidence strongly favors the equivalence principle rather

than )lach's principle.
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"In Mathematicks
he was greater.
Than Tycho Brahe or Erra Pater:
For he by Geometrick scale
Could take the size of Pots of Ale;
Resolve by Signes and Tangents straight,
If Bread or Butter wanted weight;
And wisely tell what hour o'th day
The Clock does strike, by Algebra."
Samuel Butler, Sir Hudibras,
His Passing Worth

4 TENSOR
ANALYSIS

We have already noticed that the Principle of Equivalence of Gravitation and
Inertia establishes a deep analogy between non-Euclidean geometry and the theory
of gravitation. This chapter is devoted to an outline of the language common to
both, that of tensor analysis.

I

The Principle of General Covariance

In the last chapter we demonstrated one way of using the Principle of
Equivalence to assess the effects of gravitation on physical systems: We wrote
down the equations that hold, for general gravitational fields, in locally inertial
coordinate systems (i.e., the equations of special relativity, such as d 2 ~cz/dr2 = 0)
and then performed a coordinate transformation to find the corresponding equations in the laboratory coordinate system. We could continue to follow this
approach, but it would lead us into very tedious calculations when we come to the
field equations for electromagnetism and gravitation. Instead, we shall follow a
different method, one that is of precisely the same physical content, but is much
more elegant in appearance and convenient in execution. This method is based on
an alternative version of the Principle of Equivalence, known as the Principle of
General Covariance. It states that a physical equation holds in a general gravitational field, if two conditions are met:
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1. The equation holds in the absence of gravitation; that is, it agrees with the
laws of special relativity when the metric tensor grx.pequals the Minkowski tensor
t7:1.f:Iand when the affine connection
vanishes.
2. The equation is generally covariant; that is, it preserves its form under a
general coordinate transformation x -r x'.

rpy

To see that the Principle of General Covariance follows from the Principle of
Equivalence, let us suppose that we are in an arbitrary gravitational field, and
consider any equation that satisfies the two above conditions. From (2), we learn
that the equation will be true in all coordinate systems if it is true in any one
coordinate system. But at any given point there is a class of coordinate systems,
the locally inertial systems, in which the effects of gravitation are absent. Condition
(1) then tells us that our equation holds in these systems, and hence in all other
coordinate systems.
It should be stressed that general covariance by itself is empty of physical
content. 1 Any equation can be made generally covariant by writing it in any one
coordinate system, and then working out what it looks like in other arbitrary
coordinate systems. Indeed, from childhood we have become familiar with the
appearance of physical equations in non-Cartesian systems, such as polar coordinates, and in noninertial systems, such as rotating coordinates. The significance
of the Principle of General Covariance lies in its statement about the effects of
gravitation, that a physical equation by virtue of its general covariance will be
true in a gravitational field if it is true in the absence of gravitation.
The meaning of general covariance can be brought forward by comparing it
with Lorentz invariance. Just as any equation can be made generally covariant,
so any equation can be made Lorentz-invariant,
by writing it in one coordinate
system and then working out what it looks like after a Lorentz transformation.
However, if we do this with a nonrelativistic equation like Newton's second law,
we find after making it Lorentz-invariant
that a new quantity has entered the
equation, which of course is the velocity of the coordinate frame with respect to
the original reference frame. The requirement that this velocity not appear in the
transformed equation is what we call the Principle of Special Relativity, or
"Lorentz invariance" for short, and this requirement places very powerful restrictions on the original equation. Similarly, when we make an equation generally
covariant, new ingredients will enter, that is, the metric tensor gµv and the affine
connection
The difference is that we do not require that these quantities drop
out at the end, and hence we do not obtain any restrictions on the equation we start
with; rather, we exploit the presence of gµv and
to represent gravitational fields.
To put this briefly: The Principle of General Covariance is not an invariance
principle, like the Principle of Galilean or Special Relativity, but is instead a
statement about the effects of gravitation, and about nothing else. In particular,
general covariance does not imply Lorentz invariance-there
are generally
covariant theories of gravitation that allow the construction of inertial frames at

r:v·

r:v
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any point in a gravitational field, but that satisfy Galilean relativity rather than
special relativity in these frames. 1 a
Any physical principle, such as general covariance, which takes the form of an
invariance principle but whose content is actually limited to a restriction on the
interactions of one particular field, is called a dynamic symmetry. 2 There are other
dynamic symmetries of importance in physics, such as local gauge invariance,
which governs the interactions of the electromagnetic field, and chiral symmetry, 3
which governs the interactions of the pi-meson field. We shall return to the analogy
between general relativity and electrodynamics several times in following chapters.
The Principle of General Covariance can only be applied on a scale that is small
compared with the space-time distances typical of the gravitational field, for it is
only on this small scale that we are assured by the Principle of Equivalence of
being able to construct a coordinate system in which the effects of gravitation are
absent. For instance, the radius of the moon is not so very much smaller than the
earth-moon separation, so we cannot accurately calculate the motion of the moon
by finding generally covariant equations that reduce to the correct equations for a
freely moving moon in the absence of gravitation. We can, however, treat the moon
as a ball of rock and calculate its motion by applying the Principle of General
Covariance to determine the gravitational force on each infinitesimal element of
the lunar mass.
There are in general many generally covariant equations that reduce to a
given special-relativistic equation in the absence of gravitation. However, because
we only apply the Principle of General Covariance on a small scale compared with
the scale of the gravitational field, we usually expect that it is only gµv and its first
derivatives that enter our generally covariant equations. With this understanding
we shall see in this and the next chapter that the Principle of General Covariance
makes an unambiguous statement about the effects of gravitational fields on any
system, or part of a system, that is sufficiently small.

2

Vectors and Tensors

In order to construct physical equations that are invariant under general
coordinate transformation, we must know how the quantities described by the
equations behave under these transformations. For some quantities, those defined
directly in terms of coordinate differentials, the transformation properties may be
determined by a straightforward calculation. For other quantities, such as the
electromagnetic fields, the transformation properties are partially a matter of
definition. However, there is a tendency for all quantities of physical interest to
transform in a reasonably simple way, for otherwise it would be difficult to put
them together to form invariant equations. In this section we describe one class of
objects whose transformation properties are particularly simple, giving examples
(where we can) from quantities defined directly in terms of the coordinate system.

94

4 Tensor Analysis

The simplest of all transformation rules is that of the scalars, which simply
do not change under general coordinate transformations. The obvious example is a
pure number, like 137 or nor zero. Another example is the proper time dr, given by
Eq. (3.2.6); in fact, we shall see below that the metric tensor gµv is defined to
transform in just such a way as to keep dr 2 invariant.
The next simplest transformation rule is that of a contravariant vector, Vµ,
,vhich under a coordinate transformation xµ ----+x'µ transforms into

(4.2.1)
For instance, the rules of partial differentiation

give

(4.2.2)
so the coordinate differential is a contravariant
vector. A very closely related
transformation
rule is that of a covariant vector Uµ, which under a coordinate
transformation xµ ----+x'µ transforms into
U' µ

(4.2.3)

For instance, if</> is a scalar field, then 8¢/8xµ is a covariant vector, because in a
transformed coordinate system the gradient is

axv 8</>
ax~ axv

(4.2.4)

in agreement with (4.2.3).
From the contravariant and covariant vectors we can immediately generalize
to the tensors. A tensor with upper indices µ, v, ... and lower indices K, A, ...
transforms like the product of contravariant
vectors UµWv · · · and covariant
x ----+x' a
vectors VKY;.· · · . For instance, under a coordinate transformation
tensor Tµ v;. will transform into
(4.2.5)
If all indices are upstairs the tensor is called contra variant; if all indices are downstairs the tensor is called covariant; otherwise it is called mixed. The most important example is the metric tensor, defined in Section 3.2 for a general coordinate
system xµ by

at" a~P
'Y/rx.p
axµ axv

2
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where ~a: is a locally inertial coordinate system. In a different coordinate system
x'µ the metric tensor is

a~a:
a~P
'Y/a;p
ax'µ

ax'V

and therefore
(4.2.6)
We see that Yµv is indeed a covariant tensor. Its inverse is a contravariant
for if we define g;.,µ so that

tensor,

we shall have

and therefore

ax';.,ax'µ
-gP<T= g';.,µ
axP axa
as required for a contravariant
mixed tensor, because

tensor. Finally, the Kronecker

(4.2.7)
symbol ()~ is a

(4.2.8)
Aside from the scalars and zero, ()~ (together with its direct products) is the only
tensor whose components are the same in all coordinate systems.
A vector is just a tensor with one index and a scalar is a tensor with no
indices, so it will not generally be necessary to give the scalars and vectors special
treatment in the following. However, the reader should be \Yarned that not everydespite its appearance. is
thing is a tensor; in particular, the affine connection r~;.,,
not a tensor.
We can now recognize one very large class of invariant equations: Any
equation will be invariant under general coordinate transformations if it states the
equality of two tensors with the same upper and lower indices. For instance, if
Aµ/ and Bµ / are two tensors with the transformation rule (4.2.5), and if in the
xµ coordinate system Aµ/ = Bµ /, then obviously in the x'µ coordinate system
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A'\;. = B'\;._ In particular, since zero is any kind of tensor we want, a statement
that a given tensor vanishes is invariant under general coordinate transformations.
In contrast, a statement that is not an equality between tensors of the same kind
(for instance, Tµv = 5 or Vµ = Uµ) may be numerically true in a limited class of
coordinate systems, but not in all coordinate systems.

3

Tensor Algebra

The next step in our program of constructing equations invariant under general
coordinate transformations is to learn how to put tensors together to form other
tensors. This is accomplished through a few simple algebraic operations:
(A) Linear Combinations. A linear combination of tensors with the same
upper and lower indices is a tensor with these indices. For instance, let Aµ v and
Bµ v be mixed tensors, and let

Tµv

=

aAµv

+

bBµv

where a and bare scalars; then Tµ vis a tensor, because

ox'µ ox(T
ox'µ ox(T
AP + b BP
oxP ox'V (T
oxP ax'V (T

= a-

(B) Direct Products. The product of the components of two tensors yields a
tensor whose upper and lower indices consist of all the upper and lower indices of
the t\vo original tensors. For instance, if Aµ v and BP are tensors, and

Tµ/

=AµVBP

then Tµ / is a tensor, that is,

(C) Contraction. Setting an upper and lower index equal and summing it
over its four values yields a new tensor with these two indices absent. For instance,
if Tµ /a is a tensor and

3 Tensor Al9ebra

97

then Tµp is a tensor, that is,

T'µP = T'µ/v
ax'µ ax}. ax' p ax' v

= --

-- --

~

axK ax'V axl'/ axT

TK}.l'/T

These three operations can of course be combined in various
particularly important combined operation results in the raising and
indices. If we take the direct product of a contra variant or mixed tensor
metric tensor gµv, and contract the indexµ with one of the contravariant
T, we get a new tensor in which this contravariant index is replaced by
index v. For instance, if Tµp(1is a tensor, and we define

then by rules (B) and (C), S/(1 will be a tensor. Similarly, if we
product of a covariant or mixed tensor T with the inverse metric
contract the index µ with one of the covariant indices of T, we get
which this covariant index is replaced by a contravariant index v.
S / (1is a tensor, and we define

ways. One
lowering of
T with the
indices of
a covariant

take the direct
tensor gµv, and
a new tensor in
For instance, if

then Rvp (1is also a tensor. Note that lowering an index and then raising it again
gives back the original tensor; for instance, in the examples cited above, we
lowered an index on T to get S and then raised it again to get R, so R = T, because

RVP

(1

= gµvs µ p = gµvgµ}. TAP
-

(1

-

(1

By raising and lowering indices we can write a tensor with N indices in 2N different
ways. Since these are all physically equivalent, it is customary to use the same
symbol for all 2N tensors, distinguishing them only by their index locations.
For the sake of completeness, it should be mentioned that the tensor obtained
by raising one index on the metric tensor gµv or by lowering one index on the
inverse metric tensor gµv, is precisely the Kronecker tensor, because
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Also, raising both indices on gµv gives the inverse tensor

g).µgKVg
µv = g).µ[JK
µ = g).K
and lowering both indices on gJ.Kgives the metric tensor gµv·
The reader "-ill have noticed that this discussion of tensor algebra is precisely
the same as the corresponding discussion in the chapter on special relativity
(see Section 2.5) with one important exception: I have not yet mentioned
differentiation. This is because the derivative of a tensor is in general not a tensor.
In Section 6 ·we shall see that there is a kind of differentiation, called covariant
differentiation, that provides one more way of constructing tensors from other
tensors.

4

Tensor Densities

Despite the ubiquity of tensors, there is nothing sacred about the tensor
transformation law. One very important example of a nontensor is the determinant of the metric tensor

g
The transformation

= -Det

gµv

(4.4.1)

rule for the metric tensor can be regarded as a matrix equation

axP
axa
g~V = ax'µ gpa ax'V
and taking the determinant,

we find that
2

ax 1 g
g' = ax'

(4.4.2)

I

where lcx/ax'I is the Jacobian of the transformation x' ----+x; that is, it is the
determinant of the matrix axP/ax'µ. A quantity such as g, which transforms like a
scalar except for extra factors of the Jacobian, is called a scalar density, and
similarly a quantity that transforms as a tensor except for extra factors of the
Jacobian determinant is called a tensor density. The number of factors of the
determinant /ax'/axj is called the weight of the density; for instance, we see from
(4.4.2) that g is a density of weight -2. because
1

ax
ax'

I

I 1ax'lax

as can be seen by taking the determinant

of the equation

axµ ax').
- =
ax'). axv

/jµ
v

(4.4.3)
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Any tensor density of weight W can be expressed as an ordinary tensor times a
factor g-w1 2 . For instance, a tensor density Jµv of rank W has the transformation
rule
(4.4.4)
and using (4.4.2), we see that

a
a____:_ ~
1µ

K

W/2 ~).

ax). 0X1 V g

'

K

(4.4.5)

The importance of tensor densities arises from the fundamental theorem of
integral calculus, 4 that under a general coordinate transformation
x ~ x', the
volume element d 4 x becomes
(4.4.6)
Hence the product of d 4 x with a tensor density of weight -1 transforms

like an

,Jg

d 4 x is an invariant volume element.
ordinary tensor. In particular,
There is one tensor density whose components are the same in all .coordinate
systems; it is the Levi-Ci vita tensor density sµvJ.K. To define this quantity in a
general coordinate system, we must arbitrarily order the coordinate indices in a
reference sequence, for example, x, y, z, t or r, 8, cp, t, and so on. Then sµvJ.K is
defined by
µv)x even permutation of reference sequence
µv)x odd permutation of reference sequence

(4.4.7)

some indices equal
To see that this is a tensor density, consider the quantity
(4.4.8)
We note that this is completely antisymmetric in the indices p, a, 'Y/,~ and therefore
proportional to sPa 11~. To determine the proportionality constant, let pa'Yf~take the
values of the reference sequence; then (4.4.8) is just the determinant 18x'/8xl, and
so
(4.4.9)
Thus sµvJ.K is a tensor density of weight -1. We can form an ordinary contravariant tensor by multiplying sµvJ.K by g- 1 12 . We can also form a covariant density
by lowering indices in the usual way, that is,
(4.4.10)
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This is antisymmetric

in its indices, and therefore proportional to

spari(

p(l11~equal to the reference sequence, we find that the proportionality

By setting
constant

must be -g. so
(4.4.11)
The reader may easily verify that Bpari~ is a covariant tensor density of weight -1.
The rules of tensor algebra may be easily extended to encompass tensor
densities.
(A) The linear combination of two tensor densities of the same weight Wis a
tensor density of weight W.
(B) The direct product of two tensor densities of weight W 1 , W 2 yields a
tensor density of weight W 1 + W 2 .
(C) The contraction of indices on a tensor density of weight W yields a tensor
density of weight W. From (B) and (C) it follows that raising and lowering indices
does not change the weight of a tensor density.

5

Transformation

of the Affine Connection

Apart from the rather trivial example of the tensor densities, there appears
throughout the laws of physics one other very important nontensor, the affine
connection. We recall its definition,
2

;_
ax). a ~a
r µi·
=~--a~a axµ axv

(4.5.1)

·where ~a(x) is the locally inertial coordinate system. Passing from xµ to a different
system x'µ, we find that

ax').. a2 ~a
a~a QXµ CX
1

1

V

_ ax'J..axP ~ (axa a~a)
axP a~a ax'µ CX'vaxa
_ OXJ..OXP[CXa ext ~r____
+ a 2 xa O~a]
OXPa~a ax'V ex'µ axr axa ax'µ ax'v axa
1

and referring back to Eq. (4.5.1), this is
(4.5.2)
The first term on the right is what we would expect if r~vwere a tensor; the second
term is inhomogeneous, and makes it a nontensor.

efthe Affine

5 Traniformation

Connection

Tensor analysis provides a very simple way of establishing
between r~vand gµv· Note that

1O 1

the relation

a!" ~ a!"
( :;:µ!;,";)
9:,

9P•

a 2 xP axa
pa ax~X µ ax/V

ag axT axP axa
_____f)!T_-~-+g
axT ax'K ax'µ ax/V

1

so

It follows that

(4.5.3)
where

{1}=
µv

Subtracting

fgAK[agKV + i}JJKµ
_ agµv]
axµ
axv
axK

r;, minus

(4 ..5.3) from (4.5.2), we see that

rl -

[ µv

A, }]'
= a___:____
p
,;..~
a _:____
a
{ µv
axP ox'µ ax'V
T

(T

[

'f(T

(4.5.4)

{:v}

is a tensor,

-

{

p

}]

(4.5.5)

1:(J

The equivalence principle tells us that there is a special coordinate system
which, at a given point X, the effects of gravitation are absent. In this system
can be no gravitational force on free particles, so riv vanishes. and there can
gravitational
red shift between infinitesimally separated points, so the

derivatives of gµ, vanish. Since

r~. - {:} vanishes

~x in
there
be no
first

in a locally inertial coordinate

system, and since it is a tensor, it must vanish in all coordinate systems, that is,

(4.5.6)
It is useful to have at hand an alternative formula for the inhomogeneous term
in the transformation rule of riv·Differentiate the identity

ax';,. axP
---=b
axP ax'V

l
V
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with respect to x'µ: v.-e find immediately
CX ;,.
1

that

a

2 xP

(4.5.7)

axP ax'µ ax' v
We can therefore write (4.5.2) as

(4.5.8)
This is just what we would have found by first performing the inverse transformation x' -+ x, and then solving for r~~·
\Ye are now in a position to use the Principle of General Covariance to give an
alternative proof that a freely falling particle obeys the equation of motion
d 2xµ
d1:2

+P

dxv dx)..
-=0
vJ.. dr dr

(4.5.9)

where
d1:2

-gµv dxµ dxv

(4.5.10)

First, note that Eqs. (4.5.9) and (4.5.10) are true in the absence of gravitation,
because setting r~;..
equal to zero and gµv equal to 'f/µv gives
d 2 xµ

~=0
d1:2

dr 2 =

-n

•tµv dxµ dxv

and these are the correct equations for a free particle in special relativity. Second,
note that (4.5.9) and (4.5.10) are invariant under a general coordinate transformation, for

whereas (4.5.8) gives
dx/(1 dx'r:
dr dr

r'µ ---(T'f

Adding these two equations,
vector, that is,

a 2x'µ dx)..dxv
~~-----

axv ax).. dr dr
we find that the left-hand side of Eq. (4.5.9) is a

(4.5.11)
Thus Eq. (4.5.9), as well as (4.5.10), is manifestly covariant. The Principle of
General Covariance then tells us that (4.5.9) and (4.5.10) are true in general
gravitational fields, because, to repeat the reasoning of Section 1, they are true in
all coordinate systems if true in any one system, and they are true in the locally
inertial coordinate systems.

6 Covariant D!fferentiation

6

1 o3

Covariant Differentiation

We have already remarked that differentiation of a tensor does not generally
yield another tensor. For instance, consider a contravariant
vector Vµ, whose
transformation law is

ox'µ
Differentiating

vv

with respect to x';. gives
(4.6.1)

The first term on the right is what we would expect if o Vµ/ox;. were a tensor; the
second term is what destroys the tensor behavior.
Although oVµ/ox;. is not a tensor, we can use it to construct a tensor. Using
Eq. (4.5.8), we see that

rt

J

o 2 x'µ -oxP -OXU
ox'K
V'K -- [ox'µ oxP oxu rv - --~
-- V"
oxv ox'}. ox'K pu oxP OXU ox'A ox'K ox"
'.'.) ,µ

a

p

= ~ ____:_
p vu
OXv ox';. pu

(4.6.2)

Adding (4.6.1) and (4.6.2), we find that the inhomogeneous

oV'µ
OX
1 }.

+ r'µ V'K =
AK

terms cancel, yielding

ox'µ oxP (avv + p vu)
OXv 0X
OXP
pu
1 ).

(4.6.3)

Thus we are led to define a covariant derivative
(4.6.4)
and (4.6.3) tells us that Vf;. is a tensor:

OXµ OXP
V'µ = - vv
;J.
OXV ox'}.
;p
1

We can also define a covariant derivative for a covariant vector Vw We recall
its transformation rule

OXP
V'µ =-V
ox'µ p
Differentiate

with respect to x'v:
(4.6.5)
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From (4.5.2) we have

r'AV' = [ax'A oxP ~x(T rr
µv A

ax' ox'µ ox'v

=
The inhomogeneous

pu

axP axu rK v
ax'µ axfV pu K

+

+

J

2
ox'A o x'
axK
ox' ax'µ ax'V ax'A

v

K

~a_z_XK~
ax'µ axfV vK

terms will cancel if we subtract

(4.6.6)

(4.6.6) from (4.6.5):
(4.6.7)

We therefore define a covariant derivative of a covariant vector

Vµ;v -- avµ
axv -

ri

v

(4.6.8)

µv A

and Eq. (4.6. 7) tells us that Vµ;vis a tensor:
(4.6.9)
It is obvious how these definitions are to be extended to a general tensor.
The covariant derivative with respect to xP of a tensor T::: equals oT:: :/oxP, plus
for each contravariant indexµ a term given by r~Ptimes T withµ replaced with v,
minus for each covariant index A a term r~Ptimes T with A replaced with K. For
instance,
(4.6.10)
The reader may easily verify that this is a tensor.
We can also extend the idea of covariant differentiation to tensor densities.
The easiest way to do this is to recall that if._,- is a tensor density of weight W, then
gw;i ._,-is an ordinary tensor. Its covariant derivative is also a tensor, and multiplying by g-W/l gives back a tensor density of weight W. Hence the covariant
derivative of a tensor density of weight W is defined by
J

If(

• • •

···;p

=

-

g- w I 2 (gw I 2 J

If(

•••

. ..

)

;p

(4.6.11)

and we need not check that this is a tensor density of weight W. The effect is that
the covariant derivative with respect to xP of a tensor density ._,-of weight W is
constructed just as if it were an ordinary tensor, except that we add an extra term
(W/2gV:: :(og/axP). For instance,
(4.6.12)

6 Covariant Dijferentiation

The combination of covariant differentiation with
described in Section 3 gives results similar to those for
In particular:
(A) The covariant derivative of a linear combination
coefficients) is the same linear combination of the covariant
if a and f3are constants, then

1 OS

the algebraic operations
ordinary differentiation.
of tensors (with constant
derivatives. For instance

(4.6.13)
(B) The covariant derivative of a direct product of tensors obeys the Leibniz
rule. For instance,
(4.6.14)
(C) The covariant derivative of a contracted tensor is the contraction
covariant derivative. For instance, setting u = A in Eq. (4.6.10) gives

of the

(4.6.15)
the last two terms canceling.
We also note that the covariant derivative of the metric tensor is zero, because
it vanishes in locally inertial coordinates where rei and agµv/axA. vanish, and a
tensor, zero in one coordinate system, is zero in all systems. The same result can be
obtained more directly by noting that

Eq. (3.3.1) tells us that this vanishes:
flµv;l

= 0

(4.6.16)

(This argument can be reversed to provide yet another derivation of the relation
between flµv and r;v.) We can also show in the same way that the covariant
derivatives of the other forms of the metric tensor also vanish, that is,
gµv;l

= 0

c5t;i=

0

From (4.6.16)-(4.6.18) it follows that the operations of covariant
and raising and lowering indices commute; for example,

(4.6.17)
(4.6.18)
differentiation

(4.6.19)
The importance of covariant differentiation arises from two of its properties:
It converts tensors to other tensors, and it reduces to ordinary differentiation in
the absence of gravitation, that is, when rti = 0. These properties suggest the
following algorithm for assessing the effects of gravitation on physical systems:
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Write the appropriate special-relativistic equations that hold in the absence of gravitation, replace t/µv with flµv, and replace all derivatives with covariant derivatives. The
resulting equations will be generally covariant and true in the absence of gravitation, and therefore, according to the Principle of General Covariance, they will be
true in the presence of gravitational fields, provided always that we work on a
space-time scale sufficiently small compared with the scale of the gravitational
field.

7

Gradient, Curl, and Divergence

There are some special cases where the covariant derivative takes a particularly
simple form. Simplest of all is, of course, the covariant derivative of a scalar, which
is just the ordinary gradient
(4.7 .1)

Another simple special case is the covariant curl. Recall that

Since

ri"is symmetric

inµ and v, the covariant curl is just the ordinary curl
(4.7.2)

Another special case that will take a little more work is the covariant divergence of a contravariant vector
(4.7.3)

We note that

ri;. is given by
r~;.= -!gµp
{ogpµ+ agp)._ ogµ).}
ox;.

OXµ

oxP

(4.7.4)

We may evaluate this easily if we recall that for an arbitrary

matrix M,
(4.7.5)
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where Det denotes the determinant and Tr the trace, that is, the sum of the
diagonal elements. To prove (4.7.5), consider the variation in In Det Mowing to a
variation <'5xiin xi :
<'5ln Det M

=In Det

+ <'5M)-

(M

In Det M

+ <'5M)

= In Det (M

DetM

= In Det M- 1 (M + bM)

= In Det

(1

+

---+ In

(1

---+ Tr

M-

1

+

1

M-

Tr M-

1

bM)

bM)

bM

Taking the coefficient of ()Xi in both sides gives Eq. (4.7.5). Applying (4.7.5) to the
case where Mis the matrix gpµ' we find from (4.7.4) that

r µµA = -1 -a

In g
2 OXA

1 a .J= -------=
g

(4.7.6)

.Jg axi

With (4.7.3), we find that the covariant divergence is precisely
(4.7.7)
One immediate consequence is a covariant form of Gauss's theorem: If Vµ vanishes
at infinity then
(4.7.8)

.Jg

.Jg

Note the appearance here of a factor
that makes d4 x
invariant.
We can also use (4.7.6) to simplify the formula for the covariant divergence of
a tensor. For instance,

and, applying (4.7.6), we find that
Tµv_ = ~ }__ (
,µ
.Jg OXµ
In particular, if pµl

.JgTµv)

+P

Tµi
µA

(4.7.9)

= _ piµ, then the last term drops out, so
for

Aµv

antisymmetric

(4.7.10)
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There is one other special case of some importance.
the covariant derivative is
aAµv
A µv;J. =
-

ax).

Suppose that

Aµv

is antisymmetric;

-

rPµJ.A pv

-

For a covariant tensor

Aµv

rPvJ.A µp

that is,

If we twice add to Aµv;J. the same tensor with indices cyclically permuted, we find
by virtue of the symmetry of ri.,. and the antisymmetry of Apv that all r-terms
cancel, yielding

for A antisymmetric
(4.7.11)

8

Vector Analysis in Orthogonal Coordinates*

The reader may be wondering what the tensor analysis formalism outlined in
this chapter has to do with the familiar formulas for gradient, curl, and divergence
in the classical curvilinear coordinate systems. These are three-dimensional
coordinate systems characterized by the condition that g ii is diagonal, that is,
(i,j=l,2,3)

(4.8.1)

where hi is some function of the coordinates. 5 (The summation convention
suspended for the duration of this section.) The inverse metric tensor is then

1s

(4.8.2)
The irffariant

ds 2

proper length is now

= L gij dxi dxi

= h 1 2 (dx 1 ) 2 + h/(dx

2 2
)

+

h/(dx

3 2
)

(4.8.3)

i,j

and the invariant

volume element is
(4.8.4)

* This section lies somewhat
reading.

out of the book's main line of development,

and may be omitted

in a first
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What are usually called the components of a vector Vin elementary treatments are
not the covariant components Vi or the contravariant components Vi, but the
"ordinary" components f\:
(4.8.5)
The scalar product of two vectors is then very simple:

v · u = Lij gijviuj

vJJ1 + v2 u2 +

=

(4.8.6)

V3U3

[This, of course, is the motivation for the definition (4.8.5).] However, the gradient
of a scalar is now a little more complicated:
(4.8.7)

The curl of a vector Vis likewise defined by taking the "ordinary"
a vector

(v

X

V).I

=
-

h.I ~
f..J (Det g)-

l/lEijkv.

components of

J;k

jk

(4.8.8)

(We have used (4.7.2), since
component of the curl is

Eiik

is antisymmetric

(V x V) 1 = -- 1
h2h3

(a
ax
--

2

h3 V3

inj and k.) For instance, the first

-

-

a h V-)

ax
3

2

(4.8.9)

2

The divergence of a vector Vis nothing but the covariant divergence (4.7.7):
V·V

=

L V\
i

= (Det g)-

1 2

1

'

L J___
(Det
ax
1

i

g) 1 12 Vi

(4.8.10)

The Laplacian of a scalar Sis the divergence of its gradient
v2s

==L (giiS);j

(4.8.11)

ij

or combining (4.8.10) with (4.8.7),
v2s

= (h 1h2h3)-1

[~

ax1

h2h3

h1

J

as + _g_h 1h3 as + y_ h 1h 2 as
ax1 ax2 h2 ax2 ax3 h3 ax3

(4.8.12)

The reader may easily check that the usual formulas for gradient, curl, di'"'ergence and Laplacian are obtained if the hi take the forms appropriate for spherical
or cylindrical coordinates.
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Covariant Differentiation Along a Curve

This chapter has dealt until now with tensor fields defined over all space-time;
we now consider tensors T(r) defined only over a curve xll(r). Obvious examples
come to mind, such as the momentum Pll(r) or spin Sµ(r) of a single particle. For
such tensors it would of course be meaningless to talk about covariant differentiation with respect to xµ, but we can define a covariant derivative with respect to the
invariant r that parameterizes the curve.
Consider first a contravariant vector All(r), with transformation rule
(4.9.1)
It should be noted that the partial derivative ax'µ/oxv is to be evaluated at xv =
with respect to r, we find
two terms,

xv(r), so that it depends on r. Therefore, differentiating

(4.9.2)
The second derivative 8 2 x'll/oxv ax;. is the same as that responsible for the inhomogeneous term in the transformation formula (4.5.8) for the affine connection, so we
are led to define a covariant derivative along the curve xll(r) by
(4.9.3)
Eqs. (4.5.8), (4.9.1), and (4.9.2) then show that this is a vector:

DA'µ
Dr

axv Dr

(4.9.4)

The similarity between (4.9.3) and the formula (4.6.4) for the covariant derivative
of a vector field is evident.
The same considerations lead us to define the covariant derivative along a
curve xll(r) of a covariant vector Bµ(r) by
(4.9.5)
and with (4.5.2) we can easily show that this is a vector:

DB'
___ µ
Dr

ox'µ Dr

(4.9.6)

In the same way, the covariant derivative along a curve xll(r) of a general tensor
T(r) is defined by adding to dT/dr a term such as that in (4.9.3) for each upper
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index, and subtracting
instance,
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a term such as that in (4.9.5) for each lower index. For

dTµ

=--v

(4.9.7)

dr

and

ax'µ ox(T DTP (T

(4.9.8)

----

axP ox'V Dr

The properties of covariant differentiation outlined in Sections 6 through 8 can be
easily extended to covariant derivatives along a curve.
It should be mentioned that the covariant derivative of a tensor field along a
curve may be determined from its ordinary covariant derivative; for instance, if
Tµ vis a tensor field then (4.9.6) gives

DTµv = Tµ dx;._
Dr
v;J. dr

(4.9.9)

However, we shall see in Chapter 6 that tensors defined along curves cannot always
be promoted to tensor fields, and for these the derivative D /Dr is the only
covariant derivative available.
It is often the case that a vector Aµ(r) carried along a curve by a particle does
not change at r if viewed from a reference frame c;x('r) that is locally inertial at x(r).
(This is true for a particle's momentum and spin if it is subject to purely gravitational forces; see Section 5.1.) In this frame the affine connection as well as
dAµ /dr vanishes, so

(4.9.10)
This being a covariant statement, and true at x( r) in the locally inertial system
c;x(r)' it is therefore true in all coordinate systems. The vector Aµ is then subject to
the first-order differential equations
dAµ
(4.9.11)
dr
that define Aµ for all r, given Aµ at some initial r. A vector Aµ(r) defined in this
way along a curve xµ(r) is said to be defined by parallel transport. Any tensor can
be defined along a curve by parallel transport by requiring its covariant derivative
along the curve to vanish.

IO The Electromagnetic Analogy*
I emphasized in Section 1 of this chapter that general covariance is not an
ordinary symmetry principle like Lorentz invariance, but is rather a dynamical

* This section lies somewhat
reading.

out of the book's main line of development,

and may be omitted

m a first

112

4 Tensor .foalysis

principle that governs the effect of gravitational fields. As such, it bears a strong
resemblance to another "dynamic symmetry," local gauge invariance, which
governs the effects of electromagnetic fields. Local gauge invariance says that the
differential equations satisfied by a set of charged fields 1/J(x)and the electromagnetic potential Aa(x) retain the same form when these fields are subjected to
the transformations 6
1/J(x)~ 1/J(x)eiecp(x)
(4.10.1)

(4.10.2)
where e is the charge of the particle represented by ljJ and <p(~) is an arbitrary
function of the space-time coordinates xa. How are we to construct gauge-invariant
equations? Note that derivatives of a charged field ljJdo not behave under gauge
transformations like 1/J,but rather

just as derivatives of tensors do not behave like tensors under general coordinate
transformations. It follows that an equation such as
(0

2

-

m 2 )1/J(x)= 0

is not gauge-invariant, just as it is not generally covariant. Also note that the
electromagnetic potential A 1jx) obeys an inhomogeneous gauge transformation law,
just as the affine connection obeys the inhomogeneous transformation law (4.5.2)
for general coordinate transformations. In tensor analysis we put together derivatives of tensors and the affine connection to form "covariant derivatives" that
transform like tensors. In electrodynamics we put together derivatives of fields
and the vector potential to form "gauge-covariant derivatives"

(4.10.3)
that transform like the fields themselves,

(4.10.4)
An equation that is invariant under gauge transformations with <p constant (such
invariance is simply tantamount to charge conservation) will be invariant under the
general gauge transformation (4.10.1)-(4.10.2) provided that it is constructed only
out of fields 1/J(x)and their gauge-covariant derivatives[» al/J(x),just as an equation
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that is invariant under Lorentz transformations will be invariant under general
coordinate transformations
provided that it is constructed out of tensors and
their covariant derivatives. For instance, we can write a gauge-invariant equation
that might represent the effect of electromagnetism on a charged scalar field t/J(x)as
(4.10.5)

or, in more detail,

One important property of such theories is that they admit the construction
conserved gauge-invariant current; in this example we can define

of a

(A dagger denotes complex conjugation, or in quantum theories the Hermitian
adjoint.) That this is gauge-invariant is obvious; to see that it is conserved, we
write
-ie {aijJt(x) (aijJ(x) - ieAll(x)ijJ(x))axil
axil

+

tpt (x)(!ll"

+ ieA "(x))!ll.t/J(x) -

aijJ(x) (aijJt(x)
axil
axil

tp(x)[(!ll"

+ ieA(X(x)t/Jt(x))

+ ieA "(x))!11,t/J(x)Jt}

ijJt(x)~ll~llt/J(x) - t/J(x)[~ll~cxt/J(x)]f

and using (4.10.5) this gives

We can thus use this current in the right-hand side of Maxwell's equations (2.7.6),
and these equations will then be gauge-invariant also. We see in Chapter 7 that the
field equations for gravitation are constructed in an analogous manner.
The analogy between the gauge invariance of electrodynamics and the general
covariance of general relativity can be extended to a similar dynamic symmetry,
called chirality, 3 that governs the interactions of pi-mesons. A proper explanation
of this point would fill another book.

11 p-Forms and Exterior Derivatives*
Antisymmetric tensors and their antisymmetrized derivatives possess certain
remarkably simple and useful properties, some of which we have already en• This section lies somewhat
reading.

out of the liook's main line of development,

and may be omitted

m a first
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countered in Section 4. 7. In order to deal with these properties in a unified way,
mathematicians
have developed a general formalism, known as the theory of
differential forms. 7 Unfortunately,
the rather abstract and compact notation
associated with this formalism has in recent years seriously impeded communication
betv,een pure mathematicians and physicists. This section presents some of the
fundamental results of the theory of differential forms, but in the tensor notation
familiar to physicists, rather than the recondite notation favored by mathematicians.
A covariant tensor of rank p, which is antisymmetric under exchange of any
pair of indices, will be called a p-form. In n dimensions, the number of algebraically independent components of a p-form is just the binomial coefficient

(n)
p

n!
=p!(n-p)!

(4.11.1)

For instance, a scalar field is a 0-form, a covariant vector field is a I-form, and an
antisymmetric covariant tensor with two indices is a 2-form.
Linear combinations of p-forms are p-forms. However, the direct product
sµv . .. tpu. .. of a p-form sµv . .. and a q-form tpu. .. is not a (p + q)-fo~m, because
it is not completely antisymmetric. We can form a (p + q)-form s A t by antisymmetrizing the direct product:
(4.11.2)
where, in general, "Antisym"
indices,

denotes an average over all permutations

II of the
(4.11.3)

with a sign-factor c511 which is + 1 or -1 according to whether II consists of an even
or odd number of permutations of individual index pairs:

bu

={-1+ 1

II even

(4.11.4)

II odd

The antisymmetrized
direct product (4.11.2) is known as the exterior product.
For instance, the exterior product of a 0-form s and a I-form tµ is simply the
ordinary product
(s A t)µ
stµ

=

whereas the exterior product of a I-formsµ and a I-form tv is the 2-form

(s

A

t)µv

= -l(sµtv -

s}µ)

The reader can easily verify that the exterior product is associative,
(s

A

t)

A U

=

8 A

(t

A

u)

(4.11.5)
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and bilinear,
(Cl 1s 1
8

A

+

t

Cl2 s 2 ) A

(Cl1t1

+

A

Cl1 (s1
Cl1 (s A

Cl2t2)

t)

t1)

+
+

t)

Cl2 (s 2 A
Cl2 (s A

t2 )

(4.11.6)

(Here Cl1 and Cl2 are scalars.) However, the exterior product is not commutative;
rather, ifs is a p-form and tis a q-form, then
(4.11.7)

This is a good spot to pause, and mention that in books on the mathematical
theory of differential forms, 7 a p-form tis generally not represented by the tensor
components tµv . .. , but rather by the "differential form"
w

=tµ

v •••

(

dxµ

dx v

A

A • • •)

The symbol dxµ here denotes a quantity that transforms like a coordinate
differential, that is, as a contravariant vector, but whose products, unlike ordinary
products of coordinate differentials, are associative and anticommutative:

(dxµ

A

dxv)
dxµ

A
A

dx;.

= dxµ

A

dxv = -dxv

A

(dxv

A

dx;.)

dxµ

The product w 1 A w 2 of differential forms w 1 and w 2 has tensor coefficients
tµv . .. that are just given by the exterior product of the tensor coefficients of w 1
and w 2 . The associativity and commutativity rules (4.11.5) and (4.11.7) of the
exterior product then follow trivially from the associative and anticommutative
properties of the product dxµ A dxv. As already indicated, we shall not use this
language here; for us, a p-form will be simply an antisymmetrical tensor, not the
corresponding differential form.
The point of developing the theory of p-forms separately from the rest of
tensor analysis emerges when we study their derivatives. The partial derivative
operator 8/8xµ is a covariant vector, or in other words a I-form, so given any pform t we can define a (p + I )-form Dt, known as the exterior derivative of t, by
with t:
simply taking the exterior product of

a;ax

Dt

=ax
!}_

A

t

(4.11.8)

or, in more detail,
(Dt).,. .. Pp..

as Antisym {

a!,

t.,. .. Pp ..

}

(4.11.9)

For instance, the exterior derivative of a 0-form tis simply the ordinary gradient

(Dt)µ
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whereas the exterior derivative of a I-form tµ is just the "curl"

In three dimensions, the exterior derivative of a 2-form
ordinary divergence:

tii

may be expressed as an

The first remarkable property of the exterior derivative is that, acting on a
tensor p-form, it gives a tensor (p + I )-form. The easiest way to see this is just to
note that the partial derivatives used to define the exterior derivative can be
replaced with covariant derivatives,
(4.11.10)
because the contribution of the affine connections that appear in the covariant
derivatives vanish upon antisymmetrization.
Our previously derived results
(4.7.1), (4.7.2), and (4.7.11) are special cases of Eq. (4.11.10) for p = 0, p = 1, and
p = 2.
From the associativity and commutativity rules (4.11.5) and (4.11.7) for the
exterior derivative, we can easily derive a simple formula for the exterior derivative
of the exterior product of a p-form s and a q-form t:
D(s

A

t) = Ds

A

t

= Ds

A

t

+ (-1 )PqDt
+ (-I)Ps A

A

s

Dt

(4.11.11)

From the same rules, it also follows that repeated exterior derivatives vanish,
2 _
Dt=~A

a (a
(a
a) At=O
-At= )
ax
ax
ax ax
-A~

(4.11.12)

This latter result is known as Poincare's lemma. Among the special cases of this
lemma are two well-known results of three-dimensional vector analysis, that a
gradient has zero curl and a curl has zero divergence.
The question naturally arises whether the converse to Poincare's lemma is also
valid. That is, ifs is a (p + 1)-form for which
Ds

=

0

(4.11.13)

then can we express s as
s = Dt

(4.11.14)

for some p-form t? The answer is yes, provided that the region f?lt over which
(4.11.13) holds, and over which we want (4.11.14) to hold, can be deformed to a
point. In general, we say that a region f?lt can be deformed to a pointyµ if every
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point xµ in f?ltcan be connected with the pointyµ by a path Xµ(A; x) lying entirely
in f?lt;here A is a real parameter that can be taken to run from Oto 1, with

It is straightforward to verify that if (4.11.13) holds over such a region f?lt,then
(4.11.14) will be satisfied throughout this region by the p-form

The well-known results of three-dimensional vector analysis, that a vector may be
expressed as a gradient if it has zero curl, or as a curl if it has zero divergence, may
be regarded as special cases of this theorem for p = 0 and p = 1, respectively.
Maxwell's equations provide an example in four dimensions: The field-strength
tensor Fap is a 2-form that according to Eq. (2.7.10) has vanishing exterior derivative, so that it can be expressed as the exterior derivative of a I-form, conventionally denoted - 2Aa,

as in Eq. (2.7.11). In general, the p-form t satisfying Eq. (4.11.14) is not unique;
given one such t, the most general p-form satisfying (4.11.14) is of the form

t'

= t + Du

(4.11.16)

where u is an arbitrary (p - 1)-form. For instance, if Aa is one vector potential
whose curl is Fap, then the most general such vector potential is given by the
"gauge transformation"

where <I>is an arbitrary 0-form, that is, an arbitrary scalar.
Just as the exterior derivative provides a natural generalization of the
familiar gradient, curl, and divergence, so also it is possible to construct a scalar
integral of p-forms over manifolds of dimensionality p, which provides a natural
generalization of the familiar volume integrals of scalar densities and surface
integrals of normal components of vector densities. A manifold ..i of dimensionality
pin an n-dimensional space is simply a region within which then coordinates x'1
may be expressed in a smooth one-to-one way as functions of p parameters ui:
(4.11.17)

Actually, it is often impossible to cover the whole of a manifold with a single set
of u-coordinates; in the general case, it is necessary to introduce different sets of u-
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coordinates in different overlapping patches of the manifold, with the proviso that
ui and another patch with
coordinates ii}, the ui can be expressed in a smooth one-to-one way as functions of
the ui, and vice versa. We shall actually be concerned here with what are called
orientable manifolds, for which the coordinates in each patch can be chosen so that
in the overlap regions all determinants 18u/8ul are positive-definite. For instance,
the surface of a sphere is orientable. For simplicity of notation, the discussion
below does not take account of these complications, but it should be kept in mind
that more than one set of u-coordinates may be needed to cover the manifold.
With this understanding, the integral of a p-form t over a manifold ..i of dimensionality pis defined as the repeated integral

in the overlap between one patch with coordinates

(4.11.18)

with limits of integration set by the boundaries of the manifold.
This integral is obviously a scalar with respect to transformations of the xµ
coordinates used to define the p-form. It is also necessary to consider how the
integral behaves if we decide to describe the manifold with a new set of parameters
u1 • • • uPinstead of u 1 · · · uP.Taking account of the antisymmetry oft, it is easy to
see that in this case the integrand changes by a factor, the determinant 18u/8ul,
whereas the p-dimensional volume element changes by a positive factor I 18u/8ul I·
Thus the whole integral either is unchanged or changes by a minus sign, according
to whether the determinant 18u/8ul is positive or negative. (We tacitly assume that
the transformation ui ~ ui is nonsingular, so that this determinant cannot vanish,
and therefore keeps the same sign throughout ..i.) This result shows, incidentally,
that when several u-coordinate systems are needed to cover the manifold, the
integral of a p-form over the overlap between two patches described by coordinates
ui and ui can be evaluated
using either coordinate system, provided that the
determinant /8u/ou/is positive; it is for this reason that we have to restrict our
attention to manifolds that are orientable.
The simplest example of an integral of the form (4.11.18) is provided by the
special case where p is equal to the dimensionality n of the xµ coordinate space.
Here the xµ coordinates themselves may be used as the u-coordinates, so that
(4.11.18) becomes in this case

f

,If'•t dVn

= ft

12 · · • n

dx

1

dx

2

• • •

dx"

44

Note that the integrand t 12 .. ·n• in addition to being one component of a tensor, is
also a scalar density of weight -1, because we can write it as
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ir · · ·

and
is a tensor density of weight -1. (See Section 4.4.) In the next simplest
case, where p = n - 1, we can write (4.11.18) in the familiar form

L.

t dV,_,

=

ftµ dSµ

where tµ is a vector density, defined by

and dS µ is a surface element oriented normal to the manifold:

With this general definition of the integrals of p-forms, it is possible to prove
that the integral of the exterior derivative of a p-form over a manifold of dimensionality (p + 1) is simply the integral of the p-form itself over the p-dimensional
boundary of the manifold : 7

f

Dt d VP+1 =

,If'•
44

j

J

boundary

t dV
of

.«

(4.11.19)

P

(We shall not go into the problem of defining the orientation of the boundary,
which is needed in order to specify the sign of the right-hand side). Stokes's
theorem and Gauss's theorem are simply the special cases of this general formula
for n = 3, p = I and n = 3, p = 2, respectively.
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Some guide the course of wand'ring orbs on high,
Or roll the planets through the boundless sky.
Some less refined, beneath the moon's pale light
Pursue the stars that shoot athwart the night,
Or suck the mists in grosser air below,
Or dip their pinions in the painted bow
Or blow fierce tempests on the wintry main,
Or o'er the glebe distill the kindly rain.
Alexander Pope, The Rape of the Lock

5 EFFECTS
OF

GRAVITATION

We now return to physics, and apply what we have learned in the last chapter
to determine the effects of gravitation on the equations of mechanics and electrodynamics. The technique to be used is that afforded by the Principle of General
Covariance: We must first write the equations as they hold in special relativity,
then decide how each quantity in the equations is to transform under general
coordinate transformations, and then replace 1Jµv with gµv and all derivatives with
covariant derivatives. The resulting equations will be generally covariant and true
in the absence of gravitation, and hence true in arbitrary gravitational fields,
provided that the system in question is small enough compared with the scale of
the fields.

1

Particle Mechanics

A particle not under the influence of any force will in special relativity have
constant four-velocity ua and constant spin Sa, that is,

aua
~ =0

(5.1.1)

dr
0

(5.1.2)
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Recall that Srxis defined in the rest frame of the particle to have the components
{S, O}, so that in an arbitrary Lorentz frame it satisfies the further relation
(5.1.3)
In order to make these equations

generally

covariant,

we define vectors

Uµ and S µ in a general coordinate system xµ by
(5.1.4)

(5.1.5)
where U f rx and Sfrx are components of U and S in the freely falling coordinate
system ~rx. Although ·uµ and Sµ are vectors, dUµ/dr and dSµ/dr are not, but we saw
in Section 4.9 that there can be defined vector derivatives DUµ/Dr and DSµ/Dr,
which reduce when r~;.= 0 to the ordinary derivatives dUµ/dr and dSµJdr. The
correct equations for the particle position and spin are dictated by the Principle of
General Covariance to be

0

(5.1.6)

or, in more detail,
(5.1.7)

0
In addition,

(5.1.8)

(5.1.3) becomes now
(5.1.9)

To repeat the reasoning of Section 4.1, these equations are true in the presence of
gravitational fields because they are generally covariant and true in the absence of
gravitation, reducing when
vanishes to Eqs. (5.1.1)-(5.1.3). That is, the
Principle of Equivalence tells us that there are locally inertial coordinate systems
in which (5.1.6)-(5.1.9) are valid (provided always that our particle is sufficiently
small), and general covariance then ensures that these equations hold in the
laboratory reference frame.
We recognize in Eqs. (5.1.7) and (5.1.8) the differential equations for parallel
transport of the vectors Uµ and Sµ. Since Uµ
dxµ/dr, Eq. (5.1.7) is nothing but
the familiar equation for free fall, derived previously by differentiating (5.1.4) with
respect to r and using (5 .1.1) ; it should be evident that a good deal of work is
saved by using general covariance instead of our previous direct approach.
Equation (5.1.8) describes the precession of gyroscopes in free fall, and is further

re.,.

=

1
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discussed in Chapter 9. For the present, we note that SµSµ is constant, because the
ordinary derivative of a scalar is the same as its covariant derivative
(5.1.10)

If the particle is not in free fall, then DUµ/Dr does not vanish, and instead of
(5.1.7) we have

(5.1.11)
where m is the particle mass and
be written as

r

is a contra variant force vector. This can also

mreA.

evidently plays the role of a gravitational
The term containing
if we know its value J; in freely falling frames
can always calculate
requirement that
behave as a vector gives it uniquely as

r

r

force. We
for the

,<X,

(5.1.12)

The electromagnetic force will be determined in the next section.
It sometimes happens that a particle is acted on by a forcer without experiencing any torque. In this event, an observer in a locally inertial coordinate frame
that is momentarily at rest with respect to the particle will see no precession of
the spin axis; that is, dS/dt will vanish. But in this particular coordinate system
dx/dt also vanishes, so we may write the condition of zero torque as a Lorentzinvariant statement

and this will be valid in any locally inertial coordinate system, comoving or not.
Now, what is the constant of proportionality? Let us set

We recall that S <Xis defined so that

and therefore
0

=

!!:__(S U<X)= <I>UU<X+ S dU<X

dr

<X

(J

<X

dr
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so

r

S-ex

m

The spin \~ector therefore suffers a change given by
(5.1.13)
This phenomenon is known as the Thomas precession. 1 If we now turn on a gra vitational field, Eq. (5.1.13) and the Principle of General Covariance tell us that the
spin precesses according to the rule

DSµ =
Dr

(sJ:_)
=
m
Uµ

Sv DUv Uµ
Dr

(5.1.14)

A vector obeying this differential equation is said to be defined by Fermi transport;
parallel transport is the special case for
= 0.

2

r

2

Electrodynamics

We recall that in the absence of gravitational
electrodynamics can be written as

fields the Maxwell equations of

-JP

(5.2.1)

a

-Fpy
axex

+

a

+

-Fyex
axp

a

-Fexp
axy

=

0

(5.2.2)

where JP is the current four-vector {J, 8}, and FexPis the field-strength tensor,
F 12 = B 3 , F 01 = E 1 , and so on. (See Section 2.7.) Suppose that we define Fµv
and Jµ in general coordinates by the requirements that they reduce to FexPand
JP in locally inertial Minkowskian coordinates, and that they behave as tensors
under general coordinate transformations.
(That is, if ffexPand Jex are the values
measured in a locally inertial frame, then Fµv
(axµ;a,ex)(axv;a,P)ffexP
and Jµ
(8xµ1a,ex)Jc1..)
·we can then make (5.2.1) and (5.2.2) generally covariant by replacing
all derivatives by covariant derivatives:

=

Fµv;µ

=

_JV

Fµv;). + F;.µ;v + Fv).;µ = 0

=

(5.2.3)
(5.2.4)

it being now understood that indices are to be raised and lowered with rJµ;. instead
that is,
of Y/exy,
(5.2.5)

2

Since Fµv and Fµv are antisymmetric,
the Maxwell equations as
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we may use (4.7.10) and (4.7.11) to rewrite

(5.2.6)

(5.2.7)
Equations (5.2.3)-(5.2.7) are true in the absence of gravitation and generally
covariant and hence, according to the Principle of General Covariance, also true in
arbitrary gravitational fields.
The electromagnetic force on a particle of charge e is given in the absence of
gravitation by Eq. (2.7.9):

f

<X- F<XdxP
- e P
dr:

(5.2.8)

We immediately conclude that in general coordinates the electromagnetic
an arbitrary gravitational field is

!µ =

eFµ dxv
v dr:

force in

(5.2.9)

where of course
(5.2.10)
Once again, we are using the Principle of General Covariance; Eq. (5.2.9) obviously
reduces to (5.2.8) in locally inertial Minkowskian coordinates, and it is generally
covariant, because fµ is a vector (Section 5.1), dxv/dr: is a vector, and Fµ vis defined
as a tensor; therefore (5.2.9) is true.
It is instructive to evaluate the current vector Jv. In special relativity it is
(5.2.11)
the integral being taken along the trajectory of the nth particle. [See Eq. (2.6.5).]
The four-dimensional delta function in a general coordinate system is defined by

Jd x<l>(x)b (x _ y) 4

4

<l>(y)

(5.2.12)

Since g 1 12 d 4 x is a scalar, g- 1 / 2 b 4 (x - y) must be a scalar, which of course reduces
to the ordinary delta function in special relativity, where g = 1. (In some works
it is this scalar that is defined as the delta function.) Thus the contra variant
vector that reduces to J<Xin the absence of gravitation is

(5.2.13)
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Note that the conservation law 8J17"/ox!T.
= 0 of special relativity
general relativity Jµ;µ = 0 or, using (4.7.7),

becomes in

(5.2.14)

The factor g- 1 12 in (5.2.13) is just what is needed to cancel the g 1 12 in (5.2.14), so
that (5.2.14) still just expresses the constancy of the en.

3

Energy-Momentum Tensor

The density and current of energy and momentum were united in Section 2.8
into a symmetric tensor TIT.Psatisfying the conservation equations
(5.3.1)

where aP is the density of the external force/ P acting on the system. (For an isolated
system, aP = 0.) Define Tµv and av as contravariant tensors that reduce to the
special relativistic TIT.Pand aP in the absence of gravitation. Then the generally
covariant equation that agrees with (5.3.1) in locally inertial systems is
(5.3.2)

or, using (4.7 .9),

~ j_ (.jg Tµv) = av - PTµ;.

.Jgaxµ

The factor

.Jgis familiar from
.Jg

(5.3.3)

µ).

electrodynamics,

and arises from the fact that the

im-ariant volume is
d 4 x. In contrast, the second term on the right represents
a gra\-itational force density. Just as we would expect, this force depends on the
system on which it acts only through the energy-momentum tensor.
For a system of point particles the special-relativistic energy-momentum
tensor is given in Section 2.8 as
(5.3.4)

the integral again being taken along the particle trajectory. Following precisely
the same reasoning as we did for J!7.in the last section, we conclude that the
contravariant tensor that agrees with (5.3.4) in the absence of gravitation is
(5.3.5)

3 Energy-Momentum Tensor
For an electromagnetic field Frx.Pthe special-relativistic
tensor was calculated in Section 2.8 as
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energy-momentum

(5.3.6)

It takes no effort to see that the contravariant
in the absence of gravitation is

tensor that agrees with (5.3.6)

(5.3.7)
For a system consisting of particles and radiation, the energy-momentum
is the sum of (5.3.5) and (5.3.7).
Returning for a moment to the purely material energy-momentum
(5.3.5), we easily compute that

f

Tµog112 d3x =

Lm
n

n

tensor
tensor

dx/
dr

the sum running over all particles in the volume of integration. This suggests that
Tµ 0 g 1 12 is to be regarded in general as the spatial density of energy and momentum.
In particular, we are tempted to define the energy, momentum, and angular
momentum for an arbitrary system by
pa ='

J"' ='

f

f

T"og112 d3x

(x"T'o

(5.3.8)

- x'T"o)g112 d3x

(5.3.9)

However, these quantities are not contravariant tensors and are not conserved,
because Tµvg 112 is not conserved, that is, o(Tµvg 112)/ox" does not vanish, owing to
the exchange of energy and momentum between matter and gravitation.

4

Hydrodynamics and Hydrostatics

In the absence of gravitation,
fluid is that given by (2.10.7):

the energy-momentum

tensor of a perfect

(5.4.1)
where urx. is the fluid four-velocity, U 0 = (1 - v 2 )- 1 12 , U = vU
travariant tensor that reduces to (5.4.1) in the absence of gravitation

0

.

The conis
(5.4.2)

where Uµ is the local value of dxµ /dr for a comoving fluid element. Note that p
and p are always defined as the pressure and energy density measured by an
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observer in a locally inertial frame that happens to be moving with the fluid at the
instant of measurement, and are therefore scalars. The conditions of energymomentum conservation give the hydrodynamic equations

(5.4.3)
The last term represents the gravitational force on the system. Note also that
= -1 in the absence of gravitation, we must in the presence of
since 1'/17.pUIT.UP
gravitation have
(5.4.4)
Consider as an example the case of a fluid in hydrostatic
it is not moving, (5.4.4) gives

Since

= 0 for A ¥- O

U;.

Furthermore,

equilibrium.

all temporal derivatives of gµv' p, or p vanish. In particular,

rµoo = _l_gµv ogoo
2

axv

and

Multiplying (5.4.3) by gµ;.gives then

-

op = (p

ax).

+ p) ~ In
ax).

(-goo)1;2

(5.4.5)

This is trivial for A = 0, whereas for A spacelike it is nothing but the ordinary
nonrelativistic equation of hydrostatic equilibrium, except that p + p appears
instead of the mass density, and In (-g 00 ) 1 / 2 appears instead of the gravitational
potential. This equation is soluble if p is given as a function of p. We then find
that

I

dp(p)
p(p) + p

= -In

J -g

00

+

constant

(5.4.6)

For instance, if p(p) is given by a power law:
p(p) oc PN

(5.4.7)

oc (-goo)

(5.4.8)

then (5.4.6) gives for N ¥- 1
P

+P
p

(t-N)/2N
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and for N = 1
(5.4.9)
This, incidentally, shows that gravitation can never produce hydrostatic equilibrium in a finite highly relativistic fluid. with p = p/3, for then (5.4.9) gives
(5.4.10)
Since p must vanish outside the fluid, g00 would have to become singular at its
surface.
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"When I behold, upon the
night's starr'd face, huge
cloudy symbols ... "

John Keats, When I Have
Fears That I May Cease
to Be

6 CURVATURE

We are going to work out the gravitational field equations by applying the
Principle of Equivalence to gravitation itself. As in the last chapter, it is most
convenient to apply this principle by looking for field equations that are generally
covariant and that reduce to the proper form for weak fields. Thus we must address
ourselves to the question: What tensors can be formed from the metric tensor and
its derivatives? In this chapter we treat this as a purely mathematical problem,
as in fact it was treated by Gauss and Riemann; the information we compile
here will then be used in the next chapter to guide us in our search for the field
equations of gravitation.

I

Definition of the Curvature Tensor

We want to construct a tensor out of the metric tensor and its derivatives.
If we use only gµv and its first derivatives, then no new tensor can be constructed,
for at any point we can find a coordinate system in which the first derivatives of
the metric tensor vanish, so in this coordinate system the desired tensor must be
equal to one of those that can be constructed out of the metric tensor alone,
(e.g., gµv or gµv or 8µv;.,,/
and so on), and since this is an equality between tensors
it must be true in all coordinate systems.

.Jg,
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The next simplest possibility is to construct a tensor out of the metric tensor
and its first and second derivatives. To do this, let us recall the transformation rule
for the affine connection :
(6.1.1)

(This is Eq. (4.5.2), with primed and unprimed coordinates interchanged.) It is
the inhomogeneous term on the right that keeps r;v from being a tensor, so let
us isolate this term :
(6.1.2)

To get rid of the left-hand side, we use the commutativity
Differentiation with respect to x" gives

03XtT
ox" axµ ax v

=

of partial differentiation.

rA (OX'Tr11-

OX'POX"'r'T)
µv ox 11 KA. ox" OXA. pu

_ r'TOX'P(0X'C1rl1
pu

axµ

ox 11

""

0X'l1OX'~r'u)
~
ox" ox" 11

ox'P OX1u OX'11or~:
axµ ax v ox" ox' l1
or, collecting similar terms and juggling indices a bit,

(6.1.3)

Now subtracting the same equation with v and K interchanged,
terms involving products of r with r' drop out, leaving

0 = OX'T(ar;v _ ar;K+
OXA. OX"
OX"

This may be written as a transformation

we find that all

r11r). _ r11rA)
Kl1 µ,c Vl1
µv

rule,

QX1 T (]Xµ QXV OX"
R'T
= - - -- RA.
PC1l1 ax). ox'P ox'C1ox' 11 µvK

(6.1.4)

I

efthe

Definition

Curvature Tensor
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3

where

R ;.µV" =
-

ari~
- ari"
+ r"µ r;. r"µKr;.
ox"
axv
.,
.,
V

IC"

-

V"

(6.1.5)

Equation (6.1.4) says that R\v" is a tensor; it is called the Riemann-Christoffel
curvature tensor.
The existence of the tensor R\ v" raises once again the question of whether or
not the Principle of Equivalence or the Principle of General Covariance ·uniquely
determines the effects of gravitation on arbitrary physical systems. For instance,
let us ask whether the correct equation of motion for a freely falling particle of
spin Sµ might be of the form
0

d µd v
d µd v
d 2 ;.
= ~
+ r;. ~ ~ + f'R;. ~ ~ S"
µv dr dr
µv" dr dr
dr 2

(6.1.6)

(with fan unknown scalar) instead of the familiar form

d 2x;.
dr2

O=-+r;.

dxµ dxv
-µv dr dr

(6.1.7)

Both Eqs. (6.1.6) and (6.1.7) are generally covariant, and both reduce in the
absence of gravitation to the correct special-relativistic equation dUrx/dr = 0.
How then can we tell whether (6.1.6) or (6.1.7) is correct?
The answer again is one of scale. Suppose that our particle has a characteristic
linear dimension d, and that the gravitational field has a characteristic space-time
dimension D. The Riemann-Christoffel tensor has one more derivative of the
metric than the affine connection, so the ratio of the third term in (6.1.6) to the
second term is proportional to 1/D; dimensional considerations then require that
this ratio be roughly of order d/D. Thus, barring special circumstances that might
make one term or the other anomalously large or small, we can regard the last
term in (6.1.6) as being negligible if our particle is very much smaller than the
characteristic dimensions of the gravitational field, and (6.1.7) is the correct
equation of motion. Of course, if our particle is not much smaller than the gravitational field scale (as in the case of the moon moving in the gravitational field of the
earth), then the Principle of Equivalence or the Principle of General Covariance
must be applied to the infinitesimal elements of which the particle is composed,
although (6.1.6) or (6.1.7) might give a fair phenomenological representation of the
motion of the whole particle.

2

Uniqueness of the Curvature Tensor

We next prove that R\v" is the only tensor that can be constructed from the
metric tensor and its first and second de:rivatirns, and is linear in the second
derivatives.
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For this purpose it proves extremely convenient to fix our
particular point X, and adopt a locally inertial coordinate system,
point the affine connection r~vvanishes. Furthermore, we consider
class of coordinate transformations that leave the affine connection
to Eq. (6.1.1), these are simply the transformations x--+ x' with

attention on a
in which at this
only the limited
zero; according

(6.2.1)
Any quantity that transforms as a tensor under general coordinate transformations
will have to transform as a tensor under this limited class of transformations, and
this requirement proves sufficiently strong for our purposes.
Since the affine connection vanishes at X, all first derivatives of the metric
tensor vanish at X [see Eq. (3.3.5)] and our desired new tensor must be just a
linear combination of the second derivatives of the metric tensor, or equivalently,
of the first derivatives of the affine connection. We see from Eq. (6.1.3) that for
r;v and r~~ zero, the derivatives of the affine connection obey the transformation
rule

or~:_

OXµ CX"'~XK0X ar;v
OX"I - OX'P0X"7 0X111 OX;._OXK
1

t

x

at x

(6.2.2)

ar;ax

What linear combination of
can we take that will behave like a tensor?
Clearly, it must be such as to eliminate the inhomogeneous term in this transformation rule. However, at any given point X the inhomogeneous term is a
completely arbitrary function of its indices p, a, 'IJ, subject only to the condition
that it be symmetric in these indices. Hence the only way of taking a linear
combination of ar/ox that will transform as a tensor under all transformations
x --+ x' satisfying (6.2.1) is to antisymmetrize in Kand v (or equivalently in Kand
µ), so that (6.2.2) becomes
at x
where at x

x

X
(6.2.3)

That is, the desired tensor must be a T\vK given by (6.2.3) when r vanishes. But
when r = 0 the Riemann-Christoffel tensor satisfies (6.2.3), so in locally inertial
systems T\vK = R\vK· But this is an equality between tensors, so since it is true
in one class of coordinate systems it is true in all coordinate systems; that is, the
only tensor T of the form desired is just R\w.-

2 Uniqueness

efthe
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Curvature Tensor

Of course other tensors can be formed by using the metric tensor itself to form
linear combinations of the R\w,· The most prominent are the contracted forms,
the Ricci tensor,
(6.2.4)

and the curvature scalar,
(6.2.5)

3

Round Trips by Parallel Transport

Both for its own sake and as preparation for the next section, we now take up
the question whether a vector Sµ, when carried along a closed curve C by the
equation of parallel transport (see Sections 4.9 and 5.1)
(6.3.1)
will come back to its original value after one complete circuit of the curve.
We can answer this question by applying the method used in the familiar
proof of Stokes's theorem. Consider the curve C as the edge of some two-dimensional
~urface A, and divide A into small cells bounded by little closed curves ON. The
around C can be written as the sum of the
change in Sµ when parallel-transported
changes in Sµ when transported around each of these little curves.
(6.3.2)
because the change in Sµ around any one interior cell is canceled by the changes
around adjacent cells, leaving only the contribution from the outer cell edges that
make up 0. Therefore we must ask only whether Sµ changes when parallel-transported around a small closed curve. If the curve is small enough, we can expand
r;v(x) around some point X
x(r 0 ) on the curve

=

(6.3.3)
Then (6.3.1) gives to first order in xµ - Xµ
(6.:t.'4)

and by using (6.3.3) and (6.3.4) in (6.3.1) we obtain an equation valid to second
order,
Sµ(r)

~

Sµ(ro)

X

+

[S;.(ro)

Jr[r;v(X)
~

+

+ (xP(r) -

S 11(ro)r!p(X)(xP(r)

XP)

~ r;v(X)
ax

- XP)

+ ...

+ · · ·] dxv(r)
dr

dr

J
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or discarding terms of third or higher order in x - X,

If xµ(r) returns to its original value Xµ at some r = r 1 , then obviously

t"ldx"
-dr
ro dr

= 0

J

so the change in Sµ when parallel-transported
xµ(r) is of second order:
fiSµ

=Sµ(r
=

around the small closed curve

Sµ(-r0 )

1) -

{atP
r,:,(X) + r;,(X)J,,(X)}

S.(,

0)

f

x" dx'

(6.3.5)

where

f

xP dx" =

f

r1

ro

dx"
xP ~ dr
dr

This integral does not generally vanish; for instance,
parallelogram with edges baµ, [)bµ, it equals

if our curve is a small

f

xP dx' = (iaPlib' - /ia' (ibP

However, it is always antisymmetric

in p and v, as can be seen by partial integration:
(6.3.6)

Thus the coefficient of this integral in (6.3.5) can be replaced by its antisymmetric
part, which is just half the curvature tensor (6.1.5), so

AS• = JR"••PS•

f

x" dx'

(6.3.7)

Our conclusion is that an arbitrary vector S µ will not change when parallel-transported around an arbitrarY. small closed curve at X, if and only if Raµvp vanishes at X.
We have already remarked that the change in Sµ when parallel-transported about
a finite closed curve C may be computed by breaking up the area A bounded by C
into small -cells and then adding up the changes in Sµ when parallel-transported
around the edges of these cells; hence, if Raµvp vanishes throughout A, then an
arbitrary vector Sµ will not change when parallel-transported around 0.

3 Round Trips by Parallel Transport

137

Now suppose that Raµvp does vanish. Consider a closed curve consisting of
two segments A and B joining points xµ and Xµ. The change in a vector Sµ when
parallel-transported
from x to X along A must be canceled by the change in Sµ
when parallel-transported
along B from X to x, that is,

from x to X along Bis minus the
But the change in Sµ when parallel-transported
change when parallel-transported from X to x along B:

and therefore
(6.3.8)
That is, we get the same value of Sµ by parallel transportation
from X to x,
irrespective of which curve we follow. (For instance, if two gyroscopes are placed
in different intersecting orbits about the earth, and have the same orientation
when they pass close to each other at Xµ, then any difference in their orientations
when they next pass close to each other at xµ will be a measure of some average
of the curvature produced by the earth's gravitational field.)
It follows that, given Sµ at X, we may determine afield Sµ(x), defined throughout the space-time region where Raµvp vanishes, by parallel transport from X to x;
Eq. (6.3.8) ensures that the Sµ(x) so defined will depend only on x, and not on the
path from X, to x. For this field the derivative along any curve x(r) is

dSµ = oSµ dxv(r)
dr
axv dr
and since the direction of dxv(r)/dr is arbitrary,

Eq. (6.3.1) becomes
(6.3.9)

or, in other words,
(6.3.10)
Hence, if the curvature tensor vanishes, we may always construct solutions of
Eq. (6.3.9), with any given value of Sµ(X), by parallel transport of Sµ from X to x.
Conversely, if' there exists any covariant vector field with vanishing covariant
derivatives, then (6.3.1) will certainly be satisfied, and since parallel transport
cannot change a field when carried about any closed 'curve, we conclude from
(6.3.7) that
(6.3.11)
throughout

the region where Sa satisfies (6.3.10).
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(These conclusions could have been obtained by using well-known results
from the theory of partial differential equations 1 instead of the method of parallel
displacement. In this approach Eq. (6.3.11) appears as the necessary and sufficient
condition that Eq. (6.3.9) can be solved by a power series expansion in xµ - Xµ.)

4

Gravitation versus Curvilinear Coordinates

Suppose that we are presented with a metric tensor gµv(x) that is not just a
constant. How can we tell if the space is really permeated by a gravitational field,
or if gµ v merely represents the metric 'IJrxp
of special relativity written in curvilinear
coordinates ? In other words, how can we tell whether there is a set of Minkowskian
coordinates <;rx(x)that everywhere satisfy the conditions
(6.4.1)

Note that the equivalence principle only says that at every point X we can find
locally inertial coordinates <;x(x)that satisfy (6.4.1) in an infinitesimal neighborhood
of X; what we are asking now is whether we can find one set of coordinates <;rx(x)
that satisfy Eq. (6.4.1) everywhere. For example, given the metric coefficients
gq}(p

= r2

. 2
Sln

8,

gtt

= --1

(6.4.2)

we know that there is a set of <;rxssatisfying (6.4.1 ), that is,

e = r sin e cos <p' e =

r sin

e sin

<p'

e = r cos e,
(6.4.3)

but how could we have told that (6.4.2) was really equivalent to the Minkowski
metric 'IJrxp,if we weren't clever enough to have recognized it as simply 'IJrxpin
spherical polar coordinates? Or, on the other hand, if we change grr in (6.4.2) to
an arbitrary function of r, how can we tell that this really represents a gravitational
field, that is, how can we tell that Eqs. (6.4.1) now have no solution?
The answer is contained in the following theorem: The necessary and sufficient
conditions for a metric gµv(x) to be equivalent to the Minkowski metric 'IJrxp[in the
sense that there is a transformation x --+ <; satisfying (6.4.1)] are, first, that the
curvature tensor calculated from gµv must everywhere vanish,
(6.4.4)

and, second, that at some point X the matrix gµv(X) has three positive and one
negative eigenvalues.
The necessity of these two conditions is obvious. Suppose that we can find a
coordinate system <;rx(x)satisfying (6.4) ). In this coordinate system the metric
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is 'IJrxp,all components of the affine connection vanish, and hence the Riemann
tensor Rrxpyd vanishes. But the vanishing of a tensor is an invariant statement,
so R\v" must have vanished in the original xµ coordinate system. Also, we have
already noted in Section 3.6 that a "congruence" like Eq. (6.4.1) requires 11rxp
and gµv to have the same numbers of positive, negative, and zero eigenvalues
everywhere.
To prove the sufficiency of Eq. (6.4.4) for the existence of a system of "everywhere inertial" coordinates ~rx(x) satisfying (6.4.1 ), we shall actually construct
the ~rx(x). First we note that at any point X we may find a matrix d\ for which
(6.4.5)
(For, since gµv(X) is a symmetric matrix, we can find an orthogonal matrix 0\
for which the matrix OgOTis diagonal, that is, for which

(X
(X

= /3
i= /3

We are assuming that three of the eigenvalues nrx are positive and one negative,
and can always label the rows of 0\ so that it is D1, D 2 , and D 3 that are positive
and D 0 that is negative. Then to satisfy (6.4.5) we need only choose diµ
for i = 1, 2, 3, and d\
differential equations

= D\f

.J-D

0

.)

= Di)

Next, we define quantities D\(x)

.JDi

by the

(6.4.6)
with the initial condition

D\ = d\

atx

= X

(6.4.7)

We showed in the last section that such equations can always be solved, providing
that R;. µvK vanishes. (The quantities nrx µ are to be thought of as four covariant
vectors D 0 µ, D 1 µ' D 2 µ, D 3 µ rather than as a single tensor.) Since aD\/8xv is symmetric inµ and v, we can write the vectors D\ as gradients of scalars, which we
define to be the locally inertial coordinates ~rx(x):
(6.4.8)
with initial values ,rx(X) some arbitrary
do satisfy (6.4.1), note first that

constants. To see that these~ coordinates

0

(6.4.9)
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This can be verified by direct calculation or, more simply, by noting that (6.4.6)
just says that D\;p vanishes, and gµv;p also vanishes, so (gµvD\DP v);p vanishes;
but since gµvD\DP v is a scalar, this means that its ordinary derivative vanishes.
But (6.4.7) and (6.4.5) show that gµvD\DPv equals 'IJcxpat x = X, so since it is a
constant this holds everywhere:
(all x)
Equation

5

(6.4.1) follows immediately

(6.4.10)

from (6.4.8) and (6.4.10).

Commutation of Covariant Derivatives

There is another way to see that the tensor R\v" expresses the presence or
absence of a true gravitational field. Consider the second covariant derivative of a
covariant vector V;.:

__£__
vµ;v
Vµ;v;K = QXK

-

-

r""
VKvµ;A - r"'
µKvl;v

oVµ + r"'
ra V
r ;.
VK --A
VK µl
ox

(1

The terms involving first and second derivatives of Vµ are symmetric in v and
but the terms involving Vµ itself contain an antisymmetric part,

K,

(6.5.1)
In the same way, we could show that
(6.5.2)
Similar formulas hold for any tensor; for instance,
(6.5.3)
Thus, if the curvature tensor vanishes, then covariant derivatives commute,
as would be expected for a coordinate system that can be transformed into a
Minkowski coordinate system.
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The algebraic properties of the curvature tensor .,are greatly clarified if we
consider, instead of R\v"' its fully covariant form

(6.6.l)
Using (6.1.5) and (3.3.7), this is

R,.,.

~ Jg,. a!•
g"P{i::+ i::- i::}
_

-1

!__

qp

zg;.,aaxv g

{agpµ
ax"

+ agP" _
axµ

agµ"}
axP

We use the relation

and obtain

[r~;.g,,(1
+ rz(Tg,,;.Jr:v
+ [r~;.,g
11a + r~(Tg
,,;.Jr:"
+ g;.u[rzvr:,,
- rz"r~,,]
Most of the

rr terms

cancel, leaving us with

(6.6.2)
From (6.6.2) we may read off the algebraic properties of the curvature tensor:
(A) Symmetry:
(6.6.3)
(B) Antisymmetry:

R;.µvK

-RµAVI(

(6.6.4)

-R;.µKv

(C) Cyclicity:
0

(6.6.5)
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We have already mentioned that
tensor

R;.µvK

may be contracted

to give the Ricci
(6.6.6)

The symmetry property (A) shows that the Ricci tensor is symmetric,
(6.6.7)
and the antisymmetry property (B) tells us that Rµ" is essentially the only secondrank tensor that can be formed from R;.µv"' since multiplying (6.6.4) with g;.v,
g;.µ' and gv" gives

g).µ R ).µ VK

From the antisymmetry
one way of contracting

=

g VKR ).µ VK

= 0

property (B) we also see that there is essentially only
to construct a scalar:

R ;.µvK
R

= g).vgµ"R

).µvK

=

-g).vgµ"R

µ).vK

Finally, (C) eliminates the one other scalar that might have been formed in four
dimensions, that is,

7

Description of Curvature in N Dimensions*

For the moment let us consider a general space of N dimensions. To count
the number of algebraically independent components of R;.µv"' it is convenient to
adopt what may be called the Petrov notation, 2 and think of R;.µv" as a matrix
R(;.µ)(vK)
with "indices" (Aµ) and (vK). From (6.6.4) we see that each "index" takes a
number of independent values equal to the number of independent elements of an
antisymmetric matrix in N dimensions, or -t_N(N - 1). From (6.6.3) we see that
R(;.µ)(vK)
is symmetric in these "indices," so (6.6.3) and (6.6.4) alone would leave
R;.µv" with a number of independent
components equal to the number of independent elements of a symmetric matrix in -t_N(N - 1) dimensions, or
-!H-N(N -

* This section lies somewhat
reading.

l)J[-t_N(N -

1)

+

l] = tN(N

-

l)(N

out of the book's main line of development,

2

-

N

+

2)

and may be omitted

in a first
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Equations (6.6.3) and (6.6.4) also make the cyclic sum R;..µw, + R;..Kµv + Rhxµ
completely antisymmetric,
so Eq. (6.6.5) adds N(N - l)(N - 2)(N - 3)/4!
further constraints, leaving R;..µvK with a number of independent componen11s
equal to
ON

= -frN(N - l)(N

2

+

N

-

2) - / 4 N(N - l)(N - 2)(N - 3)

or combining terms
(6.7.1)
In one dimension the curvature tensor R 1111 always vanishes, as can be seen
from (6.6.4) or (6.6.5) or from the fact that (6.7.1) gives 0 1 = 0 independent
components. It may strike the reader as odd that a curved line should have zero
curvature, but this just emphasizes that R;..µv" reflects only the inner properties
of the space, not how it is embedded in a higher dimensional space. Indeed, we
note that the transformation rule for the metric tensor in one dimension is
2

so that g~1 can be made equal to

dx)
( dx'

=

!/~1

!/11

± 1 everywhere
=

x'

by choosing

f dx../ ±g

11

In two dimensions (6.7.1) gives R;..µvK only one independent component, which
can be taken as R 1212 ; the other components are related to R 1212 by Eq. (6.6.4):
R1212

=

-R2112

R1111

=

R1122

=
=

=

-R1221

R2211

=

R2121

R2222

= 0

These formulas can be summarized more elegantly by

R AµVK = (!/;..v!lµK where g is the determinant
tensor

g 11 g22

-

) R1212

!/;..K!lµv --

!Ji2 .

g

Contracting

). with v gives the Ricci
(6.7.2)

and contractingµ

and

K

gives the curvature

R =

2R1212

scalar
(6.7.3)

g

so the curvature tensor is
(6.7.4)
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The Gaussian curvature K discussed in the first section of this book is defined by

R

K=

_ R1212

2

(6.7.5)

<J

(The factor -t is of purely historical interest.) Equation (1.1.12) follows from
(6.6.2) and (6.7.5).
In three dimensions (6.7.1) gives the curvature tensor 0 3 = 6 independent
components. This is also the number of independent components of the Ricci
tensor Rµ" in three dimensions, so we may anticipate that here R;..µvK may be
expressed in terms of Rµ" alone. By using the covariance, symmetry, and contraction properties of R;..µv"' we may further guess that this relation is

(6.7.6)
To prove that (6.7.6) is correct, let us adopt a coordinate system such that <Jµv
vanishes forµ ::/=vat some point X. (This can be managed by choosing ox'µ/ox;..
at X as the orthogonal matrix that diagonalizes <Jµvat X.) In this system we have
at X
so

in agreement with (6.7.6). Furthermore,
22

R1212

+

33
<J R1313

= g 33 R2323

+

11
<J R2121

Ru = <J
R22

so
<J22R11 + <J11R22 =

=

2R1212
R1212

+ <J33 (<J22R1313 + <J11R2323)
+ <J11<J22(<J 11 <J22 R1212 + <J11 <J33 R1313

or

again in agreement

with (6.7.6). The other independent components of R;..µv" are
and R 3131 , which can be obtained from R 1323 and R 1212 by
permuting the values 1, 2, 3; so (6.7.6) holds for these components as well. Since
(6.7.6) thus holds in a coordinate system that is orthogonal at X, and is manifestly
covariant, it holds in general.
It is only in four or more dimensions that the full Riemann-Christoffel tensor
R ;..µv"is needed to describe the curvature of a space. For instance, in four dimensions
(6.7.1) gives the curvature tensor 0 4 = 20 independent components, whereas

R 1223 , R 1213 , R 2323 ,
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Rµ" has only 10 independent components, so R;..µwchas 10 components beyond
those which can be expressed in terms of Rµ"·
The / 2 N 2 (N 2 - 1) components of R;..µvKdescribe the curvature of a general
N-dimensional space, but they do not do so in an invariant manner, for the values
of these components depend not only on the intrinsic properties of the space but
also on the particular coordinate system chosen. The invariant characterization
of a curved space must be in terms of scalars constructed from R;..µv" and gµv·
Let us count how many such scalars there are. The N 2 quantities ox'µ/oxv can for
a general coordinate transformation x ---+x' be made anything we like at a given
point X. Hence the f 2 N 2 (N 2 - 1) independent components of R;..µv" and the
t_N(N + 1) independent components of gµv at this point may by general coordinate
transformation
be subjected to N 2 algebraic conditions; the number of scalars
that can be constructed from R;..µv"and <Jµvis therefore
/ 2N

2

(N 2

-

1)

+

}N(N

+

1) - N 2

= / 2 N(N - l)(N - 2)(N + 3)
(6.7.7)

The case N = 2 is an exception to this argument, because in two dimensions
there is a one-parameter subgroup of coordinate transformations
that has no
effect on <Jµvand R;..µv"; the correct number of invariants here is not zero but
one, that is, the curvature scalar R itself. This exception does not occur for higher
dimensional spaces, so (6.7.7) holds for N ~ 3. For N = 3, Eq. (6.7.7) tells us
that there are three curvature scalars, which can conveniently be chosen as the
three roots of the secular equation

or equivalently

as the three quantities

R

DetR
Det g

For N = 4, Eq. (6.7.7) tells us that there are fourteen curvature scalars. To enumerate them (and for other purposes as well) it is convenient to decompose R;..µv"
into terms that depend only on the Ricci tensor Rµv plus a term C;..µwc
that has no
nontrivial contractions. In N ~ 3 dimensions this decomposition is

The tensor C;..µv"is called the Weyl tensor 3 or the conformal tensor. (The latter
name is used because the necessary and sufficient condition for the existence of a
coordinate system in which <Jµvis proportional to a constant matrix throughout
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the space, is that CJ.µvKvanish everywhere. 4 ) This tensor has the same algebraic
properties as R;.µvK'and in addition it satisfies the tN(N + 1) conditions

C\;.K
so the number of its linearly independent
/ 2N

2

(N

2

-

1) - fN(N

+

=0
components is

1) = / 2 N(N

+

l)(N

+

2)(N - 3)

[Equation (6.7.6) simply says that C;..µvK= 0 for N = 3.J Barring degeneracies,
the curvature invariants can be described as consisting of all the components of the
\Veyl tensor for that unique choice of coordinate axes that makes Rµv and <Jµv
diagonal, the elements of gµv being +l's, -l's, and O's, plus the N eigenvalues of
Rµv· However, this enumeration breaks down when some of the eigenvalues of
Rµv are degenerate. A particularly interesting case is that for Rµv = 0, which we
shall see in the next chapter describes physical gravitational fields in empty space.
In this case the curvature invariants for N = 4 are the 10 vanishing components of
Rµv (the vanishing of a tensor is an invariant statement) plus the four quantities
tlµ

QP<1VKQ
~P'!__~Aµ VK

Jg

OAµVK cvKp<10

).µ

p<1

Petrov 2 has given an equivalent description of the four nonvanishing curvature
invariants as roots of a secular equation, and has class1fied various algebraic types
of W eyl tensor according to the degeneracies of these roots.
Finally, it should be emphasized that (6.7.7) gives the number of algebraically
independent curvature invariants. There are in general differential relations among
these invariants, and the number of functionally independent curvature invariants
is less than (6.7.7).

8 The Bianchi Identities
The curvature tensor obeys important differential identities, in addition to the
algebraic identities discussed in Section 6. These can be most easily derived at a
(but
given point x, by adopting a locally inertial coordinate system in which
not its derivatives) vanish at x. Then at x, Eq. (6.6.1) gives

r!v

= 1 a ( a2<J;..v-

R
).µVK;

'1

2 ax'I axK axµ

a2<Jµv - a2g).K
axK ax).
axµ ax V

all other terms being at least of first order in
we obtain the Bianchi identities

r.

+~)
ax V ax).

By permuting v, K, and 1Jcyclically

(6.8.1)
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These equations are manifestly generally covariant, so since they hold in locally
inertial systems they hold in general. (They can also, of course, be checked by
direct calculation.)
We shall be particularly concerned with the contracted form of (6.8.1 ).
Recalling that the covariant derivatives of g;.v vanish, we find on contraction of A
with v that
(6.8.2)
Contracting

again gives

or
(6.8.3)

An equivalent but more familiar form is
(6.8.4)

9

The Geometric Analogy*

We have seen in this chapter that the nonvanishing of the tensor R;..µv" is the
true expression of the presence of a gravitational field. We also saw in Chapter 1
that Gauss was led to introduce the Gaussian curvature K = -R/2 as the true
measure of the departure of a two-dimensional geometry from that of Euclid,
and that Riemann subsequently introduced the curvature tensor R ;..µv" to generalize
the concept of curvature to three or more dimensions. It is therefore not surprising
that Einstein and his successors have regarded the effects of a gravitational field
as producing a change in the geometry of space and time. At one time it was even
hoped that the rest of physics could be brought into a geometric formulation, but
this hope has met with disappointment, and the geometric interpretation of the
theory of gravitation has dwindled to a mere analogy, which lingers in our language
in terms like "metric," "affine connection," and "curvature," but is not otherwise
very useful. The important thing is to be able to make predictions about images
on the astronomers' photographic plates, frequencies of spectral lines, and so on,
and it simply doesn't matter whether we ascribe these predictions to the physical
effect of gravitational fields on the motion of planets and photons or to a curvature
of space and time. (The reader should be warned that these views are heterodox
and would meet with objections from many general relativists.)
Despite the preceding remarks, it is worth mentioning without proof just what
the tensor R ;..µv" has to do with the curvature of a Riemannian space. Given a
point X in a space of an arbitrary number of dimensions, and given two vectors
• This section lies somewhat
reading.
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aµ, bµ defined at X, we may construct
xµ = xµ(r, r:t., /3)defined by

through X a family of "geodesic curves"

the numbers r:t., f3being allowed to run over all real values. These curves fill out a
two-dimensional surface S(a, b) through X, and the Gaussian curvature of this
surface at X is 5
(6.9.1)

K(a, b)

From Eq. (6.7.4) we see that in two dimensions K(a, b) is independent
and is just - R/2.

10

of a and b

Geodesic Deviation*

The introduction of the curvature tensor was motivated here by the need to
construct suitable field equations for the gravitational field. However, the curvature
tensor is also useful in expressing the effects of gravitation on physical systems.
For instance, consider a pair of nearby freely falling particles that travel on
trajectories xµ(r) and xµ(r) + bxµ(r). The equations of motion are
- d 2xµ
0 d-r2

dx).
+ rµVAX( ) dxv
-d-r d-r

0
Evaluating

the difference between these equations to first order in bxµ gives

+
• This section lies somewhat
reading.
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along the curve xµ(r) (see Section 4.9),

D 2 bxil. = Ril.

Dr 2

vµp

bxµ dx v dxP

dr dr

(6.10.1)

Although a freely falling particle appears to be at rest in a coordinate frame falling
with the particle, a pair of nearby freely falling particles will exhibit a relative
motion that can reveal the presence of a gravitational field to an observer that
falls with them. This is of course not a violation of the Principle of Equivalence,
because the effect of the right-hand side of (6.10.1) becomes negligible when the
separation between particles is much less than the characteristic dimensions of
the field.
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"Of the general theory of
relativity you will be
convinced, once you have
studied it. Therefore I am
not going to defend it with
a single word." Albert
Einstein, in a postcard to
A. Sommerfeld, February 8,
1916

7 EINSTEIN'S
FIELDEQUATIONS

Chapters 3 through 5 have provided us with one-half of a complete theory
of gravitation, that is, with a mathematical description of gravitational fields that
dictates their effects on arbitrary physical systems. In this chapter we move on to
the second half of general relativity, that is, to the differential equations that
determine the gravitational fields themselves.

I

Derivation of the Field Equations

The field equations for gravitation are inevitably going to be more complicated
than those for electromagnetism.
Maxwell's equations are linear because the
electromagnetic field does not itself carry charge, whereas gravitational fields do
carry energy and momentum (see Section 5.3) and must therefore contribute to
their own source. That is, the gravitational field equations ·will have to be nonlinear
partial differential equations, the nonlinearity representing the effect of gravitation
on itself.
In dealing with these nonlinear effects we are guided once again by the Principle
of Equivalence. At any point X in an arbitrarily strong gravitational field. we
can define a locally inertial coordinate system such that
fJap(X) = 1Jap
(

OfJap~x))

OX

x=X

= O

(i.1.1)

(i.1.2)
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Hence for x near X, the metric tensor fla.pcan differ from 1'/a.p
only by terms quadratic
in x - X. In this coordinate system the gravitational field is weak near X, and
we can hope to describe the field by linear partial differential equations. And once
we know what these weak-field equations are, we can find the general field equations
by reversing the coordinate transformation that made the field weak.
"Cnfortunately, we have very little empirical information about the weakfield equations. This is not for any fundamental reason, but rather because
gravitational radiation is so weakly generated and absorbed by matter, that it has
not yet certainly been detected. However, although forgivable, our ignorance does
prevent us from proceeding as directly as we did in previous chapters, and some
guesswork will be unavoidable.
First let us recall that in a weak static field produced by a nonrelativistic
mass density p, the time-time component of the metric tensor is approximately
given by
fJoo ~ -(1

[See Eq. (3.4.5).J Here ¢ 1s the Newtonian
equation

+

2¢)

potential,

determined

by Poisson's

where G is Newton's constant, equal to 6.670 x 10- 8 in c.g.s. units. Furthermore,
the energy density T 00 for nonrelativistic matter is just equal to its mass density

Combining the above, we have then
(7.1.3)
This field equation is only supposed to hold for weak static fields generated by
nonrelativistic matter, and is not even Lorentz invariant as it stands. However,
(7 .1.3) leads us to guess that the weak-field equations for a general distribution
T a.Pof energy and momentum take the form
(7.1.4)

where Ga.pis a linear combination of the metric and its first and second derivatives.
It follows then from the Principle of Equivalence that the equations which govern
gravitational fields of arbitrary strength must take the form
(7.1.5)
where Gµv is a tensor which reduces to Ga.pfor weak fields.
In general, there will be a variety of tensors Gµv that can be formed from the
metric tensor and its derivatives, and that reduce in the weak-field limit to a given
Ga.p·Let us imagine Gµv to be expanded in a sum of products of derivatives of the
metric, and classify each term according to the total number N of derivatives of
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metric components. (For example, a term with N = 3 could be linear in third
derivatives of the metric, or a product of a first derivative with a second derivative, or a product of three first derivatives.) The whole of Gµv must have the
dimensions of a second derivative, so each term of type N =I-2 appears multiplied
with a constant having the dimensions of length to the power N - 2; such terms
will become negligible for gravitational fields of sufficiently large or small spacetime scale if N > 2 or N < 2, respectively. In order to remove the ambiguity in
Gµv, we shall assume that the gravitational field equations are uniform in scale, so
that only terms with N = 2 are allowed.
Let us review what we know about the left-hand-side of the field equation
(7.1.5):
(A) By definition, Gµv is a tensor.
(B) By assumption, Gµv consists only of terms with N = 2 derivatives of the
metric; that is, Gµv contains only terms that are either linear in the second
derivatives or quadratic in the first derivatives of the metric.
(C) Since Tµv is symmetric, so is Gµv·
(D) Since T µv is conserved (in the sense of covariant differentiation) so is
(7.1.6)
(E) For a weak stationary field produced by nonrelativistic
component of (7.1.5) must reduce to (7.1.3), so in this limit

matter the 00

(7.1.7)
These properties are all we will need to find Gµv·
We saw in Section 6.2 that the most general way of constructing a field
satisfying (A) and (B) is by contraction of the curvature tensor R;. µvK· The antisymmetry property of RJ..µvK discussed in Section 6.6 shows that there are only
two tensors that can be formed by contracting RJ..µvK; that is, the Ricci tensor
RµK
R\;..K,
and the curvature scalar R = R\.
Hence (A) and (B) require
Gµ v to take the form

=

(7.1.8)
where 0 1 and 0 2 are constants. This is automatically symmetric [see Eq. (6.6.i)],
so (C) tells us nothing new. Using the Bianchi identity (6.8.3) gives the cu-variant
divergence of Gµv as

so (D) allows two possibilities: either 0 2 = -0 1 /2, or R;v vanishes ever_y-where.
We can reject the second possibility, because (7.1.8) and (7.1.5) give
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=

Thus if R;v
8R/axv vanishes, then so must 8T\/8xV, and this is not the case in
the presence of inhomogeneous nonrelativistic matter. We conclude then that
0 2 = -0 1 /2, so (7.1.8) becomes
(7.1.9)

Finally, we use the property (E) to fix the constant O1 . A nonrelativistic
system always has ITiil ~ IT00 I, so we are concerned here with a case where
IGiil ~ IG00 I, or using (7.1.9),

Furthermore, we deal here with a weak field, so gap
is therefore given by

~ 't/ap· The

curvature

scalar

or
R

~

2R 00

(7.1.10)

Using (7.1.10) and (7.1.1) in (7.1.9), we find
(7.1.11)

To calculate R 00 for a weak field we may use the linear part of R lµvK' given by
Eq. (6.6.2) as

When the field is static all time derivatives vanish, and the components we need
become
Roooo ~ 0
Hence (7.1.11) gives

and comparing this with (7.1.7), we find that (E) is satisfied if and only if 0 1
Setting 0 1 = 1 in (7.1.9) completes our calculation of Gµv:

1.

(7.1.12)

With (7.1.5), this gives the Einstein field equations
(7.1.13)

An alternative

form is sometimes useful. Contracting
R - 2R

= -BnGTµµ

(7.1.13) with gµv gives

1
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or

R

(7.1.14)

and using this in (7.1.13), we have
(7 .1.15)
Of course we can also go from (7.1.15) back to (7.1.14) and (7.1.13), so (7.1.13)
and (7.1.15) should be regarded as entirely equivalent forms of the Einstein field
equations.
In a vacuum Tµv vanishes, so from (7.1.15) we see that the Einstein field
equations in empty space are just
(7.1.16)
In a space-time of two or three dimensions this would imply the vanishing of the
full curvature tensor R;.µvK' and the consequent absence of a gravitational field.
(See Section 6.4.) It is only in four or more dimensions that true gravitational
fields can exist in empty space.
We might be willing to relax assumption (B), and allow Gµv to contain terms
with fewer than two derivatives of the metric. The freedom to use first derivatives
does not allow any new terms in Gµv (see Section 6.1), but if we can use the metric
tensor itself, then one new term is possible, equal to gµv times a constant A. The
field equations would then read

The term Agµv was originally introduced by Einstein 1 for cosmological reasons
(which have since disappeared); for this reason, A is called the cosmological constant.
This term satisfies the requirements (A), (C), and (D), but does not satisfy (E), so
). must be very small so as not to interfere with the successes of Newton's theory
of gravitation. Except in Chapter 16, I am assuming throughout this book that
J. = 0.

2

Another Derivation*

The derivation of Einstein's equations in the last section made heavy use of
the assumption that the left-hand side Gµv is a tensor depending solely on the
metric and its first and second derivatives. We might consider using a more general
• This section lies somewhat
reading.
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tensor, ,,·hich involves elements unrelated to the metric tensor or its derivatives,
such as
3
oxµ
o ~l(x) )
(7.2.1)
( O~l(x) OXvOXJ..
OXPx=X
where ~l(x) are the coordinates locally inertial at X. (Reference to the precise
definitions (3.3.2) and (3.3.3) of the metric and affine connection will show that
(7.2.1) is not related to their derivatives.) Such a tensor could be constructed by
writing

G

µv

=(o~l(x)
;:i

uX

µ

o~{(x)
;:i

v

uX

ax
(x))
ap

(7.2.2)
x=X

G;p

is the most general possible linear combination of second derivatives
where
of the metric tensor in the ~x coordinate system allowed by Lorentz covariance
and symmetry, that is,
o2g y
o2g y )
o2gy{J
Gap = a102gap + az ( 0~(7. + o~P;~y + a31'/apa~y a~{J

Sc

+b

1

o2g\ +
2
0~(7.
a~P b21fapO gYy

(7.2.3)

with a 1 , a 2 , a 3 , b1 , b2 five arbitrary dimensionless constants. [We have dropped the
label X. Also, all indices are raised and lowered with the Minkowski tensors
r,ap and 1Jap,and 0 2 is the d'Alembertian 0 2
17aP(8/o~a)(o/8~P).]
For perfectly
general values of the five constants a 1 , a 2, a 3 , b1 , b2 this Gµv would indeed depend
on foreign elements such as (7.2.1). However, it is remarkable that by making
use of energy-momentum conservation, and the validity of Newton's theory for
weak static fields produced by nonrelativistic matter, we can put such stringent
requirements on the constants a 1 , ... , b2 that the terms involving (7.2.1) drop
out, and we get Einstein's theory.
In a weak field the requirement of energy and momentum conservation yields
the ordinary conservation law aTap/a~a = 0, and therefore the assumed field
equations Gan = -8nGTap require that

=

+

b
1

0 2 g ry
2 y }
{ 0 ~a o~P - 11ap0 g y

(7.2.4)
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To determine a 1 and b 1 we pass to the Newtonian limit. For a static field, (7.2.4)
gives

(Repeated Latin indices are summed over the values 1, 2, 3.) For a nonrelativistic
material system [Tij[ is much less than [T 00 [, so we obtain the field equation
(7.2.5)
We want the field equations in this limit to imply Newton's law,

but (7.2.5) is the only one of the field equations to involve only g00 and/or gii,
so we must require that a 1 = b1 = t. The left-hand side of the weak-field equations
is then

(7.2.6)
But Eq. (6.6.2) shows that for a weak field the Ricci tensor is
1{ 2
azg/
azg/
a2gy
y}
Rap= 2 D gap- a;;aa;;r- a;;P
a;;r + a;;aa;;P

so (7.2.5) gives the field equation as
(7.2.7)
The Principle of Equivalence then immediately yields the Einstein equations for
a general field,
(7.2.8)
Rµv - -!-gµvR= -SnGTµv
for (7 .2.8) is generally covariant and reduces in locally inertial coordinate systems
to (7.2.6). Thus, if we want a more general equation than Einstein's, which reduces
in the weak-field limit to a second-order equation with (7.2.4) on the left-hand
side, then we must pay the price of allowing new elements such as (7.2.1) to enter,
and we must give up the possibility of deriving Newton's theory as a limiting case.

3

The Brans-Dicke Theory

Long-range forces are known to be transmitted by the gravitational field
gµv and by the electromagnetic potential Aµ. It is natural then to suspect that
other long-range forces may be produced by scalar fields. Such theories haw been
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suggested since before general relativity; this section describes the latest and
possibly the best motivated theory in which a scalar field shares the stage with
gravitation, that of Brans and Dicke. 2
The starting point for Brans and Dicke is the idea of Mach, that the phenomenon of inertia ought to arise from accelerations with respect to the general mass
distribution of the universe. (See Section 1.3.) Thus the inertial masses of the
various elementary particles ought not to be fundamental constants, but should
rather represent the particles' interaction with some cosmic field. But the absolute
scale of the elementary particle masses (as opposed to their ratios, which presumably have nothing to do with cosmic fields) can be measured only by measuring
gravitational accelerations Gm/r 2 , so an equivalent conclusion is that the gravitational constant G ought to be related to the average value of a scalar field </>,
which is coupled to the mass density of the universe.
The simplest generally covariant field equation for such a scalar field would be
(7.3.1)
where 0 2 </>= <f>t:P
is now the invariant d'Alembertian, A is a coupling constant,
and TMµv is the energy-momentum tensor of the matter (i.e., everything but gravitation and the ¢-field) of the uniwrse. We can make a rough estimate of the average
value of </>by computing the central potential of a gas sphere with the cosmic
mass density p "" 10- 2 9 g cm - 3 and radius equal to the apparent radius of the
universe R ,..._,
10 28 cm. (See Chapter 14.) This gives an average value
(</>)"' i.pR 2

-

i. x 1027 g cm-

1

Note that 1027 g cm- 1 is reasonably close to the constant
g cm- 1 ; hence we normalize ¢ so that

(7.3.2)
1/G

I

<<I>>~
G

1.35 x 10 28

(7.3.3)

and (7 .3.2) then shows that }. is a dimensionless number of order unity. These
considerations led Brans and Dicke to suggest that the correct field equations for
gravitation are obtained by replacing G with 1/</>and including an energymomentum tensor T /v for the ¢-field in the source of the gravitational field:
Rµv

-

!gµvR

= - ~~

[TMµv

+

T /v]

{7.3.4)

</>

We do not, however, wish to give up the successes of the Principle of Equivalence, such as the equality of gravitational and inertial mass, and the gravitational
time dilation. Brans and Dicke therefore require that it is only gµv' and not ,<f>,
that enters in the equations of motion of particles and photons. Therefore the
equation describing the interchange of energy between matter and gravitation is
the same as in Einstein's theory:
µ
T M v;µ

aT Mµ v

rµµp T M p

= ----;;;;;--+

v -

rpµv T M µp = o

(7.3.5)
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The Bianchi identities tell us that the left-hand side of Eq. (7.3.4) has vanishing
covariant divergence, so by multiplying (7.3.4) by </>and taking the covariant
divergence, we find
(7.3.6)
This requirement proves sufficient to determine T / v· The most general
symmetric tensor that can be built up from terms each of which involves two
derivatives of one or two </>fields, and </>itself, is

T/

v

= A(</>)</>/</>;v
+ B(</>Wv</J;p</>/

+
A straightforward

O(</>)</>/;v
+ ()µvD(</>)0 </>
2

(7.3.7)

calculation gives
T / v;µ = [A'(</>)+ B'(</>)]</>t</>;v</>;µ
+ [A(</>)+ D'(</>)]</>;v02</>

+ [A(</>)+ 2B(</>)+ O'(</>)]</>/;v</>;µ
+ D(</>)(0 2 </>);v+ 0(</>)0 2 (</>;v)

(7.3.8)

(A prime here means the derivative with respect to ¢.) The first term of Eq.
(7.3.6) is determined by Eq. (6.5.2) as
2
2
</>;uRu
v = </>t;µ;v- </>;v/;µ= (0 </>);v- 0 (</>;v)

(7.3.9)

Also, by taking the trace of Eq. (7.3.4) and using (7.3.1), we find
R = :

[

4

:A0

2

2

J

r/>+ (A(r/>) + 4B(r/>))r/>(r/>,µ
+ (O(r/>)+ 4D(r/>))0 r/>

so the left-hand side of (7.3.6) is
(Rµ v

-

}bµ fi)</>;µ

= (0 2 </>);v- 0 2(</>;v)
- :

r/>,,[ (

:A+ O(rf,) + 4D(rf,)) 0

4

2

J

r/>+ (A(r/>) + 4B(rf>))r/>;"r/>,µ

(7.3.10)

</>,</>t</>;µ</>;v'
and
By comparing the coefficients of (0 2</>);v,0 2(</>;v),<!>;v0
<f>t;v</>;µ
in Eqs. (7.3.8) and (7.3.10), we find that Eq. (7.3.6) requires
2

= -8rrD(</>)
-1 = -8rr0(</>)
1

_4(-l-+
rr

</> 4nl
_

4

O(</J)+ 4D(</>))= -8n(A(</J)

n (A(</>)+ 4B(</>))= -8n(A'(</>)

+

D'(</J))

+ B'(</>))

</>

0 = A(</>)+ 2B(</>)+ O'(</>)
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The unique solution is
A(</>)

0(¢)

w

w

B(</>)

16rr</J

Sn</>
1

1

D(</>)=

Sn

(7.3.11)

8rr

where w is a convenient dimensionless constant given by

w=~

1

3

2

2

or

2=---

3

2

+

(7.3.12)

2w

The field equations (7.3.1) and (7.3.4) of the Brans-Dicke theory now read

3
Rµv - {gµvR = -

Sn
T µ
2W M µ

(7.3.13)

+

¢Srr TMµv -

w

<p2(</>;µ</>;v
- {gµv</>;p</>/)
(7.3.14)

Our previous estimate indicated that A is of order unity, so we expect that w is of
order unity. If w is much larger than unity, then (7.3.13) gives 0 2 </J= 0(1/w),
and therefore
(7.3.15)
"Csing this in (7.3.14) gives then
Rµ, - tJJµ,R

=

-8,rGTMµ,

+

0 (;)

Thus the Brans-Dicke theory goes over to the Einstein theory in the limit w ~ oo.
It must be stressed that the role of the scalar field in the Brans-Dicke theory
is confined to its effect on the gravitational field equations. Once gµvis calculated,
the effects of gravitation on arbitrary physical systems are to be determined
exactly as described in Chapters 3 through 5.
Throughout most of this book it will be assumed that there is no scalar field
</>that contributes to long-range interactions. However, from time to time we
return to the Brans-Dicke theory in order to see what changes it would make in the
predictions of general relativity.
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Coordinate Conditions

The symmetric tensor Gµv has 10 independent components, so Einstein's
field equations (7.1.13) comprise 10 algebraically independent equations. The
unknown metric tensor also has 10 algebraically independent components, and at
first sight one would think that the Einstein equations (with appropriate boundary
conditions) would suffice to determine the Yµv uniquely. However, this is not so.
Although algebraically independent, the 10 Gµv are related by four differential
identities, the Bianchi identities [see Eq. (6.8.3)]:

Thus there are not 10 functionally independent equations, but only 10 - 4 = 6,
leaving us with four degrees of freedom in the 10 unknowns Yµv· These degrees of
freedom correspond to the fact that if Yµv is a solution of Einstein's equation, then
so is g;v, where g;v is determined from Yµv by a general coordinate transformation
x ~ x'. Such a coordinate transformation involves four arbitrary functions x'µ(x),
giving to the solutions of (7 .1.13) just four degrees of freedom.
The failure of Einstein's equations to determine Yµv uniquely is closely
analogous with the failure of Maxwell's equation to determine the vector potential
Aµ uniquely. When written in terms of the vector potential, Maxwell's equations
read
(7.4.1)
[See Eq. (2.7.6) and (2.7.11).] There are four equations for the four unknowns,
but they do not determine Aa uniquely, because the left-hand sides of these
equations are related by a differential identity analogous to the Bianchi identities:

Thus the number of functionally independent equations is really only 4 - 1 = 3,
and there is one degree of freedom in the solution for the four Aa. This degree of
freedom of course corresponds to gauge invariance; gi,-en any solution Aa, we
can find another solution A~
Aa + 8A/axa, with A arbitrary.
The ambiguity in the solutions of Maxwell's and Einstein's equations can be
removed by main force. In the case of Maxwell's equation we do this by choosing
a particular gauge. For instance, given any solution A.l. ,rn can always construct
a solution A~ such that

=

by setting

A'

(X
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where <I>is defined by

Such a solution is said to be in the Lorentz gauge. The condition (7.4.2) when added
to the three independent equations (7.4.1) completes a system of four equations
that, with appropriate boundary conditions, will generally determine the four
Aix uniquely. In the same way, we can eliminate the ambiguity in the metric
tensor by adopting some particular coordinate system. The choice of a coordinate
system can be expressed in four coordinate conditions, which, when added to the
six independent Einstein equations, determine an unambiguous solution.
One particularly convenient choice of a coordinate system is represented by
the harmonic coordinate conditions
(7.4.3)
To see that it is always possible to choose a coordinate system in which this holds,
we recall the transformation equations of the affine connection

[See Eq. (4.5.8).J Contracting this with g'µv, we find
(7.4.4)
Hence if rP does not vanish, we can always define a new coordinate system x' 1
by solving the second-order partial differential equations
1
82 x' 1 = 8x'
gP(T___
~P
axPax(T 8xP

and Eq. (7.4.4) then gives r' 1 = 0 in the x'-system.
The four conditions (7.4.3) are of course not generally covariant, since their
purpose is to remove the ambiguity in the metric tensor owing to the general
covariance of the Einstein equations. Although we cannot write them as covariant
equations, they can be put in a somewhat more elegant form by expressing the
affine connection in terms of the metric tensor:

We recall that

-112

g

a
OXK

112

g
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[See Eq. (4.7.5).J This then gives
(7.4.5)
and the harmonic coordinate conditions read
(7.4.6)
We are now in a position to explain the term "harmonic coordinates." A
function </J is said to be harmonic if 0 2</Jvanishes, where 0 2 is the invariant
d'Alembertian, defined by

0 2</J= (g}.''<P;;.);K

(7.4.7)

Using (4.7.1), (4.7.7), and (7.4.5), this is

02</J=
If

r;. =

g;." ~ OX}.ox"

r;. 8</J
OX}.

(7.4.8)

0 then the coordinates are themselves harmonic functions,
(7.4.9)

thus justifying our application of the adjective "harmonic" to such coordinate
systems.
In the absence of gravitational fields, the obvious harmonic coordinate system
is that of Minkowski, in which g;." = tJ;." and g = 1, so that (7.4.6) is satisfied
trivially. In the presence of weak gravitational fields the harmonic coordinate
systems may be pictured as nearly Minkowskian. Another related advantage of the
harmonic coordinate condition is that, as shown in Chapters 9 and 10, its use
produces a very great simplification in the weak-field equations, similar to the
simplification brought to Maxwell's equations by use of the Lorentz gauge.

5

The Cauchy Problem

We can gain further insight into the mathematical content of Einstein's
equations by applying them to the traditional initial value problem of Cauchy.
Suppose that we are given gµv and ogµv/ox 0 everywhere on the "plane" x 0 = t.
If we could extract from the field equations a formula for 8 2 gµv/o(x 0 ) 2 everywhere
at XO = t, We could then compute gµv and Ogµv/OXOat a time XO = t + Jt. and
by continuing this process gµv could be computed for all xi and x 0 .
At first sight this looks feasible, because we need 10 second derivatives. and
there are 10 field equations. But let us look more closely at the left-hand side
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Gµv
that
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=Rµv -

1gµvR

of the field equations.

The Bianchi identities

(6.8.4) tell us

The right-hand side contains no time derivati,-es higher than 82 /o(x0 ) 2 , so neither
does the left-hand side, and therefore Gµo contains no time derivatives higher
than 8/ox0 . Thus we cannot learn anything about the time evolution of the gravitational field from the four equations
(7.5.1}

Rather, these equations must be imposed as constraints on the initial data, that is,
On gµv and Ogµv/ox0 at XO = t.
This leaves as "dynamicar· equation~ only the other six Einstein equations
(;ii

= - 8nGTii

(7.5.2}

When we solve these equations for the 10 second derivatives o 2gµv/o(x 0 ) 2, we
must encounter a fourfold ambiguity. which of course we could not have hoped to
escape since it is always possible to make coordinate transformations that leave
gµv and ogµv/ax0 unchanged at .r 0 = t but that do alter gµv everywhere else. To be
more specific, what we find is that (7 .5.2) determines the six 82 gij /o(x0 ) 2 , but leaves
the other four derivatives 82 gµ0 /o(x0 ) 2 indeterminate. This ambiguity can be
removed by imposing four coordinate conditions that fix the coordinate system.
For instance, if we adopt the harmonic coordinate condition discussed in the last
gµo can be determined by differentiating
section, the second time derivative of
(7.4.6) with respect to time:

Jg

a2 ( r µo) o(xo) 2 v g g
-

a2
- axo oxi

r µi

vg g

(7.5.3)

and the 10 equations (7.5.2) and (7.5.3) suffice to determine the second time
derivatives of all gµv·
When the initial value problem is solved in this way, the constraints (7 .5.1)
on the initial data need only be imposed once. The Bianchi identities and the
conservation of energy and momentum tell us that whether or not the Einstein
field equations are satisfied, we must have
(Gµv

+

8nGTµv);v = 0

Let us apply this at x 0 = t. Imposing the initial data constraints (7.5.1), and
determining the second derivatives from (7.5.2), the quantity in brackets will
vanish everywhere at x 0 = t, so this gives
at

XO

= t
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and the fields computed at x 0 = t + dt will therefore automatically also satisfy
the constraints (7.5.1). Thus this method of solving the initial value problem is one
that can be programmed for an automatic computer, once we find an initial metric
at x 0 = t that satisfies the constraints (7.5.1).

6

Energy, Momentum, and Angular Momentum of Gravitation

The physical significance of the Einstein equations can be clarified by writing
them in an entirely equivalent form that, because not manifestly covariant,
reveals their relation to the wave equations of elementary particle physics. Let us
adopt a coordinate system that is quasi-Minkowskian, in the sense that the metric
gµv approaches the Minkowski metric 1'/µvat great distances from the finite material
system under study. (This is the case in harmonic coordinate systems, and others
as well.) We then write
(7.6.1)
so that hµv vanishes at infinity. (However, hµv is not assumed to be small everywhere.) The part of the Ricci tensor linear in hµv is then

R<1 >

2

2

2

1 ( a h\ _ a h\ _ a h\
µK - 2 QXµ QXK
QX}.ax"
QX}.axµ
_

+~)
OX}. QX),

(7.6.2)

[See Eq. (6.6.2). We are adopting the convenient convention that indices on
hµv' R~~>,and 8/ox}.are raised and lowered with 17's, for example, h\ = 17}.vh}.v
and 8/ox}.= 1]}.va;axv, whereas indices on true tensors such as RµK are raised and
lowered with g's as usual.] The exact Einstein equations can then be written as
(7.6.3)
where
i
R}.A
tµK -= - 1 [RµK - 2gµK

8nG

-

R<i >µ,c + 211µ,c
t
R<i )J. A]

(7.6.4)

Equation (7.6.3) has just the form we should expect for the wave equation of a
field of spin 2 (see Section 10.2) but with the peculiarity that its "source" Tµ" + tµK
depends explicitly on the field hµv· We interpret this feature by saying that the
field hµv is generated by the total densities and fluxes of energy and momentum.
and tµ" is simply the energy-momentum "tensor" of the gravitational field itself. That
is, we interpret the quantity
(i.6.5)

as the total energy-momentum
"tensor" of matter and gravitation.
several properties of r v}. that support this interpretation:

There are
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(A) The quantities R<1 )µK obey the linearized Bianchi identities:

~

[R(l)v}.

axv

=0

v}.R(1)µ]
2 17
µ

_

1_

(7.6.6)

It therefore follows from the field equations (7.6.3) that

Tv;.

is locally conserved:
(7.6.7)

Xote that although Tv;. obeys the covariant conservation law Tv\v = 0, which
really describes the exchange of energy between matter and gravitation, the quantity
Tv;. is conserved in the ordinary
sense. In particular, for any finite system of
volume V bounded by a surface S, Eq. (7.6.7) tells us that
(7.6.8)
where n is the unit outward normal to the surface. Hence we may interpret

P'

=

L,o,

d 3x

(7.6.9)

as the total energy-momentum "vector" of the system, including matter, electromagnetism, and gravitation; Ti;. is the corresponding flux.
(B) Besides being conserved, Tv;. is also symmetric,
(7.6.10)
and therefore
(7.6.11)
where
(7.6.12)
We can thus interpret
momentum

Mov;. and Miv;. as the density and flux of a total angular

=f d xM
3

J''

0

''

-

(7.6.13)

-J''

that is constant if Miv;. vanishes on the surface of the volume of integration.
(C) We can compute tµ1e as a power series in h, and find that the first term is
quadratic:

tµK = 8rrG
_l_

[-1-h

2

µ,c

R(l)A

A

+

1-17 hP<TR(l)
2

µK

pa

+

R(2)

µK

-

1-17 17P<TR(2)
2

µK

]

p<T

+

O(h3)

(7.6.14)
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where R(2\" is the second-order part of the Ricci tensor, given by (6.6.2) as
-

_lh}.v [ a2h}.v - a2hµv - a2h}.,c
2
ox" oxµ
ax" ax}.
ax v axµ

+

J

02hµK
ax v ox}.

(7.6.15)
The example of electrodynamics would have led us to expect the energy-momentum
"tensor" of gravitation to start with a term quadratic in hµv· [Compare Eq.
(2.8.9).] The presence in tµ" of terms of third and higher order simply means that
the gravitational interaction of the gravitational field with itself also contributes
to the total energy and momentum. Of course, when the gravitational field is weak,
hµv is small, so our inclusion of t}.vin (7.6.5) (and our use of 1Jto raise indices) does
not seriously change our picture of the energy-momentum content of physical
systems.
(D) Though not generally covariant, tµ"' Tv\ and Mµv}. are at least Lorentz.
covariant. Thus for a closed system P;_ and Jv}. are not only constant, but also
Lorentz-covariant. (See Section 2.6.)
(E) We chose at the beginning of this section to work in a coordinate system
in which hµv vanishes at infinity. Far away from the finite material system that
produces the gravitational field, T µK is zero and t µK is of order h 2 , so the source
term on the right-hand side of the field equations (7.6.3) is effectively confined
to a finite region. This suggests that in a large variety of physical problems hµv
will behave at great distances as do the potentials in electrostatics or Newtonian
gravitational theory, that is, for r ~ oo,
ahµv = O
ox}.

(_!_)
r
2

o(~)

(7.6.16)

In this case, (7.6.14) shows that
(7.6.17)

J

3
so the integral
TO}. d x that gives the total energy and momentum
converges.
This is why it was so important to identify the coordinate system as quasiMinkowskian; if gµv approached the metric of spherical polar coordinates at
infinity, then our definitions (7.6.1) and (7.6.4) would have led to a gra,itational
energy density concentrated at infinity! (Note though that (7.6.16) and (i.6.17)
are not always valid. If the system is eternally radiating gravitational waves
(see Chapter 10), then hµv oscillates so that ohµv/ox;_a.nd o 2hµv/ox}.fJxP are of the
same order as hµv' giving an infinite total energy, which is what we would expect
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for gravitational radiation filling all space. In this case not even hµv behaves like
1/r.)2a
(F) By its construction, rvA is clearly the energy-momentum
"tensor" we
determine when we measure the gravitational field produced by any system.
Indeed, there are many possible definitions of the energy-momentum
"tensor"
of gravitation that share most of the good properties of our tµ" (these definitions
are usually based on the action principle; see Chapter 12), but tµ" is specially
picked out by its role in (7.6.3) as part of the source of hµv·
(G) Although calculation oftµ" in specific physical problems can be a nuisance,
it is fortunately possible to avoid this calculation if all we want is the total energy
and momentum of the system. The left-hand side of the field equations (7.6.3)
can be written as
(7 .6.18)

where

pvA _ 1 {Ohµµ pA ahµµ VA ahµv pA ahµp VA ah VA_ ahPA}
Q
=fl
--11
-~17
+-11
+-~
2 oxv
oxp
oxµ
axµ
OXP
oxv
Note that QPvAis antisymmetric

(7.6.19)

in its first two indices,

QPVA= -QVPA

(7.6.20)

from which follows the differential identity (7.6.6). By using the field equations
(7.6.3) in conjunction with (7.6.18) we find for the total energy-momentum
"vector" (7 .6.9) the value

PA

= - _l_

r oQPOAd3x = -

_l_ I oQi~A d3x
8nG v OX1

J

8rrG v oxP

and using Gauss's theorem gives

PA = - _l_ I QiOAn.r2dQ
8rrG

(7.6.21)

'

the integral being taken over a large sphere of radius r, with n the outward normal
and dQ the differential solid angle; that is,

dQ = sin () d() dcp
(Repeated Latin indices are summed over 1, 2, 3.) In greater detail, the total
energy and momentum are given by (7.6.19) and (7.6.21) as

pi

= -

ohkk b··
at l)

~1-J{16rrG

po

+

ahko b .. - ohjo
axk I)
oxi

- ~1-I{ahj!
16rrG

ax'

+

ohij} n.r2
dQ
I
at

- ohi!} nl2 dQ
ox 1

(7.6.22)

(7.6.23)
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By the same reasoning, the total angular momentum "tensor"

J•'

=

=--

f

d 3 x(x","'

-1

SnG

f dx

3

(7 .6.13) is

- x',"")
(

x v oQiO).
---x
axi

;..oQiOv)
-~
oxi

As remarked in Section 2.9, the physically interesting components of
three independent space-space components:

Jv;.

are the

Using Gauss's theorem again, these components are given by

ho;

o,.}
n,r dD.
2

(7.6.24)

Thus, in order to calculate the total momentum, energy, and angular momentum
of an arbitrary finite system, it is only necessary to know the asymptotic behavior
of hµv at great distances.
(H) It has been shown that P 0 is always positive, and takes the value zero
only for matter-free empty space. 3
(I) Although rv;. is not a tensor and P;. is not a vector, the total energy and
momenta have the important property of being invariant under any coordinate
transformation that reduces at infinity to the identity. Such a transformation will
be of the form

where eµ(x) vanishes as r ~ oo, although eµ(x) need not be small at finite distances.
The metric tensor in the new coordinate system is

For r ~ oo both eµ and hµv are small, so we can calculate g'µv to first order in eµ
and hµ v by setting gPu ~ 17Pu- hPu and expanding; this gives

where
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The change in the quantity
then given for r ~ oo by

~QPVA=

! {2

(7.6.19) produced by this coordinate transformation

2

2

axµ oxv

oxµ axp

is

8 eµ Y/PA+ 8 eµ l]VA+ 02ev17pA

or

where

pA_ 1{
08u PA 08u VA 08v pA 08p VA 08v <TA 08p <TA}
D <TV=~
--11
+-11
+--11
--r,
--r,
+-r,
2
axv
axp
ax(I
ax(I
oxp
axv
We note that Dis totally antisymmetric

in its first three indices

and therefore the change in the surface integral takes the form

/J.PA = - _l_
8nG

= -

1
~
8nG

I

(anuiOA) nt2 dQ
oxu

J(anjiOA)
-oxi

n.rI

2

dQ

or, using Gauss's theorem again,
(7.6.25)
We may note as a corollary that pJ, transforms as a four-vector under any transformation that leaves the metric Y/µv at infinity unchanged, because any such
transformation
can be expressed as the product of a Lorentz transformation
xµ ~ Aµ vxv + aµ, under which PA transforms as a four-vector (see (D) above),
times a. transformation that approaches the identity at infinity and hence does
not change PA.
(J) If the matter in our system is divided into distant subsystems Sn, the
gravitational field can be approximated by writing hµv as the sum of the 7?,;/s
that would be produced by each subsystem acting alone. (Interference terms
between these different h:v's may be neglected in tµ"' because any place where
one h;v is large, all others are small.) It follows then from the calcutation of PA
in (E) above that the total energy and momentum are equal to the sum of the
values P/ for each subsystem alone.

Bibliography

171

The energy-momentum
"vector" P;. defined by (7 .6.9) is conserved, is a
Lorentz four-vector, and is additive. What more could we ask? Any four quantities
with these properties are uniquely determined to be the usual momentum and
energy (as can be shown formally by applying the conservation laws to a collision
in which distant subsystems come together, interact, and then go off to infinity
again 4 ).
The arguments of this section can be turned around to provide yet another
derivation 5 of Einstein's field equations. Suppose that we set out to construct
equations for a long-range field of spin 2. General group-theoretic considerations
require them to take the form 6
(7.6.26)
with 0µ" some source function,
conserved

which because of the identities

a

-E>µK

0

(7.6.6) must be

(7.6.27)

axµ

It will not do to set 0µ" proportional

to the energy-momentum
tensor Tµ" of
matter alone, because matter can interchange energy and momentum with
gravitation, and therefore Tµ" does not satisfy (7.6.27). We must include in 0µ"
terms involving h itself, and when these terms are calculated by iMposing the
condition (7.6.27), we find that the field equation (7.6.26) must be simply (7.6.3),
which is equivalent to Einstein's theory. We are thus led back to the remark at
the beginning of this chapter, that the major difference between the electromagnetic and gravitational fields is that the source of the electromagnetic potential
A IX is a conserved current J1Xthat does not involve A IX because the electromagnetic
field is not itself charged, whereas the source of the gravitational field hµ" is a
conserved "tensor" rµ" that must involve hµ" because the gravitational field does
carry energy and momentum.

7 BIBLIOGRAPHY
O Y. Bruhat, "The Cauchy Problem," in Gravitation: An Introduction to Current
Research, ed. by L. Witten (Wiley, New York, 1962), p. 130.
O A. Lichnerowicz,
Relativistic Hydrodynamics and Magnetohydrodynamics
(W. A. Benjamin, New York, 1967), Chapter 1.
in Graz:itati'on:
O A. Trautman, "Conservation Laws in General Relativity,"
An Introduction to Current Research, op cit., p. 169.
Also, see Bibliography, Chapter 3.

17 2

7 Einstein's Field Equations

7 REFERENCES
1. A Einstein, Sitz. Preuss. Akad. Wiss., 142, 1917. For an English translation, see The Principle of Relativity (Methuen, 1923, reprinted by Dover
Publications), p. 35.
2. C. H. Brans and R. H. Dicke, Phys. Rev., 124, 925 (1961). For an equivalent formulation, see R. H. Dicke, Phys. Rev., 125, 2163 (1962).
2a. R. Arnowitt, S. Deser, and C. Misner, quoted by C. Misner, Proceedings of
the Conference on the Theory of Gravitation (Gautier-Villars, Paris, 1964),
p. 189.
3. D. R. Brill and S. Deser, Ann. Phys. (N.Y.), 50, 542 (1968); S. Deser,
Nuovo Cimento, 55B, 593 (1968); D. Brill and S. Deser, Phys. Rev.
Letters, 20, 8 (1968). D. Brill, S. Deser, and L. Faddeev, Phys. Lett., 26A,
538 (1968).
4. A. Einstein, Bull. Am. Mat. Soc., April, 1935, p. 223.
5. S. N. Gupta, Proc. Phys. Soc., A65, 161, 608 (1952); Phys. Rev., 96, 1683
(1954); Rev. Mod. Phys., 29, 334 (1957). W. Thirring, Ann. Phys. (N.Y.),
16, 96 (1961). S. Deser, Gen. Rel. and Grav, 1, 9 (1970).
6. See, for example, S. Weinberg, Phys. Rev., 138, 988 (1965).

PARTTHREE
APPLICATIONSOF
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"The popular mind, in all
times and countries, has
always tended to go by
numbers in estimating the
weight of evidence."
W igmore on Evidence

8 CLASSICTESTSOF
EINSTEIN'STHEORY

Einstein
(A) The
(B) The
(C) The

suggested three tests of general relativity:
gravitational red shift of spectral lines.
deflection of light by the sun.
precession of the perihelia of the orbits of the inner planets.

Since then, one other test has been carried out:
(D) The time delay of radar echoes passing the sun.
And another soon will be :
(E) The precession of a gyroscope in orbit around the earth.
All five tests are carried out in empty space and in gravitational fields that are to
a good approximation static and [except for (E)] spherically symmetric, so our
first task will be to solve the Einstein vacuum field equations under the simplifying
assumptions of isotropy and time independence. The results will then be used to
treat tests (B) through (D). We have already seen in Chapter 3 that (A) tests only
the Principle of Equivalence, so it need not be considered further here, whereas
(E) involves anisotropic effects owing to the rotation of the earth, and will be
discussed in Chapter 9.

I

The General Static Isotropic Metric

For the moment we put aside Einstein's equations, and consider what is the
most general metric tensor that can represent a static isotropic gravitational fie]d.
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By "static and isotropic" we mean that it must be possible to find a set of "quasi)Iinkowskian" coordinates x 1 ; x 2 , x 3 , x 0 = t, such that the invariant proper time
dr 2
-gµv dxµ dxv does not depend on t, and depends on x and dx only through
the rotational invariants dx 2 , x · dx, and x 2 • The most general proper time interval
is then

=

dr 2

=

F(r) dt 2

2E(r) dt x · dx

-

- D(r)(x · dx) 2

O(r) dx 2

-

(8.1.1)

where F, E, D, and Oare unknown functions of

= (x · x)

r

1 2

1

(Scalar products of three-vectors are throughout this chapter defined as usual,
e.g., x · dx = x 1 dx 1 + x 2 dx 2 + x 3 dx3, etc.) A deeper derivation of Eq. (8.1.1)
will be given in Chapter 13; for the present we can regard (8.1.1) as a definition of
what we mean by a static isotropic metric, or alternatively as an ansatz that
allows us to find some solutions of the field equations.
It is convenient to replace x with spherical polar coordinates r, 8, cp, defined
as usual by
Xl

=

x 2 = r sin 8 sin cp

r sin 8 cos cp

x3

=

r cos 8

The proper time interval (8.1.1) then becomes
dr 2 = F(r) dt 2

-

2rE(r) dt dr

2

- r D(r) dr 2

O(r) (dr 2

-

+

r 2 d8 2

+ r2

sin 2 8 dcp2 )

(8.1.2)

We are free to reset our clocks by defining a new time coordinate

=t + <I>(r)

t'

with <I>an arbitrary function of r. This allows us to eliminate the off-diagonal
element gtr by setting
d<I>
dr

---

rE(r)
F(r)

The proper time (8.1.2) then becomes
dr 2

=

F(r) dt' 2

-

G(r) dr 2

C(r) (dr 2

-

+

r 2 d()2

+

r 2 sin 2

e dcp2 )
(8.1.3)

where
G(r)

=r

2

(n(r) +

2

E (r))
F(r)

We are also free to redefine the radius r, and thereby impose one further
relation on the functions F, G, and 0. For instance, suppose that we define
r'

2

= C(r)r

2
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Then the proper time (8.1.3) takes what is called the standard form

d-r:2 = B(r') dt' 2

A(r') dr' 2

-

-

+

r' 2 (d8 2

sin 2 8 dcp2 )

(8.1.4)

where

B(r')

=

A(r')

=(l+ G(r)) (l+ ___
r_ dC(r))-

F(r)
O(r)

Alternatively,

2

dr

20(r)

we could define

f (l+~

r"=exp

G(r))

1 2
/

O(r)

dr
r

and (8.1.3) would then appear in what is called the isotropic form,

d-r:2 = H(r") dt' 2

J(r") (dr"2

-

where

+

r" 2 d8 2

H(r")

=F(r)

J(r")

=

O(r)r
r"2

+

r" 2 sin 2

e dcp2 )

2

We shall do most of our work with a metric of the "standard"

d-r:2 = B(r) dt 2

-

A(r) dr 2

-

(8.1.5)

r 2 (d8 2

+

form:

sin 2 8 dcp2 )

(8.1.6)

(We drop primes on rand t from now on.) The metric tensor has the nonvanishing
components
g'l"P = r 2 sin 2 8

grr = A(r)

gtt

= -B(r)

(8.1.7)

with functions A(r) and B(r) that are to be determined by solving the field equations.
Since gµv is diagonal, it is easy to write down all the nonvanishing components of
its inverse:

tr = A- l(r)
(8.1.8)

Furthermore,

the determinant

of the metric tensor is -g, where

g = r 4 A(r)B(r) sin 2
so the invariant

e

(8.1.9)

volume element is

,Jgdr d8 dcp =

r 2 ,JA(r)B(r) sin 8 dr d8 dcp

(8.1.10)
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The affine connection can be computed from the usual formula:

Its only nonvanishing components are

rr =
rr

r

_l_ dA(r)
2A(r)
dr

A(r)

rr _ _ l_

r sin 2 8
A(r)

2A(r)

tt -

dB(r)
dr

r:<p
= -sine

r~,= r~t=

1

dB(r)

2B(r)

dr

--

cos()

--

(8.1.11)

We also need the Ricci tensor. It is given by (6.2.4) and (6.1.5) as

R

µK

=

ar;.,.
_ ar;K
+ r11r"' _ r11r"'
axK
ax-"
µ). K1/
µK -"1/

(8.1.12)

(Note that despite its appearance, the first term is symmetric inµ and K, because
(4.7.6) gives
equal to!
In g/8xµ.) Inserting in (8.1.12) the components of the
affine connection given by (8.1.11), we find

r;.,.

a

Rrr = B"(r) _ 1

Roe=

R"'"'
Rtt

(B'(r))
(A'(r) +

4

2B(r)

B(r)

_ 1 +-r-(2A(r)

\A(r)
A'(r)
A(r)

+

B'(r))
B(r)

B'(r))
B(r)

+

_ 1
r

(A'(r))
A(r)

(8.1.13)

_l_
A(r)

= sin 2 ()R88
= _

B"(r)
2A(r)

forµ

+!

(B'(r))
A(r)

4

+
~A(r)

fA'(r)

B'(r))
B(r)

_

!
r

(B'(r))
A(r)

=I-v

(A prime now means differentiation with respect tor.) The results that Rr 8 , Rrq,,
Rt 8 , Rt"'' and R 8 "' vanish, and that Rl/>l/>
= sin 2 8R 88 , are merely consequences of
the rotational invariance of the metric, whereas the result that Rrt vanishes is
because we have set our clocks so that the metric is invariant under the timereversal transformation t ---+' -t.

2 The Schwarzschild

Solution
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Neither the standard nor the isotropic coordinates are harmonic, but we can
easily use the results (8.1.7) and (8.1.11) for the metric and affine connection in
standard coordinates to construct harmonic coordinates X 1 , X 2 , X 3 , t. We set

X

1

=

X 2 = R(r) sin () sin cp

R(r) sin() cos cp

X3

=

R(r) cos 8

(8.l.14)
A straightforward

calculation gives then

D 2x. =
I

µv [
(}

aixi - r).µv axi]
ax).

axµ axV

=(Xi)[(B'
AR

Also, the standard

2B

+~-~)R'+R"-2ARJ
r
2A

r2

time coordinate t satisfies

Thus the coordinates
equation

harmonic if R(r) satisfies the differential

X 1 , X 2 , X 3 , tare

(8.1.15)
In these harmonic coordinates the proper time (8.1.6) becomes
2

dr 2 = B dt 2 - -r

R2

2

dX

-

2

[

~- A
R2R,2

- --r

R4

J

(X · dX)

2

(8.1.16)

2 The Schwarzschild Solution
We now apply the Einstein field equations to the general static isotropic
metric. We use the standard form discussed in the last section, that is,
d-r:2

=

B(r) dt 2 -- A(r) dr 2 - r 2 d()2 - r 2 sin 1 fJdcp2

(8.2.1)

The field equations for empty space are
(8.2.2)
The components of the Ricci tensor are given for this metric by Eq. (8.1.13).
We see that it will suffice to set Rm R 88 , and Rtt equal to zero. We also see that

(A'
+ B')
1
B

_ __!_
r4

/

(8.2.3)
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or

-A'/A,

= constant

A(r)B(r)

(8.2.4)

Furthermore, we impose on A and B the boundary condition that for r -+ oo
the metric tensor must approach the Minkowski tensor in spherical coordinates,
that is,

= lim

lim A(r)
r-+oo

B(r)

= 1

(8.2.5)

r-+oo

From (8.2.4) and (8.2.5) we have then

=

A(r)

1

~

(8.2.6)

B(r)

Since (8.2.3) now vanishes, it remains to make Rrr and R 88 vanish. Using (8.2.6) in
(8.1.13), we find
R 88

= -1 +
B"(r)

B'(r)r

+

(8.2.7)

B(r)

B'(r)
R~ (r)
+ -= ~- 8

Rrr = --

2B(r)

rB(r)

(8.2.8)

2rB(r)

so it is sufficient to set R 88 equal to zero, that is,

d

- (rB(r))
dr

=

rB'(r)

rB(r)

=

r

+ B(r) =

1

The solution is

+

constant

(8.2.9)

To fix the constant of integration we recall that at great distances from a central
mass M, the component gtt
-B must approach -1 - 2</J,where </Jis the
Newtonian potential -MG/r. (See Section 3.4.) Hence the constant of integration
is - 2M G, and our final solution is

=

B(r) =
A(r) =

[1- 2~J
[1-

(8.2.10)

2~Gr

(8.2.11)

The full metric is given by

d, [1- 2~GJ [1- .ft:Gr'
2

=

dt

2

2

-

dr 2

-

2

2

r dO - r 2 sin 2 0 d<p

(8.2.12)
This solution was found by K. Schwarzschild in 1916.
The Schwarzschild solution is expressed in Eq. (8.2.12) in its "standard"

2

The Schwarzschild Solution

form. We can also express it in the equivalent
a new radius variable

p

=t [r -

MG

"isotropic"
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form, by introducing

(r 2 - 2MGr) 1 12]

+

(8.2.13)

or
2

=

r

Substituting

+

MG)
p
2

this in Eq. (8.2.12) gives

( 1 - MG/2 ) 2 2
p dt (1 + MG/2p) 2

dr 2 =

p (1

(

1

+ -MG)
2p

4

(dp 2

+ p 2 d()2 +

p 2 sin 2

()

dcp2)
(8.2.14)

We can also construct harmonic coordinates
X

= R sin () cos cp;

1

X 3 = R cos();

X 2 = R sin () sin cp;

by using for Ra solution of the differential equation (8.1.15), which here becomes

!!_(r2

dr

[1-

2MGJ dR) - 2R =
r
dr

0

One convenient solution is

R = r - MG
The metric is then given by Eq. (8.1.16):

d1:2 =

(1-+
1

(1+

MG/R) dt2 MG/R

(1+

MG)2 dX2 R

MG/R) .:.lf2G2(X. dX)2
R4
(8.2.15)

1 - MG/R

=

with R 2
X 2 now understood.
We identified the integration constant M with the mass of the sun by comparison with Newton's theory. In fact, we can show that JI is precisely equal to the
total energy P 0 of the sun and its gravitational field. Let us write the standard
form of the metric in quasi-Minkowskian coordinates, by defining
x1

=r sin () cos cp,

x2

x3

= r sin () sin cp,

=

r cos()

Then Eq. (8.2.12) becomes

d, I- 2~GJ I- 2~Gr I}
1

2

= [

dt

2

-

{[

-

r-

2

(x · dx)

2

-

dx'

Since gµv is time independent and (Jw vanishes, it follows from (7.6.22) that the
total momentum pi of the system vanishes, which of course it must do since the

18 2
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system is static and isotropic. To calculate the total energy, we need the asymptotic
behavior of the spatial part of the metric ; as r ~ oo,
2
h ,1.. =- (]··,1 - J i1.. - .. MG
n.n.
r
, 1

where ni

= xi/r.

+O

(_!_)
r2

To calculate the integral (7.6.21) we use the relations
or
-=noxi

l

oni· = bii - nini
oxi
r
and find

so Eq. (7.6.23) gives the total energy of matter and gravitation

po=

M

here as
(8.2.16)

The reader may check that the same result would be given by the isotropic or
harmonic forms of the Schwarzschild solution. Finally, Eq. (7 .6.24) gives for the
total angular momentum here the expected value zero.

3

Other Metrics

The general kinematic framework provided by the Principle of Equivalence
rests on a much firmer foundation than do Einstein's field equations. Indeed, in
Chapters 3 through 5 we were led almost inevitably from the equality of gravitational and inertial mass to the full formalism of tensor analysis and general
covariance, whereas in contrast the derivation of Einstein's equations in Chapter 7
contained a strong element of guesswork, and in any case there might exist a longrange scalar field, like that of Brans and Dicke, that would alter the field equations.
It is therefore very useful to test general relativity by assuming that the usual
rules for the motion of particles and photons in a given metric field gµv still apply,
but that the metric may be different from that calculated from the Einstein
equations.
In any case we would exr,,;ct the metric produced by a static spherically
symmetric body like the sun to be expressible in the "standard," "isotropic,"
and "harmonic" forms given in Section 8.1, and we would further expect that the
metric coefficients [e.g., A(r) and B(r)] could be expanded as power series in the
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small parameter MG/r. Such an expansion was given by Eddington and Robertson
for the metric in its isotropic form:

dr2

=

(1-

2o: MG
p

-(1+

+ 2/3M2G2 + .. ·)
p2

+ · · ·)

2y ~G

(dp

2

1

dt2

+ p 2 d02 + p 2 sin 2 0 dq,2 )

(8.3.1)

where o:,/3,and y are unknown dimensionless parameters. (The reason for carrying
this expansion to order M 2G 2/p 2 in g 00 and only to order MG/pin gii is that in
applications to celestial mechanics gii will always get multiplied with an extra
factor v 2 "' MG/p.) Comparing with the isotropic form (8.2.14) of the Schwarzschild solution, we see that the predictions of the Einstein field equations can be
neatly summarized as
(8.3.2)

o:=/J=y=l

In contrast, the Brans-Dicke theory discussed in Section 7.3 gives a metric (see
Section 9.9) that can be expressed as in (8.3.1), with
0:

=

/3=

1,

y=--

w+l
w+2

(8.3.3)

where w is the unknown dimensionless parameter of this theory. In order to decide
whether Einstein, or Brans and Dicke, or someone else, has the right field equations,
what must be done is to measure o:,/3,and y.
We shall generally be doing our calculations with the metric in its "standard"
form, so it will prove convenient to convert the Robertson expansion (8.3.1) to
this form by defining
(8.3.4)

or

A simple calculation gives

dT2 =

(

1 - 2o: MG
-

- (1

r

+

2 2
M G
2(/J - o:y)-2

+ 2y ~G + · · ·) dr 2

r

-

2

+ .. ·)

r d0

2

-

dt 2
2

2

r sin 8 dq,2
(8.3.5)
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Also, we can construct harmonic coordinates X, t by using for X
X

= R sin (} cos

1

X 2 = R sin(} sin <p,

<p,

X3

= R cos(}

with R satisfying the differential equation (8.1.15):

0=

!!___
r

dr

2

(1

(o: + y) MG
r

+ · · · )dR- - 2 ( 1 - (cc dr

y) -MG

r

+ · · ·) R

The solution is

+

R - (l

and (8.1.16) gives the metric (with R 2

dr:2 =

[1 - 2o:MG +
R

-[1

+

+ .. }

(ct - :/MG

=X

2

):

(ccy - cc2 +

(3y -Rct)MG

+ ..

+ · · ·](X

[(cc - y)MG/R

(8.3.6)

2/J)M2G2
+ .. ·]
2
R

dt2

·Jdx2
· dX) 2

(8.3.7)

R2

Comparing (8.3.5) and (8.3.7) with the corresponding exact solutions (8.2.12)
and (8.2.15) shows again that Einstein's theory gives cc = f3= y = 1.
The prediction that cc = 1 really just follows from the empirical definition of
the mass M. Note that Eq. (8.3.1) would give a slowly moving particle far from
the origin a centripetal acceleration equal to

-g

= -r~, =

! og,,=
2 or

ccMG
r2

(for MG/r ~ 1 and v 2 ~ 1)

whereas in fact the masses of the sun and planets are measured by setting g =
MG/r 2 ; hence we must absorb r:J..into Mor, in other words, we must choose o: = 1.
Only if it were possible to determine M by some independent nongravitational
measurement would it make sense to ask whether in facto: is exactly unity.
With o: = 1, the metric functions given by (8.3.5) are
B(r)

=

A(r)

= 1

2MG
r

1 - -

+

+

MG
2y r

2(/3 -

+ ···

M 2G2
r2

y) -~

+ ···

(8.3.8)
(8.3.9)

As shown in Chapter 3, the gravitational red shift experiment only measures the
term -2MG/r in B(r), and hence can only verify the Principle of Equivalence.
We shall see that, of the other tests of general relativity listed at the beginning of
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this chapter, (B) and (D) can only test whether y ~ 1, whereas (C), the precession
of perihelia, verifies that 2y - f3~ 1. (To the extent that we ignore the rotation
of the earth, (E) also only tests whether y ~ 1.)

4

General Equations of Motion

We now consider the motion of a freely falling material particle or photon
in a static isotropic gravitational field. First let us consider the most general such
metric in the standard form derived in Section 1, that is,

dr:2 = B(r) dt 2 - A(r) dr 2 - r 2 d()2 - r 2 sin 2

(}

dcp2

(8.4.1)

The equations of free fall are

d 2xµ
dp 2

dxv dx;.,

+ re;.,--

dp dp

= 0

(8.4.2)

where pis a parameter describing the trajectory. In general dr: is proportional to
dp, so for a material particle we could normalize p so that p = r:. However, for a
photon the proportionality constant dr:/dp vanishes, and since we wish to treat
photons as well as massive particles, we shall find it convenient to reserve the right
to fix the normalization of p independently from that of r:.
Using the nonvanishing components of the affine connection given by Eq.
(8.1.11), we find from (8.4.2) that

2

0

= d r + A'(r) (dr)
dp 2

2A(r)

dp

2

_ _ r_ (d())
A(r) dp

2

2

_ r sin (} (d<p)
A(r)
dp

2

+

B'(r) (dt)
2A(r) dp

2

(8.4.3)

2
d (J + -2 -d(J-dr
O= ~
dp 2
r dp dp
0

-

. (} cos (} (d<p)
sm
dp

= d 2 <p+ ~ d<pdr + 2 cot (} d<pd(J
dp 2

r dp dp

d 2t
dp2

B'(r) dt dr
B(r) dp dp

0=~+~--

dp dp

2
(8.4.4)
(8.4.5)
(8.4.6)

(A prime denotes d/dr.) We solve these equations by looking for constants of the
motion.
Since the field is isotropic, we may consider the orbit of our particle to be
confined to the equatorial plane, that is,
(8.4.7)
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Then (8.4.4) is immediately satisfied, and we can forget about (} as a dynamical
variable. Dividing (8.4.5) and (8.4.6) by dcp/dp and dt/dp, respectively, we next find

dp

!___
{in d<p + In r 2 } = 0
dp

(8.4.8)

~
{in
dp

dt
dp

(8.4.9)

+

In B} = 0

This yields two constants of the motion. One of them will be absorbed immediately
into the definition of p; we choose to normalize p so that the solution of (8.4.9) is

dt
dp

1

(8.4.10)

B(r)

Since B(r) is close to unity, p is nearly equal to the coordinate time t. The other
constant is obtained from (8.4.8), and plays the role of an angular momentum
per unit mass
r 2 d<p = J (constant)

(8.4.11)

dp

Inserting (8.4.7), (8.4.10), and (8.4.11) in (8.4.3) gives the remaining equation of
motion as
2

d r
O = dp2

+

A'(r) (dr)
2A(r) dp

2

J

2

- r 3 A(r)

+

B'(r)
2A(r)B 2 (r)

(8.4.12)

By multiplying this equation with 2A(r) dr/dp, we may write it as
2

-d { A(r) (dr)
dp
dp

2

+ -J2 - r

1}=

B(r)

0

and our last constant of the motion is therefore

A(r)

dr)
( dp

2

2

+ J- 2 - - 1 = -E
r

B(r)

The proper time r may now be determined
(8.4.11), and (8.4.13); we find that

(constant)

(8.4.13)

from (8.4.1), (8.4.7), (8.4.10),

dr 2 = E dp 2

(8.4.14)

in accordance with our earlier remark that (8.4.2) forces dr/dp to be constant. We
see that E must take the values

E>O

for material particles

(8.4.15)

E=O

for photons

(8.4.16)
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A(r)

is in practice always positive, so (8.4.13) tells us that our particle can
Also,
reach radius r only if

J2
-+E<-

1

r2

-

(8.4.17)

B(r)

The parameter p may be eliminated everywhere by using (8.4.10) in (8.4.11),
(8.4.13), and (8.4.14); we then have
r 2 d<p = JB(r)
dt

A(r)(dr) + J
2

B 2 (r)

2

l_

__

r2

dt

(8.4.18)

B(r)

-E

= EB 2 (r) dt 2

dr 2

(8.4.19)
(8.4.20)

For a slowly moving particle in a weak field J 2 /r 2 , (dr/dt) 2 , A
1, and B - 1 ~
2¢ will all be small, and to first order in these quantities the above equations of
motion become
r2 d<p ~ J

dt

! (dr) +
2

2

dt

2

J _
2r 2

+

<P~ 1 2

E

These are the same equations as would hold in Newton's theory, with (1 - E)/2
playing the role of an energy per unit mass.
To see how the exact equations of motion work in a simple case, consider a
particle in a circular orbit at radius R. Since dr/dt vanishes, Eq. (8.4.19) gives

J2
1
-------+E=O
2
R

(8.4.21)

B(R)

Also, for equilibrium at this radius, the derivative at R of the left-hand side must
also vanish, so
2J 2
B'(R)

---+--=0
3
R

(8.4.22)

B 2 (R)

(If we regard a circle as the limit of an ellipse with perihelia R - <>and aphelia
+ b, then (8.4.19) shows that J 2 /r 2 - 1/B(r) + E must vanish at r = R ± b,
and this gives (8.4.21) and (8.4.22) in the limit c5 -+ 0.) From (8.4.21) and (8.4.22)
we find

R

E __

l_(l_

B(R)

RB'(R))
2B(R)

B'(R)R

J2 = --2B2(R)

(8.4.23)

3

(8.4.24)
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Using (8.4.24) in (8.4.18) gives the rate of revolution as

(B'(R))
1 2

d<p =
dt

1

(8.4.25)

2R

whereas (8.4.23) and (8.4.20) give the proper time as
dr:

dt

= ~ B(R)

-

1-RB'(R)
2

(8.4.26)

By using the Robertson expansion (8.3.8), we find

d<p = (MG)
dt
R3
dr:

dt

[l_(/3-· + .. ·]
= [l_
+ .. ·]
1 2

y)MG

1

R

3MG
R

(8.4.27)

(8.4.28)

In most applications of general relativity we are more interested in the shape
of orbits, that is, in r as a function of <p,than in their time history. The orbit shape
can be obtained directly by eliminating dp from (8.4.11) and (8.4.13); this gives
A(r)
r

4

(dr) + __!_
_
2
2

d<p

r

_ l _
J 2B(r)

= _

E

J2

(8 .4.29)

The solution may then be determined by a quadrature:

= +
<p

5

-

I

dr

,2

(

A 1 I 2 ( r)
1
E
J2B(r) - J2 -

1)

1 2

;z

(8.4.30)

1

Unbound Orbits: Deflection of Light by the Sun

Consider a particle or photon approaching the sun from very.great distances.
(See Figure 8.1.) At infinity the metric becomes Minkowskian, that is, A( oo) =
B( oo) = 1, and we expect motion on a straight line at constant velocity V, that is,
b ~ r sin (<p - <fJrxJ~ r(<p - <fJrxJ

- V

~

d
- (r cos (<p - <p ))
dt
OJ

~

dr

dt

where b is the "impact parameter" and <pOJ is the incident direction. Ins(;lrting
these in (8.4.18) and (8.4.19), we see that they do satisfy the equations of motion
at infinity, where A = B = 1, and that the constants of the motion are
J

= bV 2

E = 1 -

(8.5.1)
2

V

(8.5.2)

efLi9ht
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Figure 8.1 Quantities referred to in the calculation
sun. (Deflection greatly exaggerated.)
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of light by the

of the deflection

(Of course a photon has V = 1, and as we have already seen, this gives E = 0.)
It is often more convenient to express J in terms of the distance r 0 of closest
approach to the sun, rather than the impact parameter b. At r 0 , dr/d<p vanishes,
so (8.4.29) and (8.5.2) give

= ro

J

(-1-- 1+ v2)l/2

(8.5.3)

B(r 0 )

The orbit is then described by (8.4.30), that is,
A 1f 2(r) dr

00

<p(r) = <pro

+

f. (~l
[~l- 1+ v2J[~l0) - 1+ v2J-1- _!_)1/2
2
0
r

r2

r

2

B(r)

B(r

r

(8.5.4)

The total change in <pas r decreases from infinity to its minimum value r0 and
then increases again to infinity is just twice its change from oo to r 0 , that is,
2l<p(r0 ) - <p00 I. If the trajectory were a straight line, this would equal just n;
hence the deflection of the orbit from a straight line is
(8.5.5)

If this is positive, then the angle <pchanges by more than 180°, that is, the trajectory
is bent toward the sun; if ~<pis negative then the trajectory is bent away from the
sun.
For a photon V 2 = 1, and (8.5.4) gives

f. A 112(r)[(!_)
(B(ro))
_1
r
B(r)
2

00

<p(r) _ <pro=

r

0

-112

J

dr
-

r

(8.5.6)

If we used the exact values of A(r) and B(r) given by the Schwarzschild solution
(8.2.10), (8.2.11), then we would obtain <p(r) and ~<p as elliptic integrals of the
usual sort, which could only be evaluated numerically by expanding in the ,mall
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parameters MG/r 0 and MG/r. It is both easier and more instructive to expand
before integrating, using for A(r) and B(r) the Robertson expansions (8.3.8) and
(8.3.9):
A(r)

1

+ 2y- MG + ...
r

MG
B(r) = 1 - 2 r

+ ···

The argument of the second square root in (8.5.6) is then

(!_)
2

r0

1= (!_)
[1+ 2MG (!r - _!_)
+ .. ·] _ 1
r
r
2

(B(ro))
B(r)

-

0

0

_[(!_)l][l_
2

2MGr
r 0 (r + r 0 )

r0

+ .. ·]

so (8.5.6) gives
<p(r) -

J

yMG
+--+---+···

(f)oo

MGr
r 0 (r + r 0 )

r

The integral is elementary, and gives
2

<p(r) - <p00

1
0
) + ---;-;
. _
(r--;
MG ( 1 + y - y J
= sm

0
1 - (r-; )

0
- Jr r -+ rr )

+ ···

O

(8.5.7)
Hence to first order in MG/r 0 , the deflection (8.5.5) is
(8.5.8)
(To this order, we could just as well replace r 0 here with the impact parameter b.)
For a light ray deflected by the sun we must use M = .Jf O = 1.97 x 10 33 g,
that is, MG = M 0 G = 1.475 km, and the minimum value of r 0 is R 0 = 6.95 x
105 km, so (8.5.8) gives here
(8.5.9)
where

80

=4!: G

c; y)-

1. 75"

(1; y)

(8.5.10)

Furthermore, general relativity gives y = 1, so it predicts a deflection toward the
sun, with 80 = 1.75". (For light just grazing Jupiter the deflection is only 0.02".
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so there seems little hope of observing the deflection of light by any other body
than the sun.) In the Brans-Dicke theory (8.5.10) and (8.3.3) give a deflection
constant
80

= 4M 0 G (2w +
R0

2w

+

3)
4

(8.5.11)

Whenever we obtain a prediction from general relativity the question always
arises (or should arise) whether the result obtained really refers to an objective
physical measurement or whether it has folded into it arbitrary subjective elements
dependent on our choice of coordinate system. In the case at hand, we should ask
ourselves what the predicted change in <p really has to do with the positions of
stellar images on photographic plates. Fortunately, the answer is here quite
simple, for this is really a scattering experiment. The light ray comes in from a very
great distance, is deflected as it passes close to the sun, and is detected on earth,
more than 200 solar radii away from the sun. At the points of origin and detection
the metric is sensibly Minkowskian, and at these distances there is no question
about the meaning of <p; it is the azimuthal angle in a system of coordinates
within which light rays define lines that are essentially straight. Hence we can relate
li<p to the shift of stellar images on photographic plates by the ordinary rules of
geometric optics. (We are here neglecting effects of the gravitational field of the
earth itself, because this field is on the earth's surface more than 10 3 times weaker
than that of the sun on the sun's surface.) We would have to be a good deal more
careful about the operational significance of our <pif we had to predict the deflection
oflight by the sun as seen from an observatory deep within the sun's gravitational
field, as, for instance, from an orbiting satellite a few solar radii away from the sun.
Another conceptual difficulty that may arise here has to do with our treatment
of the photon as a quantum of light moving as would any other particle that
happened to have velocity close to unity, that is, to c. Actually, no use is being
made of quantum mechanics. The wavelength of light is so small compared with
the scale of the solar gravitational field (i.e., 10- 5 cm as compared with 10 10 cm)
that at any point in this field we can erect a locally inertial coordinate system that
covers a huge (say, 10 15 ) number of wavelengths. The Principle of Equivalence
tells us that in such a coordinate system light behaves as it does in gravitationfree empty space, and since the wavelength is so small, this means that diffraction
is negligible and each element of a wave front moves in a straight line at unit
velocity. This statement, when rewritten in the noninertial coordinate systems of
astronomy, is nothing but our equation of motion (8.4.2). (This argument, incidentally, shows why the deflection of light cannot depend on its polarizati9n.)
Now let us see how Einstein's prediction (8.5.9) compares with observation.
The deflection angle li<p is classically measured by comparing the apparent positions
of stars that happen to lie near the solar disk during an eclipse, when their light
comes close to the sun and yet may be detected, with their positions at night six
months earlier, when these stars lie on.opposite sides of the earth from the sun,
and their light does not pass close to the sun on its way to us. Subtracting <p
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(six months earlier) from <p (eclipse) then, in principle, should give Li<p. However,
there is an unavoidable change in the scale of the photographs over a six-month
interval, owing partly to small changes in the temperature and in the mechanical
configuration of the telescope and camera over so long a time. A change in the
scale of the photograph would give an apparent deflection of any star toward or
away from the sun by an angle proportional to the distance r O at which its light
passes the sun; hence what is done in practice is to compare observations with a
theoretical curve
(8.5.12)
where S is the unknown scale constant (often called ex)and (} is an angle to be
compared with the theoretical value 1.75". There are other effects that could
contribute to Li<p, such as refraction of the starlight in the solar corona or as it
enters the colder air in the moon's shadow, but none of these is believed to play an
important role.
Observations cannot be carried closer to the sun's disk than r 0 ~ 2R 0 , but
they can still be used to determine ()0 by fitting the observed Li<p values to the
theoretical curve (8.5.12). The difficulty with this program is just that Li<pis very
difficult to measure accurately in the brief time available during an eclipse. In
1919 eclipse expeditions were sent to two small islands, Sobral, off the northeast
coast of Brazil, and Principe, in the Gulf of Guinea. About a dozen stars in all were
studied, and yielded values 2 1.98 ± 0.12" and 1.61 ± 0.31", in substantial
agreement with Einstein's prediction ()0 = 1.75". It was perhaps this dramatic
result more than any other success that brought general relativity to the attention
of the general public in the 1920's.
Since 1919 there have been measurements on about 380 stars observed during
the eclipses of 1922, 1929, 1936, 1947, and 1952, which we summarize in Table
8.1 (taken from the summary of von Kliiber 3 ). The values obtained for ()0 vary
from 1.3" to 2.7", but mostly lie between 1.7 and 2". The most recent of these
results is Li<p = 1.70 ± 0.10", in very good agreement with Einstein's prediction.
but it is not clear that the systematic error here is really smaller than for previous
observations. From all this we can conclude that there definitely is a deflection
of light greater than the value ()0 = 0.875" that would be predicted for y = 0
(i.e., A(r) = 1), but as to its precise value we can say little more than that 8c
is somewhere between 1.6 and 2.2"; that is, y is between about 0.9 and 1.3. It may
become possible to improve the accuracy of this determination in the near future
by using photoelectric techniques to monitor star positions without waiting for an
eclipse.
Recent developments in radio astronomy 4 have made it possible to measure
the deflection of radio signals by the sun with potentially far greater accuracy than
is possible in optical astronomy. The angular accuracy of optical observations is
limited by inhomogeneities in the earth's atmosphere to about 0.1", whereas a
radio interferometer with wavelength A and baseline D can in principle measure
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Table 8.1. Measurements of the Deflection of Light by the Sun. 3 The fourth
column gives the minimum and maximum values for the distance of closest approach of the light ray to the sun's center for the various stars studied. The fifth
column gives the deduced value for the deflection of a light ray that just grazes
the sun's surface.

Eclipse

May 29, 1919
September

21, 1922

May 9, 1929
June 19, 1936
May 20, 1947
February 25, 1952

Site

Number of
Stars

r 0 /Ro

Sobral
Principe
Australia
Australia
Australia
Australia
Sumatra
U.S.S.R.
Japan
Brazil
Sudan

7
5
11-14
18
62-85
145
17-18
16-29
8
51
9-11

2-6
2-6
2-10
2-10
2.1-14.5
2.1-42
1.5-7.5
2-7.2
4-7
3.3-10.2
2.1-8.6

8 0 (sec)

1.98
1.61
1.77
1.42
1. 72
1.82
2.24
2.73
1.28
2.01
1.70

Ref.

± 0.16
± 0.40
± 0.40

a
a
b

to 2.16
± 0.15
± 0.20
± 0.10
± 0.31
to 2.13
± 0.27
± 0.10

c

d
e
f
g
h

a F. W. Dyson, A. S. Eddington,
and C. Davidson, Phil. Trans. Roy. Soc., 220A, 291 (1920);
Mem. Roy. Astron. Soc., 62, 291 (1920).
h G. F. Dodwell and C.R. Davidson, Mon. Nat. Roy. Astron. Soc., 84, 150 (1924).
c C. A. Chant and R. K. Young, Publ. Dominion Astron. Obs., 2, 275 (1924).
d W.W. Campbell and R. Trumpler, Lick Observ. Bull., 11, 41 (1923); Publ. Astron. Soc. Pacific,
35, 158 (1923).
e W.W. Campbell and R. Trumpler, Lick Observ. Bull., 13, 130 (1928).
f E. F. Freundlich,
H. v. Kluber, and A. v. Brunn, Ab. Preuss. Akad. Wiss., No. 1, 1931; Z.
Astrophys., 3, 171 (1931).
g A. A. Mikhailov, C.R. Acad. Sci. USSR (N. S.), 29, 189 (1940).
h T. Matukuma, A. Onuki, S. Yosida, and Y. Iwana, Jap. J. Astron. and Geophys., 18, 51 (1940).
i G. van Biesbroeck, Astron. J., 55, 49, 247 (1949).
j G. van Biesbroeck, Astron. J., 58, 87 (1953).

angles with an accuracy of order l/2rrD radians; this is 0.1" for). = 3 cm and D =
10 km, and proportionately less for longer baselines.
One complication that bothers the astronomer more at radio than at optical
frequencies is the refraction of rays in the solar corona. At X-band frequencies
(8000-12500 MHz) the refraction is quite small, and can be eliminated by excluding
data taken when the radio signal passes within about 2 solar radii of the sun's
surface. Hmvever, at S-band frequencies (2000-4000 )!Hz) it is necessary to
analyze the data in terms of a model, in which part of the deflection arises from
general relativity, and the rest is produced by the corona. The parameters describing the solar corona can in principle be measured by this technique (using several
frequencies) at the same time as the general-relativistic parameter, but the electron
densities in the corona change with time, and it appears that the only really
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satisfactory method for dealing with coronal refraction is to use a radio frequency
in the X-band, or above.
Each October, the quasi-stellar source 3C279 is occulted by the sun, and a
number of radio astronomy groups have taken this opportunity to observe the
changes in the angle (about 9.5°) between 3C279 and the quasi-stellar source
3C273, during the period just before and just after occultation. The results are
given in Table 8.2. Again, we see general relativity confirmed, but not yet well
enough to distinguish between the theories of Einstein and Brans and Dicke.
However, the data taken with very long baselines, such as the "Goldstack"
baseline of 3900 km, contain enough information in principle to measure angular
positions to about 0.001". It is hoped that the analysis of this data will eventually
lead to a really precise determination of y.
Table 8.2. Interferometric measurements of the deflection of radio waves
from the source 3C279 by the sun. The data are analyzed in terms of the deflection
6 0 that would be produced by a radio signal just grazing the sun.

Facility

Radar
Frequency
(MHz)

Owens Valley

9602

Goldstone

2388

Goldstone/
Haystack

7840

NRAO

2695

Baseline
(km)
1.0662

21.566

3899.92
2.7

& 8085

2697

1.41

& 4993.8
a
h
c
d
e

6

Period

Oo

(sec)

Ref.

9/30-10/15,
1969

1.77 ± 0.20

10/2-10/10,
1969

1.82

9/30-10/15,
1969
10/2-10/12,
1970
10/8,
1970

1.80 ± 0.2

c

1.57 ± 0.08

d

1.87 ± 0.3

e

+

0.24
- 0.17

a
b

G. A. Seielstad, R. A. Sramek, and K. W. Weller, Phys. Rev. Letters, 24, 1373 (1970).
D. 0. Muhleman, R. D. Ekers, and E. B. Fomalont, Phys. Rev. Letters, 24, 1377 (1970).
I. I. Shapiro, private communication.
R. A. Sramek, Ap. J., 167, L55 (1971).
J.M. Hill, Mon. Not. Roy. Astron. Soc., 153, 7P (1971).

Bound Orbits: Precession of Perihelia

Now consider a test particle bound in an orbit around the sun. (See Figure
8.2.) At perihelia and aphelia, r reaches its minimum and maximum values r
and r +, and at both points dr/d<pvanishes, so (8.4.29) gives
1
1
E
J2
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a

ea

Figure 8.2 Elements of an ellipse referred to in the calculation of the precession
planetary orbits. (The ellipse here has the same eccentricity as the orbit of Icarus.)

of

From these two equations we can derive values for the two constants of the motion:

(8.6.1)
1

1

-----

B(r+)

1

B(r_)

(8.6.2)

1

The angle swept out by the position vector as r increases from r _ is given by
Eq. (8.4.30) as

cp(r) = cp(r_)

+

f",._ A If2(r) [~2J B(r)
l_

--~J112

E _

J2

r2

dr
r2

or, using (8.6.1) and (8.6.2),
<p(r) -

<p(r_)

x A 1 J2 (r)r-

2

dr

(8.6.3)

The change in cp as r decreases from r + to r _ is the same as the change in cp as r
increases from r _ tor+, so the total change in <pper revolution is 21cp(r+) - cp(r_) 1-
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This would equal 2n if the orbit was a closed ellipse, so in general the orbit precesses
in each revolution by an angle
(8.6.4)

Using the exact values of A(r) and B(r) given by the Schwarzschild solution
(8.2.10), (8.2.11) in (8.6.3) would yield formulas for cp(r)and b.cpas elliptic integrals,
and to evaluate them numerically we would have to expand in MG/rand MG/r ±·
Instead we shall expand in the integrand, using for A(r) and B(r) the Robertson
expansions (8.3.8), (8.3.9):
A (r)

= 1+

B(r)

1

MG

+ ···

2y ~

r

+ 2(/J

_ 2MG

(8.6.5)
2

y)M G

-

r

r

2

+ ...

2

Note that there is a complete cancellation in (8.6.3) of the leading term in B(r)
but not of that in A(r), so to calculate cp and b.cpto first order in Mg/r ± we need
B(r) to second order in MG/r, whereas A(r) will be needed only to first order.
It saves a great deal of work if we realize that by using the expansion

B

_ 1(r ) '.:::::: + 2MG
-1
r

+

/J + y)M 2 G2

2(2 -

---'----=------"--'---

r2

we make the argument of the first square root in (8.6.3) a quadratic function of
1/r. Furthermore, it vanishes at r = r ±, so

r_ 2 (B-

1

(r) - B-

1 (r_))

- r+ 2 (B-

r+ 2 r_ 2 (B- 1 (r+) -

B-

1 (r)

1

- B-

1 (r+))

(r_))

- _!_
= c (_!__
2
r

The constant C can be determined by letting r
C

r_

~

!)(!- _!__)
r

r

r+

(8.6.6)

oo :

= r+ 2 (1 - B- 1 (r+)) - r_ 2 (1 - B- 1 (r_))
r+r_(B-

1

(r+) - B-

or factoring out of numerator and denominator

C

~

1 - (2 -

1

(r_))

a common factor 2(r _ - r +)MG:

/J + y)MG (_!__
+ _!__)
r+

r_

(8.6.7)
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Using (8.6.5)-(8.6.7) in (8.6.3) gives then

q,(r) - q,(r_)

"'[1 + !(2 - p +
x

y)MG(r~

+

r~)]

[l+

,

y~G]dr

Lr2[(t-~)(~
_~)r
The integral is made trivial by introducing

!
r

a new variable

1/J:

=!2 (_!__
+ _!__)
+ ! (_!__
- _!__)
sin 1/J
r+
r_
2 r+
r_

(8.6.8)

We then find

q,(r) - q,(r_) =

[1 + !(2 - p +

(_!__
-

- fyMG

r+

At aphelion 1/J=

n/2, so

fl.q, = (

2y)MGC~

+

r~)][,j,
+ ~]

_!_)
cos 1/J

r_

(8.6.9)

(8.6.4) and (8.6.9) give the precession per revolution as

6":G)
(2- P + 2Y)

(radians/revolution)

3

(8.6.10)

where L is the dimension of the ellipse called the semilatus rectum

=!2 (_!__
+ _!__)
r+
r_

!__

L

The elements of planetary orbits usually found in tables are the semimajor axis a
and eccentricity e, defined by

r±

=

(1

± e)a

Hence we can determine L from a and e by using the formula

L = (1 - e 2 )a
Einstein's field equations yield

/J = y = 1, so they predict a precession

A<p= 6n MG radians/revolution
L

(8.6.11)

This is positive, meaning that the whole orbit should precess in the same direction
as the motion of the test particle. In the Brans-Dicke theory (8.6.10) and (8.3.3)
give

(3w
+ 4)
+6

b.<p= (6nM G)
L
3w

(8.6.12)
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Once again, we should ask ourselves what the predicted value of li<p means.
This is not a scattering experiment like the deflection of light by the sun; here we
are dealing with an object that never gets out to infinity where the metric is
Minkowskian. Any observation of the test particle's motion by optical or radar
astronomers will make use of light ,rays that are themselves affected by the
gravitational field, and if careful corrections are not made for the deflection of
light, the astronomer's reported <p(r) values will, at any given radius r, contain
errors of the order of 111G/L. [See Eq. (8.5.8).] However, in practice these fine
points do not really matter, because the precession is cumulative. Equation (8.6.10)
shows that after N revolutions the perihelia will have advanced by an angle of
order N MG/L, so if N ~ 1 it is unnecessary to worry about an error in <pof order
MG/L. Indeed, Eq. (8.6.11) tells us that the perihelion will return to its original
azimuth after L/3MG ~ 1 revolutions, a prediction that clearly has nothing to do
with how we definer or <p.
For Mercury we must take L = 55.3 x 10 6 km, and of course MG =
1.475 km, so Eq. (8.6.11) gives li<p = 0.1038" per revolution. Since Mercury makes
415 revolutions per century, the _prediction of general relativity is that

= 43.03" per century ( ~)

li<p

Fortunately there are accurate observations of Mercury going back to 1765.
These data were reanalyzed by Clemence 5 in 1943; he finds li<p = 43.11 ± 0.45"
per century, essentially confirming Newcomb's earlier value (see Section 1.2),
and in excellent agreement with general relativity. Taken at face value, this
agreement shows that the correction factor in Eq. (8.6.11) is

(2- fl +
3

2

Y) = 1.00 ± O.oI

This is by far the most important experimental verification of general relativity,
both by virtue of its high accuracy, and because it alone is sensitive to the coefficient
p appearing in the second-order term in gtt·

Table 8.3. Comparison of Theoretical and Observed Centennial Precessions of
Planetary Orbits. 6
a

Planet

(10 6

km)

e

6n..1.l1G Revolutions
Century
L

l:J.q;(seconds/century)
Gen. Rel.

Observed

Mercury
(~)

Venus
(~)
Earth
( EB)
Icarus

57.91

0.2056

0.1038"

415

43.03

43.11

± 0.45

108.21

0.0068

0.058"

149

8.6

8.4

± 4.8

149.60

0.0167

0.038"

100

3.8

5.0

±

161.0

0.827

0.115"

89

10.3

9.8

± 0.8

l.:!
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Results 6 for Venus, the earth, and Icarus are listed together with those for
Mercury in Table 8.3. Evidently the accuracy available from the major planets
degrades rapidly as we move away from the sun, both because the smaller eccentricities make observation of the perihelia more uncertain, and because as L
increases, the precession per revolution and the revolutions per century both
decrease. Icarus was only discovered in 1949, but is in some respects the most
useful object to study because its small size, its close approach to the earth, and
the large eccentricity of its orbit allow its precession to be determined with high
accuracy. Suggestions have been made to put an artificial satellite into an eccentric
orbit close to the sun; for instance, a satellite with L = 10R 0 would have a centennial precession equal to 8250" ! The trouble here is that a small object would be
subject to nongravitational perturbations such as radiation pressure, solar wind,
micrometeorites, which of course have a negligible effect on Mercury and Icarus.
There are two caveats that should be kept in mind in assessing the agreement
of the observed advance of perihelia with the prediction of general relativity.
First, there are many known perturbations that contribute to the precession of
planetary orbits. In particular, Newtonian theory would give Mercury a precession
A<pN

= 5557.62 ± 0.20" ( ~)

of which about 5025" is due to the rotation of the earth-based astronomical
coordinate system, and about 532" is due to gravitational perturbations calculated
by Newtonian perturbation theory from the motion of the other planets, chiefly
Venus, earth, and Jupiter. The precession actually observed is
A<poBs = 5600.73

± 0.41" ( ~)

and the value A<p = 43.11 ± 0.45" quoted above for the "observed" anomalous
precession is obtained by subtracting the Newtonian precession from what is
observed, that is,

(8.6.13)
One may ask how we know that this is the right quantity to compare with the
general-relativistic result of 43.03" per century. That is, how do we know that the
total precession is correctly given by adding the Newtonian value A<pN, calculated
while forgetting all effects of general relativity, to the Einstein value /).cp0 R,
calculated forgetting all effects of planetary perturbations'? To some extent this
question can be answered by noting that the general-relativistic corrections to
A<pN would be of order MG/L times A<pN, or only about 10- 4 " per century. For a
fuller answer we shall have to wait until the discussion in the next chapter of the
post-Newtonian approximation. But even granting that (8.6.13) is in principle
correct, we should be aware that a very small systematic error in either /).<pN or
A<poBs could completely destroy the agreement between theory and obsen-ation.
The second warning is that very small unknown effects may possibly be
contributing to the observed precession of perihelia an amount comparable with
that expected from general relativity. Indeed, we saw in Chapter 1 that Xewcomb
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had by 1911 abandoned his earlier suggestion of a small departure from the inversesquare law, because the observed anomalous precession of 43" per century could
also be explained within Newtonian mechanics as due to the gravitational field
produced by the matter which causes the "zodiacal light." (Today we know that
there is not enough matter between Mercury and the sun to produce any appreciable
precession.) It is also possible that the sun is slightly oblate, 7 in which case its
Newtonian potential would have an r- 3 term, giving the planets an anomalous
precession per revolution decreasing as the inverse square of their distance from
the sun. Table 8.2 shows that in fact the observed anomalous precession per
revolution decreases roughly as 1/r, not l/r 2 , in agreement with the prediction of
general relativity. Even more important, a large solar oblateness would produce
an anomalous precession of the planes of the inner planets' orbits that is not
observed. 8 These two arguments together rule out the possibility of explaining
all of the observed anomalous precession as owing to solar oblateness, but this
explanation might account for up to 20% of the observed effect. To test this hypothesis Dicke and Goldenberg 9 scanned the solar disk photoelectrically during
the period June 1 to September 23, 1966. They concluded that the sun's polar
diameter is shorter than its equatorial diameter by 5.0 ± 0.7 parts in 10 5 . Taken
at face value, this would give the perihelia of Mercury an extra precession of 3.4"
per century, so that only 39.6" per century would be left as the relativistic effect, an
8% disagreement with Einstein's prediction of 43.03" per century. The BransDicke theory can account for an excess centennial precession of 39.6" if we take
w = 6.4. However, there are several reasons for hesitating before we give up
general relativity:
(A) To account for the solar oblateness the solar interior would have to be
rotating about once in one or two days, very much faster than the observed
rotation rate (i.e., once in 25 days) of the sun's surface. This difference in rotation
rates could perhaps be explained 1 0 as due to a magnetic torque induced by the
solar wind, which retards the rotation of the surface, but it is not clear that this
configuration would be dynamically stable. 11
(B) Two very elaborate series of measurements 1 2 made with the Gottingen
heliometer during the period 1891-1902 g::.,vefor the difference between the sun's
equator and polar diameters the values 0.36 ± 0.78 parts in 10 5 and -0.10 ± 0.47
parts in 10 5 , respectively, in agreement with each other and with perfect sphericity,
but in disagreement with the result +5.0 ± 0.7 parts in 10 5 of Dicke and Goldenberg. The Gottingen results were also supported by subsequent heliometer
measurements. To quote Ashbrook: 1 2
''What are v,e to make of all this ? In view of the astronomical evidence, can the
sun's polar diameter be 0.1 seconds shorter than its equatorial, as Drs. Dicke
and Goldenberg think? Was there some unsuspected subtle systematic error in
the Princeton experiment? Or was there some unrecognized effect in all the
heliometer series ?''
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To do Dicke and Goldenberg justice, it should be noted that the axis of the oblate
ellipsoid they observe follows the axis of the sun's rotation in its apparent annual
oscillation, which certainly suggests that they are seeing something real.
(C) Even if the visible solar surface is oblate, what does this really tell us
about the shape of its mass distribution and about the sun's gravitational field?
Dicke 7 argues that the observed solar surface coincides with the gravitational
equipotential surface, but this conclusion rests on a good deal of astrophysical
theory and could be wrong.
(D) Finally, if Dicke and Goldenberg are right, then the 1 % agreement
between Einstein's prediction and the observed anomalous precession is a mere
coincidence.

7

Radar Echo Delay

The classic tests of general relativity discussed in previous sections deal only
with the shape of the trajectories of photons and planets. In recent years the
development of high-speed electronics and high-power radar has opened to us the
possibility of measuring motion as a function of time with the accuracy needed
to test Einstein's equations. In particular, I. I. Shapiro has proposed 13 and,
together with a group at the Lincoln Laboratory, has carried out measurements 14 • 1 5 of the time required for radar signals to travel to the inner planets and
be reflected back to earth.
As a first step toward understanding the significance of these measurements,
let us calculate the time required for a radar signal to go from one point with
r = r 1 , 8 = rr/2, <p = <p1 , to a second point r = r 2 , 8 = n/2, <p = <p2 . The equation
governing the time history of orbits is Eq. (8.4.19):

A(r) (dr)
B 2 (r)

2

+

J

2

r2

dt

_

~l~

_ -E

B(r)

We are dealing here with a light ray, so E = 0. Furthermore,
at the distance r = r0 of closest approach to the sun, so

(dr/dt)

2

must vanish

J2

The equation of motion of a photon is then

(8.7.1)
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From (8.7.1) we see that the time required for light to go from r 0 tor
to r 0 is

t(r, r

0

_ f" (
) -

[

ro

A(r)/B(r)
1 - B(r) ( ~ )
B(r 0 ) r

2

1 2
/

)

or from r

dr

(8.7.2)

]

and of course the total time required for light to go from point 1 to point 2 is
<p2 I > rr/2)
(for l<p
1 (8.7.3)
In order to evaluate the integral (8.7.2) we once again use in the integrand
the Robertson expansion of Section 3:

A(r)

~ 1 + 2yMG

~

B(r)

2MG

1

r

r

We then have
2

1 -
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~
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[
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so (8.7.2) gives, to first order in 1vlG/r and MG/r 0 ,

t(r, ro)

~
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0

The integral is now elementary,
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(8.7.4)

The leading term ,Jr 2 - r 0 2 is what we should expect if light traveled in straight
lines at unit velocity. The other terms evidently produce a general-relativistic
delay in the time it takes a radar signal to travel to Mercury and back. (Note that
a delay is opposite to what would have been expected from our experience with
slowly moving bodies like comets.) This excess delay is a maximum when Mercury
is at superior conjunction and the radar signal just grazes the sun; in this case
r 0 is about equal to the radius of the sun, r 0 ~ R 0 , and is much smaller than the
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distances r EB and r ~ of the earth and Mercury from the sun, so the maximum
round-trip excess time delay is given by (8.7.3) and (8.7.4) as

°" 4M 0 G
°" 5.9 km
If Einstein's

{1+ (!; y)In(4~9}
)}
+
(1; y)}
{1

field equations
time delay will be

11.2

(8.7.5)

are correct, then y = 1, and the maximum

excess

('1t)max ~ 72 km

= 240 µsec

(8.7.6)

There is no difficulty in telling time to within a microsecond over the time interval
of order 20 min during which the radar signal goes to Mercury and returns.
Nevertheless this experiment presents extraordinary difficulties in execution and
interpretation.
One trouble is that the radar signal is not reflected from just one "specular
point" on Mercury's surface, but rather comes from a good-sized area, and is
therefore spread out in arrival time by several hundred microseconds. Shapiro's
group deals with this problem by a technique called "delay-Doppler mapping,"
that is, by measuring the distribution of the return signal power in frequency as
well as arrival time. Each element of the reflecting surface has a characteristic
velocity relative to the radar antenna (owing to the rotation and orbital motion
of both the earth and Mercury) and therefore reflects the radar signal with a
characteristic Doppler shift in frequency. Thus, if the reflecting properties of the
surface are known, it is possible to deduce the arrival time of the echo from the
point on Mercury's surface closest to the earth by analyzing the observed distribution of the echo in arrival time and frequency. (The reflecting properties of
the surface are determined by studying the echo when Mercury is near inferior
conjunction, where the signal-to-noise ratio is greatest and general relativity has
no appreciable effect on the radar travel time.)
A more fundamental difficulty is that in order to compute an excess time delay
to within 10 µsec, for instance, we have to know the time that the radar signal
would have taken in the absence of the sun's gravitation to that accuracy; that
is, we have to know the distance

to within 1.5 km! Here r Ell' r ~, and r 0 are the distances (in' 'standard" coordinates)
from the center of the sun to the radar antenna on earth, to the point on Mercury's
surface closest to the earth, and to the point of closest approach of the radar
signal to the sun. However, optical astronomy alone certainly does not provide
us with the locations of the centers of Mercury or the earth, or Mercury's radius,

204

8 Classic Tests cfEinstein's Theory

to anything like the needed accuracy. Indeed, this accuracy is so demanding that it
is necessary to specify whether one is dealing with standard, isotropic, or harmonic
coordinates; needless to say, the U.S. Naval Observatory does not usually draw
such fine distinctions! Shapiro's group deals with this problem by using general
relativity theory itself to calculate rEB(t), r~(t), and r 0(t) in terms of a large set of
unknown parameters, including {J, y, M 0 G, the equatorial radius of Mercury, and
the positions and velocities of Mercury and the earth at some initial time. These
parameters are then determined by fitting the observed radar travel times to
Mercury and back with the theoretical formulas (8.7.3) and (8.7.4).
The first run, using the 7840 MHz Haystack radar at Lincoln Laboratory
during the superior conjunctions of Mercury of April 28 to May 20, 1967, and
August 15 to September 10, 1967, gave good agreement between theory and
observation. 14 To put it quantitatively, if the radar delay times are computed
using Eqs. (8.7.3) and (8.7.4) with y left arbitrary, then the best fit is found for
y = 0.8 ± 0.4. (For purely technical reasons, fJ was taken as unity in the preliminary analysis.) Further observations at Haystack and improvements in data
analysis have since improved this result to 15
y

= 1.03 ± 0.1

(8.7.7)

(See Figure 8.3.) In addition, Shapiro has reanalyzed 16 over 400,000 older optical
observations of the sun, moon, and planets in conjunction with the new radar

Superior conjunction

Earth-Venus time-delay
observations
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Figure 8.3 Comparison of theory with observation
from Venus. 15 (Courtesy of I. I. Shapiro.)

for the time delay of radar ech~

7 Radar Echo Delay

205

data, and finds that the quadrupole term in the sun's gravitational potential
thevalueJ 2 = (-0.8 ± 2.5) x 10- 5 ,withJ 2 definedbytheLegendreexpansion:
1

00

¢ o = - ~-Q
GM { 1 r

has

L

J 1 (R__Q ) P 1 ( cos 8) }
1=2
r

For comparison, the solar oblateness found by Dicke and Goldenberg corresponds
to the quadrupole term J 2 = (2.7 ± 0.5) x 10-s. If J 2 is constrained to vanish,
then Shapiro's analysis gives values for the extra precessions of the perihelia of the
orbits of Mercury and Mars that are respectively 0.99 ± 0.01 and 1.07 ± 0.1
times the values predicted by general relativity.
Shapiro has also proposed 1 7 the measurement of time delays in the arrival
of radio pulses from pulsars. The pulsar CP0952 approaches to ·within 5° of the sun,
and at such times radio pulses would be delayed by about 50 psec.
Recently a group 1 8 at the Jet Propulsion Laboratory measured the time
delays of radar signals, sent from the earth to transponders aboard the artificial
satellites Mariner 6 and 7 and thence back to earth, during the period MarchJune 1970 when these satellites were near superior conjunction. The best data
were taken on April 28, 1970, when the radar signals passed within three solar
radii of the sun's center. Analysis of these data gives a time delay within 5% of
that predicted by general relativity. Unfortunately,
the radar frequencies used
were in the S-band, about 2300 MHz, so the solar corona played a troublesome
role here. (See Section 8.5.) In addition, the Mariner satellites are small enough to
be appreciably affected by nongravitational forces, chiefly solar radiation pressure,
gas leakage, and thrust imbalances in the attitude control system.
The sensitivity of the radar echo arrival times to fine details of orbital motion
makes the calculation of "theoretical" arrival times an enormously difficult task,
which cannot be given the simple analytic treatment appropriate to this book.
There is, however, some insight to be gained by looking at a simple calculation in
a situation so highly idealized that we can deal with it here. Consider as a reflector
a point planet labeled "l" in a circular orbit about the sun of radius r 1 , and let
the radar antenna be placed on a planet "2" that lies in the plane of planet l's
orbit (8 = n/2), but is so far from the sun that its position can be taken as fixed,
with r 2 ~ r 1 and ¢ 2 = 0. (The change in ¢ 2 during the radar signal travel time
vanishes as r 2 - l/ 2 ). A radar signal emitted from planet 2 at time t will reach
planet 1 at a time t 1 given (for 1¢1 I > n/2) by
t1

or using (8.7.4) with r 2
t1

-+

= t

(1

t(r 1 , r 0 )

+

t(r 2 , r 0 )

oo:

= t + T +

+

+

+

(r12 -

r/)112

+ MG

_r1~~- r 0 )
( r1 + ro

r + (r 1 2
ro2)1;2Jr1)
y)MG In ([- 1 -----ro 2

1 2
/

(8.7.8)
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where T is a large constant:

= r2

T

+MG+

(l

+ y)MGln(;,)

(8.7.9)

The azimuthal angle of the planet at this time is given by Eq. (8.4.27):
<p1 = <p(O)+ wt 1

°"

w
Finally, r 0 is calculated
(8.5.7),
<fJ1

(8.7.10)

(~:r(

1 __ (P-r~)MG)

(8.7.11)

by setting <p1 equal to the value determined

from Eq.

[<p{ro) - <p(r1)J + [<p(ro) - <p(rXJ)]

- n -

sin-!(;:)+(::)
[1+ + (1- :::r+(::: ::rJ
y

y

y -

y cos <p1

or to first order in MG :
r O ~ r 1 sin <p1

-

MG cot <p1

[

1

+

+

1 - si_n <p1)
( 1 + sm <p
1

1 2
/ ]

(8.7.12)
Using (8.7.10)-(8.7.12) in (8.7.8) gives the relation between the times t and t 1
of radar signal emission and reflection :
t1

= t + T - a cos

(wt 1

+

<p(O))- b{l - In [l

+

cos (wt 1

+

<p(O))]}

(8.7.13)
where

a=
b

r1

yMG

(8.7.14)

= (1 + y)MG

(8.7.15)

Equation (8.7 .13) can be solved for t 1 (t), and the arrival time of the echo back at
the antenna can then be determined as

t2(t)

= t + 2[tl (t) - t] = 2t1 (t) - t

(8.7.16)

By comparing this theoretical prediction with the observed arrival times of the
radar echo, we can, in principle, determine the five parameters

T

a

b

w

<p(O)

But these five parameters depend on the six unknowns r 1 , r 2 , MG, y, /3,and <p(O).
so even if our measurements and Eqs. (8.7.13)-(8.7.16) were perfectly accurate.
we still could not determine both f3and y. The best we can do is to eliminate r 1
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and MG from the formulas (8.7.11), (8.7.14), and (8.7.15) for w, a, and b, obtaining
there by a formula for y :
(8.7.17)
Note that in this case fJcannot, even in principle, be determined from radar time
delay measurements. 19 It would be possible to determine both fJ and y from
observations of radar echoes from two reflecting planets in circular orbits, since
in this case there are ten observable parameters and only eight unknowns. More
important, it is possible to measure fJ by radar observations of Mercury alone,
because its orbit is sufficiently eccentric for its precession seriously to affect radar
arrival times.

8

The Schwarzschild Singularity*

The reader will probably hav,e noticed that the Schwarzschild solution (8.2.12)
becomes singular at r = 2M G. This radius corresponds to p = MG /2 and R = MG,
so we see that this singularity also occurs when the metric is expressed in its
isotropic form (8.2.14) or in its harmonic form (8.2.15). The radius 2GM at which
the singularity occurs in standard coordinates is called the Schwarzschild radius
of the mass M.
It should immediately be stressed that there is no Schwarzschild singularity
in the gravitational field of any known object in the universe. The Schwarzschild
singularity appeared in the solution of Einstein's vacuum equations Rµv = 0,
and is therefore irrelevant if the radius 2GM lies within the massive body, where
we must use the full Einstein equation (7.1.13). For the sun the Schwarzschild
radius 2GM O is 2.95 km, deep in the solar interior, and we shall see in Chapter 11
that the solution of the full Einstein equation inside a stable star exhibits no
Schwarzschild singularity, or any other singularity. For a proton the Schwarzschild
radius is 10- 50 cm, and this is 37 orders of magnitude smaller than the characteristic proton radius of about 10- 13 cm! In Chapter 11 we discuss the possibility
that a very massive body might collapse to a radius smaller than its Schwarzschild
radius, but with this one hypothetical exception the Schwarzschild singularity
does not seem to have much relevance to the real world.
It is nonetheless instructive to imagine a body so small and massive that the
radius 2GM lies outside it, in empty space. The Schwarzschild solution then holds
down to this radius and actually displays a singularity. But is this singularity
real? We can readily calculate the four nonvanishing curvature invariants described in Section 6.7, and find that they are all perfectly well behaved at the

* This section lies somewhat
reading.

out of the book's main line of development,

and may be omitted

in a first
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Schwarzschild radius, although they do become singular at the origin. This suggests
that the apparent Schwarzschild singularity may be only an artifact of the coordinate systems we have used. (If any one of the curvature invariants had been
singular at the Schwarzschild radius, then this singularity would of course have
been present in all coordinate systems.) Only a few years ago a coordinate system
was found that allows us to avoid talking about a Schwarzschild singularity, if
we are willing to allow the world an unusual topology. 20 To exhibit this reinterpretation of the Schwarzschild singularity, we introduce a new set of coordinates r', (}, <p,t', defined by
(8.8.1)

= tanh

2r't'
r'2 + t'2

(

t )
MG
2

(8.8.2)

where Tis an arbitrary constant. The Schwarzschild solution (8.2.12) then becomes

dr 2

3

3

= 32G M
2
(

rT

)

exp

(

-r)

-2GM

(dt' 2 - dr' 2) - r 2 d(}2 - r 2 sin 2

(}

d<p2
(8.8.3)

where r is now to be understood as a function of r' 2 - t' 2 defined by Eq. (8.8.1).
The metric is nonsingular as long as r 2 is well defined and positive-definite, that is,
as long as

r'2 > t'2 - T2
Hence, during the time interval O < t' < T, the metric is a perfectly smooth
finite function of r' for all real r'. Indeed, even g 00 and gq,q,do not vanish when
r' = 0, so that when we approach the origin r' = 0 there is nothing to keep us
from continuing right through to negative r' ! The space described by (8.3.3) is
therefore singularity-free, but consists of two identical sheets r' > 0 and r' < 0,
joined in a smooth way by a branch point at r' = 0. When t' reaches the time T
the two sheets detach from each other, and thereafter the metric has a real sin-

.Jt'

2
gularity at r' = ±
T 2 , that is, at r = 0. However, even so, the ·metric
has no singularity at the radius r' = t' that corresponds to the Schwarzschild
radius r = 2GM.
To repeat, this discussion of the Schwarzschild singularity does not apply to
any gravitational field actually known to exist anywhere in the universe. Indeed.
it does not even apply to gravitational collapse (see Section 11.9) because for
t' < T space is empty for all r', However, like Aesop's fables, it is useful because
it points to a moral, that what appears in one coordinate system to be a singularity
may in another coordinate system have quite a different interpretation.
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"I think Isaac Newton is
doing most of the driving
right now." Major William
A. Anders, during return
flight of first circumlunar
voyage, 12/26/68

9 POST-NEWTONIAN
CELESTIAL
MECHANICS

The Einstein field equations are nonlinear, and therefore cannot in general be
solved exactly. It is true that, by imposing the symmetry requirements of time
independence and spatial isotropy, we were able to find one useful exact solution,
the Schwarzschild metric, but we cannot actually make use of the full content of
this solution, because in fact the solar system is not static and isotropic. Indeed,
the Newtonian effects of the planets' gravitational fields are an order of magnitude
greater than the first corrections due to general relativity, and completely swamp
the higher corrections that are in principle provided by the exact Schwarzschild
solution.
What we need then is not to find more exact solutions, but rather to develop
some systematic approximation method that will not rely on any assumed symmetry properties of the system. There are two such methods that have been
particularly useful; they are called the post-Newtonian approximation 1 and the
weak-field approximation. The first is adapted to a system of slowly moving
particles bound together by gravitational forces, such as the solar system, and is
the subject of this chapter. The second method treats the fields in a lower order of
approximation but does not assume that the matter moves nonrelativistically;
it is therefore suited to handle the subject of gravitational radiation, and will be
discussed in the next chapter. There obviously is an area of overlap between the
two approximation methods, that is, for slowly moving particles moving in very
weak fields, but it is best to keep them separate because of their separate
applications.
The post-Newtonian approximation was historically derived 1 as a by-product
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of the study of the problem of motion: Do the equations of motion of massive
particles follow from the gravitational field equations alone? According to the
point of Yiew adopted in this book, the equations of motion in general relativity
should be derived from the equations of motion in special relativity and the Principle
approximation
of EquiYalence. Therefore, in this chapter the post-Newtonian
is discussed for its own sake, not as part of the problem of motion.

I

The Post-Newtonian Approximation

Consider a system of particles that, like the sun and planets, are bound together by their mutual gravitational attraction. Let M, r, and v be typical values
of the masses, separations, and velocities of these particles. It is a familiar result
of Newtonian mechanics that the typical kinetic energy !Mv 2 will be roughly of
the same order of magnitude as the typical potential energy GM2 fr, so
_2
v

GM

,..._,
--

(9.1.1)

r

(For instance, a test particle in a circular orbit of radius r about a central mass M
will have velocity v given in Newtonian mechanics by the exact formula v 2 =
GM/r.) The post-Newtonian approximation may be described as a method for
obtaining the motions of the system to one higher power of the small parameters
GM/rand v2 than given by Newtonian mechanics. It is sometimes referred to as
an expansion in inverse powers of the speed of light, but since in our units this
speed is unity we prefer to say that our expansion parameter is v2 , or equivalently,

GM/r.
We must begin by asking what we need. The equations of motion of the particles
are

From this we may compute the accelerations

as

dxi= (dt)-!:___[(dt)dxi]
2

1

~

&2

=

1

~

~

~

(dt)-dxi_ (dt)-dt dxi
dr dr dr dr dr
2

2

3

2

2

2
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This may be written in more detail as

·
-r'oo

+

· dxj
. dxj dxk
- 2r10· --- - r1 ~ -} dt
jk dt dt

+

[ro

2ro

OO

Oj

dxj
dt

+ ro.

dxj dxk] dxi
Jk dt dt dt

(9.1.2)

In the Newtonian approximation discussed in Section 3.4 we treated all velocities
as vanishingly small and kept only terms of first order in the difference between
gµv and the Minkowski tensor Y/µv' and we found

But g00 - 1 is of order GM/r,so the Newtonian approximation gives d 2 xi/dt 2 to
order GM/r2 , that is, to order v2 /r. Therefore our objective in using the post~Yewtonian approximation will be to compute d 2 xi/dt 2 to order v4 /r. Inspection of
(9.1.2) shows that we shall need the various components of the affine connection
to the following orders:
-4
.
v
We need r 100 to order -=r

.

v3
f

.

v2

We need r1 Oj to order

We need

r

We need

r 0 00 to

We need

r 0 Oj

We need

r Ojk to

jk to order r

1

order

to order

v3
r

v2
r

v

order -=
r

(9.1.3)

From our experience with the Schwarzschild solution, we expect that it
should be possible to find a coordinate system in which the metric tensor is nearly
equal to the Minkowski tensor Y/µv, the corrections being expandable in powers
of MG/r"' v2 . In particular, we expect
2

goo = - 1

+

4

goo

+

2

gij = bij
3

+

gij

goo

+ ···

(9.1.4)

4

+

gij

+

(9.1.5)

5

g iO = giO + giO +

. •.

(9.1.6)
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the symbol gµv denoting the term in gµv of order vN.Odd powers of v occur in
gi0 because giO must change sign under the time-reversal transformation t -----+--t.
The real justification for these expansions will come below when we show that they
lead to a consistent solution of the Einstein field equations.
The inverse of the metric tensor is defined by the equations
(9.1.7)
(9.1.8)
(9.1.9)

We expect that
goo
gii
giO

2

= _1 +
= bij
3

=

giO

+
+

+

goo

2

+

gii
5

giO

4

+ ...

goo

4

gij

(9.1.10)

+ ...

(9.1.11)

+ .,,

(9.l .12)

and inserting these expansions into the defining equations (9.1.7)-(9.1.9), we find
2

3

-gij

g

2

g ij --

iO

3

=

giO

etc.

(9.1.13)

The affine connection may now be obtained from the familiar formula

In computing rµ vJ.. we must take into account the fact that the scales of distance
and time in our systems are set by rand r/v,respectively, so the space and time
derivatives should be regarded as being of order
1

0

v

ot r
Using our estimates (9.1.4)-(9.1.6) and (9.1.10)-(9.1.13) we find that the components
rioo, rijk• and ro Oi have the expansions
2

4

rµVA = rµVA + rµVA +

...

(9.1.14)

while the components rioj, r 000, and r 0 ii have the expansions
3

5

rµVA = rµVA + rµVA +

...

.

0

0

(£or r'oj, r oo, r ij)

(9.1.15)
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the symbol

r\;,. denoting

the term in

rµ";,.
of order

2 15

vN/r. The components called for

by (9.1.3) are explicitly

(9.1.16)

(9.1.17)

(9.1.18)

(9.1.19)

(9.1.20)

(9.1.21)
1

roij

=

(9.1.22)

0

Evidently, we shall have to know the components gij to order v2 , gio to order
v3 , and g00 to order v4 . This should be contrasted with the Newtonian approximation, in which we needed g00 to order v2 and gi0 and gij only to zeroth order.
To calculate the Ricci tensor we shall use Eq. (6.1.5):

From (9.1.14) and the expansions (9.1.15) and (9.1.16) we find that the components
of Rµ" have the expansions:
2

Roo = Roo
3

Rw = Rw

4

+

Roo

+

Rw

+

Rij

2

Rij = Rij

5

+ ···

(9.1.23)

+ ...

(9.1.24)

+ ···

(9.1.25)

4
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N

where Rµv denotes the term in Rµv of order vN/r2. The terms we can calculate from
the "known" terms in the affine connection are

(9.1.26)

(9.1.27)

(9.1.28)

(9.1.29)

Using (9.1.16)-(9.1.21), these give
(9.1.30)

2

2

2

2

2

2

_ ! (agi!)
+ ! (ago?)
(ago?)
+ ! (ago?)
(agj!)
1 (ago?)
2

ax

ax
1

4

ax

ax

1

1

4

ax
1

ax
1

(9.1.31)
(9.1.32)
2
2
2
2
! a~goo.
+ ! a~gkk.
_ ! a gik._ ! a gkj.+ 1-v2;ij
1 2 ax ax1 2 axkax1 2 axkax
2 ax ax
2

~ij =

_

2

1

1

1

(9.1.33)

A tremendous simplification can be achieved at this point by choosing a
suitable coordinate system. We showed in Section 7.4 that it is always possible to
define the xµ so that they obey the harmonic coordinate conditions
(9.1.34)

Using (9.1.10)-(9.1.13) and (9.1.16)-(9.1.21),
third-order term in gµvr\vgives
2

0 =

we find that the vanishing of the

3

2

! agoo _ ago
i + ! agii
2

at

axi

2

at

(9.1.35)

1
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while the vanishing of the second-order term in gµvriµv gives
2

O=

2

2

! ago? + agi!
2 ax

_

2 ax

ax 1

1

! agi!

(9.1.36)

1

It follows that
2

3

! a2gii 2 at 2

2

a2gi0
axi at

2

+ ! a2goo =
2 at 2

3

0

2

a2gii - a2gw - a2gij =
at axi
axi axi
axi at

o

::-o(9.1.30)-(9.1.33) now give simplified formulas for the Ricci tensor:
(9.1.37)

(9.1.38)
3

3
2

(9.1.39)

Roi = !V Yio
2

2

Rij = ±V2gii

(9.1.40)

We are now ready to make use of the Einstein field equations, which we take
rn the form
(9.1.41)

From their interpretation as the energy density, momentum density, and momentum flux, we expect that T 00 , TiO, and Tii will have the expansions
0

Too = Too
1

TiO = TiO
2

Tij = Tii

+

+
+

2

Too
3

TiO
4

Tii

N

where Tµv denotes the term in Tµv of order

+ ...

(9.1.42)

+ ...

(9.1.43)

+ ···

(9.1.44)

(M/r3 )vN.

O

(In particular

T 00 is the

2

density of rest-mass, while T 00 is the nonrelativistic
What we need is

part of the energy density.)
(9.1.45)
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GM/ris of order v2 ,
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so (9.1.4)-(9.1.6) and (9.1.42)-(9.1.44) give
0

2

Soo

=

Soo

Sw

=

Sw

s

=

+

Soo

+

Sw

1

sµvdenotes

(9.1.46)

3

0

+ ...

(9.1.4 7)

2

s + s + ...
sµvof order MvN/r3 . In

ij

N

where

+ ···

the term in
0

(9.1.48)

ij

ij

particular

0

=

Soo
2

(9.1.49)

±Too
2

2

0

Soo = ±[Too - 2gooToo

+

2

Tii]

(9.1.50)
(9.1.51)

0

0

S ij =

+-21 u11
" .. Too

(9.1.52)

Using (9.1.37)-(9.1.40) and (9.1.46)-(9.1.52) in the field equations (9.1.41), we
find that the field equations in harmonic coordinates are indeed consistent with
the expansions we have been using, and give
2

v2goo

0

=

-8nGTOO

(9.1.53)
2

2

_(~eo?)
(ago~)
ax
OX

1

2

3

V 2gw =

2

8nG[Too

0

- 2gooToo

+

1

2

Tii]

(9.1.54)

1

+ 16nGTi

2

0

(9.1.55)

0

V 2gii = -8nG b;iT

00

(9.1.56)

From (9.1.53) we find as expected
2

(9.1.5i)

goo = -2¢

where ¢ is the Newtonian potential, defined by Poisson's equation
(9.1.58)
2

Also g00 must vanish at infinity, so the solution is
cp(x, t)

=

-G

f

0

d3x' Too(x', t)

Ix - x'I

(9.1.59)

1
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2

From (9.1.56) we find that the solution for

gij

that vanishes at infinity is

2
gij

= -2'5i/P,

(9.1.60)

3

On the other hand, g iOis a new vector potential , :

(9.1.61)
and the solution of (9.1.55) that vanishes at infinity is

r(x t) = -4G
i

'

f

1

TiO(x't) d3x'

Ix - x'I

(9.1.62)

Finally, we may simplify (9.1.54) by using (9.1.57), (9.1.58), and the identity

The result is
(9.1.63)
where ijJis a second potential

(9.1.64)
4

Again, g00 must vanish at infinity, so the solution is
(9.1.65)

The coordinate condition (9.1.35) imposes on ¢ and , the further relation

(9.1.66)

while the other coordinate condition (9.1.36) is now automatically satisfied. We
shall see in Section 3 that (9.1.66) is also satisfied by our solutions, by virtue of the
conservation conditions obeyed by Tµv.
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Using (9.1.57), (9.1.60), (9.1.61), and (9.1.63) m (9.1.16)-(9.1.22)
desired components of the affine connection

gives the

(9.1.67)

;i

~i

= ~

00

ax
!

(2fh2

1

.
OJ

=

'Y

+

,I,)

+ 8(i

(9.1.68)

at

1/J

(ac_a,j)_()..a¢

2 8xj

8xi

iJ

8t

(9.1.69)

(9.1.70)
(9.1.71)

(9.1.72)
As a bonus, we can now also calculate three additional terms in the affine connection that will play a role in post-Newtonian hydrodynamics:
(9.1.73)

(9.1.74)

81/1

5

ro oo = ~

at

+ {.

V¢

(9.1.75)

2 Particle and Photon Dynamics
Before continuing our calculation of the post-Newtonian metric, we shall
take a quick look back at the problem with which we started, that of computing
the acceleration of a freely falling particle to order v4 /r. (Detailed applications
of the post-Newtonian method are given in Sections 9.5-9.9.) Inserting the terms
(9.1.67)-(9.1.72) of the affine connection into (9.1.2) immediately gives the equation
of motion:

dv
dt

-V(¢

+

+

2¢ 2

+ 1/1)-

a,+

at

v x (V x ')

3v acp+ 4v(v · V)¢ - v 2 V¢

at

(9.2.1)
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In addition, we need to know how to convert the harmonic coordinate time t
into the proper time -r measured on a freely falling body of velocity v. By definition

To order

v4 , this

is
2

I - [v2

+

4

3

2

goo] - [goo + 2gwvi

+

giivivi]

or using (9.1.57), (9.1.60), (9.1.61), and (9.1.63):
d-r)2 = I
( dt

+

2
[2</>- v ]

+

2

2[</> + 1/1- { · v

+

2
<f>v]

The brackets enclose terms of order v2 and v4 . By using the power series expansion
of

.JI + x, we find to
d-r = I
dt

+

order v4 :

</>- -!v2 - i(2</> - v2)2

+ 4>2+

1/1- { . v

+ 4>v2

or

d-r
dt

I - L

(9.2.2)

where
(9.2.3)
Since J (d-r/dt) dt is stationary, we can regard L as the Lagrangian for a single
particle, and we can derive the equations of motion from the Lagrange equation
(9.2.4)
(Acting on </>or {, d/dt is to be taken as a/at + v · V.) The reader may readily
check that (9.2.4) agrees with Eq. (9.2.1).
The post-Newtonian fields can also be used to calculate the acceleration of a
photon in a gravitational field to order v2 • (Here v is of course not the photon
speed; it is the typical velocity of the material particles of the system.) Since the
velocity ui = dxi/dt of the photon is of order unity, Eq. (9.1.2) now gives its
acceleration as
2
2
2
·
·
du.1
~
+ 2uTI oo·U·
+ O(v)3
dt = -r'oo - r'.ku.uk
J
J
j
j
Using (9.l.67), (9.1. 70), and (9.1. 72), this gives

du
- = -(1
dt

+

u 2 )V</>+ 4u(u · V</>)+ Q(v 3 )
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We also note that the photon speed is given by the condition
O

dxµ dxv
dt dt

= -gµv -

=

1 - u2

+

2(1

+

+

Q(v

+ u 2 )¢ +

O(v 3 )

or

lul =

1

2¢

3

)

Hence to the required accuracy we can replace u 2 by unity
acceleration:
du
-2V¢ + 4u(u · V¢) + Q(v 3 )
dt

(9.2.5)
in the photon
(9.2.6)

It is somewhat more convenient to write this as an equation for the unit direction
vector ft

=u/lul:

du =
dt

3

a

The Energy-Momentum

x (ft x V¢)

+ O(v 3 )

(9.2.7)

Tensor

In order to complete the computational program outlined in Section 1, we
must show how to calculate the energy-momentum tensor Tµv that serves as the
source of the gravitational fields. We shall first consider how the conservation
laws of energy and momentum appear in the post-Newtonian approximation. In
general, the conservation laws read Tµv;µ = 0, or in more detail
(9.3.1)
The term of order

Mv/r4

with v = 0 gives

;oo+ ax
~ Tio= 0

£_

at

1

(9.3.2)

since all r's are at least of order v2 /r. This may be regarded as the law of conservation of mass; it should not surprise us to find mass conserved in the post-Newtonian
approximation, for a large rate of conversion of mass into energy would produce
temperatures at which the particles of the system moved relativistically, in conflict
with the assumption that v ~ 1. Apart from its intrinsic importance, Eq. (9.3.2)
is here indispensable to us, because it is needed for consistency of the harmonic
coordinate conditions. From (9.1.53) and (9.1.55), we see that (9.3.2) implies
2

3

0= v2(-2a2goo
+ ogo-!-)
= v2 (4
8¢
+ v. ,)
ot OX
at
1
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Cmust vanish at infinity, we conclude that

Since <Pand

thus verifying the coordinate condition (9.1.66).
Returning to Eq. (9.3.1), we find that the v = i term of order

Mv2 /r4

gives

or, using (9.1.67),
(9.3.3)

Since Tii is the flux of momentum, we recognize m this the conservation of
momentum; note that the right-hand side is just the Newtonian gravitational
0

force density, equal to the mass density T 00 times -V</J.
There are no other conservation laws which involve only the terms in Tµv
needed to calculate the fields in the post-Newtonian approximation,
that is,
0

2

1

2

only T 00 , T 00 , TiO, and Tii. Further, we note that the two conservation laws
(9.3.2) and (9.3.3) involve gµv only through <p,which can be calculated in the
.Xewtonian approximation.
Hence, the procedure to be followed is essentially
iterative. We must first solve the Newtonian equations of motion, use the solution
0

2

1

2

(plus the equations of state) to determine the terms T 00 , T 00 , TiO, and Tii,
compute the post-Newtonian fields 1/Jand C,recompute the motions of the particles,
and so on. It can be shown 1 that this procedure can be kept going; that is, to
compute the fields in the Nth approximation we need to know terms in Tµv that
satisfy conservation laws that involve the fields only in the (N - 1)th approximation. We shall content ourselves here with writing the conservation laws that
govern terms in Tµv of the next highest order than those appearing in (9.3.2) and
(9.3.3). The v = 0 term of (9.3.1) of order .Mv3 /r4 and the v = i term of (9.3.1)
of order .Mv4 /r 4 give
3

3

- (2ro oo
4

0

0

+ r\o)Too
2

2

-riooTOO - riooTOO

2

2

1

(3r oOi + ri Ji..)To;
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or using (9.1.67)-(9.1.72)

~

;oo+ ~ ;iO= ;ooo<p

ot

~ Joi + ~

at

ox
1

(9.3.4)

ot

OX1

;ij = _;oo
[~
(2¢2
OX

+ i/1)+ a,i] _ foo a~

at

1

OX1

_ foj[a'i _ a,j _ 4 ()..o</JJ
QXj

QXi

Qt

I}

(9.3.5)
2

3

4

As promised, the source terms T0 0 , Tio,and Tii,which would be needed to calculate
the post-post-Newtonian
fields, obey conservation laws that involve the metric
only to the post-Newtonian order.
We still need a model with which to calculate the energy-momentum tensor.
The simplest such model is that of an assembly of freely falling particles that
interact only gravitationally
and, perhaps, in localized collisions. From Eq.
(5.3.5) we have

T•'(x, t) = g- 1 /'(x, t)

~ m, d~?)

(d:e·)b(x 1

d~;t)

3

x,(t))

(9.3.6)

where mn, x!(t), and rn are the mass, space-time position, and proper time of the
nth particle, and -g is the determinant of gµv· An elementary calculation using
Eq. (4.7.5) gives
2

4

g=l+g+g+"·
N

where g is of order vN, and in particular
2
2
2
g = Ylµvgµv = -goo

2
gii =

+

-4</J

(9.3.7)

Using (9.3.7) and (9.2.3) in (9.3.6), we find
0

Too= L mnc53(x -

xn)

(9.3.8)

n
2

Too= L mn(</J+ Jvn 2)c53(x -

xn)

(9.3.9)

n
1

Tio= L mnvnic53(x-

xn)

(9.3.10)

- xn)

(9.3.11)

n
2

Tii = L mnv/v/c5 3(x
n

4 Multi pole Fields
where vn

=

22 5

dxn/dt. To impose the conservation laws, we must recall that

so

~ f 00 + ~

ot

~iO

= 0

OX1

1

2

i
~n __ J3(x

~ Toi + ~ Tii = ~ m

ot

f

OX1

dt

n

- x )
n

We see that the mass-conservation
equation (9.3.2) is automatically satisfied,
while the equation (9.3.3) of momentum conservation is satisfied if and only if
each particle obeys the Newtonian equation of motion:

(9.3.12)

The program for calculating the motion of a set of gravitating
therefore

point particles is

(A) Solve the Newtonian problem; that is, solve Eqs. (9.3.12) and (9.1.58)
for </J(x)and xn(t). (This is the only step that is not always straightforward.)
(B) Use the results of (A) and Eqs. (9.3.8)-(9.3.11) to compute the terms
0

2

1

2

T 00 , T 00 , TiO, Tii of the energy-momentum

tensor.
(C) Use the results of (A) and (B), and Eqs. (9.1.62) and (9.1.65), to compute
the post-Newtonian fields Cand 1/J.
(D) Use the results of (A) and (C) and Eq. (9.2.1) to calculate the postNewtonian corrections to the trajectories xn(t).
(E) And so on.

4

Multipole Fields

As a first example, let us calculate the gravitational field far away from an
arbitrary finite distribution of energy and momentum. Let Tµv(x, t) vanish for
r > R, where r = lxl. We may then expand the denominators Ix - x'I of Eqs.
(9.1.59), (9.1.62), and (9.1.65) in inverse powers of r/R
Ix - x

,

1-1

~

-1 + x~-·3x' + ...
r

r

(9.4.1)
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and we find
0

0

GM

Gx·D

cp~ - -r- -

+

-r3~

'i -__
1

4GP. l
r

~

0

(1)
(1)

1

2GxiJ..
___
Jl
r3

-

2

+

(9.4.2)

r3

0

-

(9.4.3)

r3

2

GM
ifi~---~~+o

Gx ·
r3

r

D (1)
-

(9.4.4)

r3

where
(9.4.5)

(9.4.6)

(9.4.7)
(9.4.8)

(9.4.9)

D2

I(

=

+

2
Too

x

2
Tii

+ - 1 a2,-1..)
_'P
d3x
4nG ot2

(9.4.10)

2

2
(The term o2 <f>/ot
does not contribute to M, because it equals -iV · (oC/ot),
and hence vanishes upon integration.)
The field 1/Jhas physical effects only through its presence in the expansion of g00 :

g00 = -1

-

2¢ -

21/J-

2¢

2

+

O(v 6 )

Evidently, we can take account of !/Jby simply replacing</> everywhere with ijJ + cf>.
That is, within the accuracy of the post-Newtonian approximation we may write

g00 = -1
Equations

-

2(¢

+

1/J)-

2(¢

+ !/J)2 +

O(v 6 )

(9.4.2) and (9.4.4) give the physically significant field

cp+

1/J~ ---

GM

r

where
0

M=M+M

2

(1)
-

Gx·D
-~+o
r3

r3

D=D+D
0

(9.4.11)

cp+ ijJas
(9.4.1 ~)

2

(9.4.13)

4 Multipole Fields
The quantity D does not represent an effect of physical importance,
just a displacement of the whole field, for (9.4.12) may be written
GM

<p+ ijJ ~ -

Ix - D/MI + O

(1)
r3

22]

but rather

(9.4.14)

We could have avoided the D term altogether by defining our coordinate system
with its origin at the center of energy. On the other hand, the 1/r and 1/r 2 terms
in the expansion (9.4.3) for , are true physical effects of great interest.
We can derive a number of useful properties of the moments of Tµv by making
use of energy and momentum conservation. From the mass-conservation equation
(9.3.2) it follows that in general
0

dM = O
dt

(9.4.15)

0
1

dD
-=P

(9.4.16)

dt

If the energy-momentum

tensor is time independent

then (9.3.2) reads

;iO= 0

_£__
axi

and therefore, integrating
0

=

by parts,

f xi_£___fjod3x

-f

0-2

=

ox

_}>i

(9.4.17)

1

i j O
xx-T

1 kO

QXk

3
dx--J

1

.. -J

I)

1

..

JI

(9.4.18)

1

The result that P vanishes for a static system is hardly surprising. The result that
1

Jii is antisymmetric

is not so obvious, and allows us to write it as
1

Jij

1

=

(9.4.19)

E\jkJk

1

where J k is the angular momentum

vector
(9.4.20)

Using (9.4.17) and (9.4.19) in (9.4.3) gives

c-!;(x

x J)

+

o (~)

(9.4.21)
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Our results (9.4.14) and (9.4.21) for cp+ t/Jand Chold generally only far from
the gravitating mass. However, they also hold right down to the surface of a
spherical distribution of energy and momentum. First suppose that Tµv(x, t)
depends on the position x only through the radius r
lxl. Then the factor
Ix - x' 1-1 can be replaced in (9.1.59), (9.1.62), and (9.1.65) with its angular
average, which for r > r' is

=

1
4n

I

1

df!

Ix - x'I = 2

f.n
0

[r 2

sin () d()
2rr' cos() + r' 2 ] 1 12

-

1
r

Hence everywhere outside the sphere the fields are
0

GM

<p

(9.4.22)

r
1

'=
"'=

- 4G-

1

p

(9.4.23)

r

2

GM

(9.4.24)

r

If the sphere is at rest, then P vanishes; in this case (9.1.57), (9.1.60), (9.1.61),
(9.1.63), and (9.4.13) give the metric as

rloo ~ -1

2MG

+ --

r

2M 2 G 2

- --- 2
r

(9.4.25)
(9.4.26)
(9.4.27)

This is in agreement with the exact Schwarzschild
coordinates by Eq. (8.2.15):
1 -

rloo

----

1

+

solution, given in harmonic

MG/r
MG/r

giO = 0

However, there is an important difference in the two derivations, in that the exact
Schwarzschild solution was derived in Section 7 .2 for a static spherically symmetric
system, while the post-Newtonian solution is valid for a system that can vary o,-er
times of order r/v.It will be shown in Section 11.7 that the Schwarzschild solution
is actually valid outside any spherically symmetric system, static or not.
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Now consider a system that is at rest and spherically symmetric, but rotates
with angular frequency ro(r). The momentum density is now given by
1

0

=

Ti 0 (x', t)

Equation

T

00

x x']i

(r')[w(r')

(9.4.28)

(9.1.62) then gives the field ( as

C(x) = -4G

f

[w(r') x x'J ;oo(r')

d4x'

(9.4.29)

x

for r' < r

(9.4.30)

(:;)x

for r' > r

(9.4.31)

Ix - x'I

The solid-angle integral is now

4nr'
( 3r 3

dD.'x'

f jx -

x'j

2
)

Thus, the field outside the sphere is
(9.4.32)
The integral may be expressed in terms of the angular momentum,
Eqs. (9.4.20) and (9.4.28) as
J =

=

f (x'
f [r'

= 8n

3

00

x [w(r') x x'J);
2

w(r')

-

f w(r')T

O
00

given by

(r') d4 x'

x'(x'
·

w(r'))J;

00

(r') d 3 x'

(r')r' 4 dr'

(9.4.33)

Thus (9.4.32) gives, everywhere outside the sphere,
2G

C(x) = -

r3

(x x J)

(9.4.34)

in agreement with the general asymptotic formula (9.4.21). The field inside a
hollow spinning sphere is given by (9.4.29) and (9.4.31) as

o

C(x) = x x

(9.4.35)

where
Q

- f w(r')T
=~l6nG
3

O

00

(r')r' dr'

(9.4.36)

The implications of this result for Mach's principle are discussed in Section 9.7.
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5

Precession of Perihelia

We shall now see how the post-Newtonian formalism developed in the last
four sections can be used to calculate the precession of planetary orbits in the
actual solar system, taking into account other planets, solar rotation, solar
oblateness, and so on. The potential </>+ 1/Jthat determines g00 [see Eq. (9.4.11)]
is overwhelmingly dominated by the spherically symmetric part -GM 0 /r of
the sun's contribution, so it is convenient to write
GM
= - ~r

<P + 1/J

+

0

(9.5.1)

e(X, t)

with e including not only the Newtonian potentials of the other planets but also
any quadrupole or higher terms in the sun's contribution to </>+ 1/J.The equation
of motion (9.2.1) of a point particle now reads

dv

GM x

- -- r30 +

dt

11 + O(v 6 )

(9.5.2)

with 11a small perturbation:
11 = - V(e

+

ac+ v

2

+

2¢ ) - -

at

x (V x

C)

3v o<f>
+ 4v(v · V)</>- v 2 V </>

at

(9.5.3)

By far the most convenient technique for calculating the precession of perihelia
is to compute the rate of change of the Runge-Lenz vector

A=
Here r

x

-M

0

= !xi, v = dx/dt, and h is the

+

G-

r

(v x h)

orbital angular momentum

h =xx

v

(9.5.4)
per unit mass:
(9.5.5)

If the perturbation 11in Eq. (9.5.2) were absent, then the orbit would be an ellipse,
described by the familiar formulas

r =

L
1

dcp
dt
dr
dt

- = e

(9.5.6)

+ e cos (cp
)LM
r2

J~

0

cpo)

G

M0G .
-sm (cp - cp0 )
L

(9.5.7)

(9.5.8)
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withe the eccentricity and L the semilatus rectum. (See Section 8.6. We are taking
the orbit to lie in the plane () = n/2, with perihelia at an azimuthal angle cp0 .)
Then h would be a constant vector normal to the orbit, with magnitude

lhl = )LM

0

G

(9.5.9)

and A would be a constant vector pointing toward perihelion, with magnitude
(9.5.10)

Thus, the rate of precession of perihelia dcp0 /dt caused by any perturbation is just
the component of the change dA/dt in the unit vector A
A/IA! along a direction
perpendicular to both A and h, that is

=

dA
dcpo
dt

~

~

dA
(h x A)·~=
dt

(9.5.11)

dt

(h x A).

jhjA2

(If dcp0 /dt is positive, then the precession is in the same sense as the direction of
the planet's motion.) A straightforward calculation gives for the rate of change of
A produced by the perturbation 'I in (9.5.2) the value

dA
= 'I x h
dt

~

+

(9.5.12)

v x (x x q)

Note that dA/dt and hence dcp0 /dt is linear in 'I, so dcp0 /dt is correctly calculated by
adding up the precessions produced by each small term in 'I·
The largest term in 'I is the part of -Ve arising from the Newtonian potentials
of the other planets. We shall make no attempt to calculate this term; the experts
tell us that it produces a precession dcp0 /dt, which for Mercury is about 532" per
century. (See Section 8.6.) The next largest term is obtained from the relativistic
corrections in Eq. (9.5.3), setting cpand Cequal to the values they would have for
a spherical nonrotating sun:

r

Co= o

(9.5.13)

Then (9.5.3) gives

+

'I = -2Vcf>t

Using (9.5.12)-(9.5.14)

4v(v · V)cp0

-

v 2 Vcp0

(9.5.14)

and (9.5.6)-(9.5.10) in (9.5.11) gives the precession as

dcpo
dt
x {7[1

+

e cos (cp - cp0 )]

+

[l

2

+ 4[1 + e cos (cp + e cos (cp - cp0 )] 4 }

cp0 )]3
cos (cp - cp0 )

(9.5.15)
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Since cp0 changes slowly, the change in cp0 in one revolution can be determined
by integrating dcp0 /dt over one period, keeping cp0 fixed in the integrand, and using
for dcp/dt the Keplerian formulas (9.5.6)-(9.5.10). This gives for the precession per
revolution

!1cp0 =

i

in

o

dcp0 dt

~

-

L2
dcp = -

dt dcp

iin

dcp

~__Q

k

[l

+

dt

O

e cos (cp - cp0 )]-

Most terms drop out on performing the angular integration,

2

dcp

(9.5.16)

and we are left with
(9.5.17)

in agreement with our earlier result, Eq. (8.6.11).
As an example of another small term in the precession, let us calculate the
effect of the field Cproduced by the sun's rotation. According to (9.4.34), this field is
2G
(x x J 0
r3

C= This contributes

(9.5.18)

)

to the acceleration dv/dt an amount given by (9.5.3) as

(9.5.19)
and (9.5.12) tells us that this causes A to change at a rate
dA
dt

= -6Gh(v · x)(x · J 0 )r-

5

-

2G(v x J 0 )(x · v)r-

3

(9.5.20)
For simplicity we will take the sun's axis of rotation to be normal to the plane of
the planet's orbit, so that J 0 is parallel to h. Using (9.5.20) and (9.5.6)-(9.5.10)
in (9.5.11) gives for the rate of precession

d<po=

dt

2 0 2
J k {-[l
M 0 L 4e

+

e cos (cp - cp0 )] 2 e sin 2 (cp - cpo)

- [l

+

e cos (cp - cp0 )] 3 [e

+

cos (cp - cp0 )]}

(9.5.21)

and (9.5.16) then gives for the precession per revolution

13.cpo=

-8nJ
---

0

MoL2

k

-

(9.5.22)

The sun is generally supposed to ha n~ an angular momentum J O ~ 1. 7 x
1048 g cm 2 sec - 1 , and its mass is Mc = 1.99 x 10 3 3 g, so in our natural units
with 1 sec = 3 x 10 10 cm we have
J

_Q_

Mo

~

0.28 km
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Also, the orbit of Mercury has L = 55.5 x 10 6 km and h = 9.03 x 10 3 km, so
the field, would contribute to the precession of Mercury's perihelia an amount

l.i<p0 ~
or in more conventional

-

2.06 x 10-

11

radians/revolution

terms

l.i<p0 ~ -17.6

x 10-

4

arc-sec/century

Even if Dicke and Goldenberg are right, and the sun has an angular momentum
25 times larger than generally believed, the precession caused by , is still only of
order 0.04" per century, too small to be measured.
Perhaps it should be stressed again that the total precession is to be calculated
by adding the Newtonian term 532" per century, plus the Einstein term (9.5.17),
plus the, term (9.5.22), plus a Newtonian term arising from any oblateness of the
sun, plus a term arising from the contribution of the sun's rotation to the anisotropic part of 1/J,plus terms arising from post-Newtonian corrections to the perturbations caused by other planets. Only the Newtonian terms and the Einstein term
(9.5.17) are large enough to be measured.

6

Precession of Orbiting Gyroscopes

We saw in Section 5.1 that the spin SJL of a particle
according to the equation of parallel transport:

in free fall precesses

(9.6.1)
A few years ago Pugh 2 and Schiff 3 suggested that a gyroscope might be placed in
orbit around the earth, and the precession of its spin vector be used to measure the
fine details of the earth's gravitational field. Schiff made use of a calculational
method developed by Papapetrou 4 and Fock 5 in which the motion is first calculated
for an extended spinning body and then evaluated in the limit as the body size
goes to zero. We shall instead treat the gyroscope as a point particle from the
beginning, because for such particles the Principle of Equivalence tells us that there
is a locally inertial frame of reference in which the spin does not precess, and we
can use Eq. (9.6.1) as the translation of this statement into a general coordinate
system.
The spin four-vector SJL is defined to remain orthogonal to the ,-elocity
dxJL/dr:

dxJL
-S
dr JL

O
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[See Eq. (5.1.9).J In other words
(9.6.2)

We setµ
gives

= i in (9.6.1), multiply with dr/dt, and use (9.6.2) to eliminate S 0 ; this
(9.6.3)

The post-Newtonian
sj on the right-hand

approximation will allow us to evaluate the coefficient of
side to order v3 /r:
dS.1
dt

3 .

'.::::

[P·oI -

2

r

o

.
·oV1

I

2 .

+ p.kv
I

k

JS.J

(9.6.4)

1

(The last term drops out because there is no r 0 ik·) The components of the affine
connection are provided by Eqs. (9.1.69), (9.1.70), and (9.1.72). We find

dS
dt "'
-

.1s
x
2

(V x ') - S a<jJ- 2(v · S)V"' - S(v · V"-) + v(8 · V"')

at

<.p

<.p

<.p

(9.6.5)

To solve (9.6.5), we make use of the fact that parallel transport
value of SµSµ, so that [see Eq. (5.1.10)]
<},__(gllVS S)
µ v

dt

preserves the

= 0

(9.6.6)

The rate of change of 8 is seen from (9.6.4) to be of order 8 times v3 /r, so we need
only keep those terms in gµv - 17µvwhose rate of change is comparable as seen
by a particle moving with velocity v, that is, those terms whose gradient is of
2

order (v2 /r). Hence gµv may be replaced in Eq. (9.6.6) with 17µv+ gµv. Further2

more (S0 ) 2 is already of order v2 with respect to S2, so we need not keep g 00 . Thus.
to the order needed here, we expect that (9.6.5) will have the integral
8 2 + 2¢8

2

-

(v · 8) 2 = constant

(9.6.7)

This suggests that we should introduce a new spin vector ff by
S
so that to order

v2 S2, (9.6.5)

= (1 - ¢)ff+

!v(v·ff)

(9.6.8)

reads
ff

2

= constant

(9.6.9)

To the required order, we can invert (9.6.8) to read
ff=

(1 + ¢)8 - }v(v·8)

(9.6.10)
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The rate of change of ff is given to order (v 3 /r)S by treating Sas constant everywhere it appears with coefficients of order v2 , and setting dv/dt ~ -V</J. We then
find
dff
dt

) + !V</J(v· S) + fv(S · V</J)
= -dS + S (a<jJ
- + v · V</J
dt

at

and inserting (9.6.5), we find to order (v 3 /r)f/:
dff
-=nxff
dt

(9.6.11)

where

n

= -t

vx

' - !v x

v<P

(9.6.12)

Eq. (9.6.11) shows that ff just precesses at a rate l!ll around the direction of !l,
with no change in magnitude, thus verifying (9.6.9).
What does this have to do with the measurement of the precession of a
gyroscope in free fall? The answer as always is to be sought by reference to the
method actually used to measure the effect. In the present case the spin direction
of the gyroscope is monitored by measuring, in the inertial frame moving with the
gyroscope, the angles() between the spin Sgof the gyroscope in this frame and the
velocity vectors ug of light rays from one or more distant stars:

(9.6.13)
(This angle can be measured by focusing the star's
electric cells fixed to the gyroscope, in such a way
image to move over the cells, producing a change
In the inertial frame of the gyroscope, light moves

image on an array of photothat a change in 8 causes the
in the photoelectric current.)
with unit velocity

the time component of Sgµ vanishes [see Eq. (9.6.2)
SgO = 0

and the vector Sghas constant magnitude

!Sg!=

(SgµS/)112

Thus, the measured angles() can be expressed in the form
(9.6.14)
This is now an invariant, so we are no longer restricted to the rather inconvenient
inertial coordinate system fixed to the gyroscope, but can use for Sµ and uµ the
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spin and light-velocity four-vectors in any convenient coordinate system, such as
the reference frame fixed to the earth. In this frame we have for the velocity
four-vector of the starlight ray:

ui = u~
u

0

=

1

+

+

c5ui

c5u0

where u 00 is a fixed unit vector giving the light velocity far from the earth, and
c5uµis a correction of order M <:BG/r
,..,,v2, arising from the effect of the earth's
gravitational field on the speed and direction of light rays. Also, Eqs. (9.6.10)
and (9.6.2) give, to order v2 ,

Si = !/i - <fJ!/i + tvi(v · ff)
8 0 = -v

+

· ff

Thus (9.6.14) gives the measured angle

cos() ~

ff·

[u 00

-

v

+

O(v 4 )

+

fv(v · u 00 )]

O(v 3 )

e as
+ bu

- </Ju00

(9.6.15)

where ff = ff/lffl.
The term -v represents the aberration of starlight, an important effect known since the eighteenth century, which certainly must be taken
into account. Apart from this term, cos 8 evidently changes with time because
c5u, </J,and v change as the gyroscope revolves about the earth, and also because
!}' precesses with angular frequency !l. Indeed, these fractional changes in cos ()
produced by the variations in each of c5u,</J,v, and ff in the course of one revolution
are, aside from aberration, all of order v2 [see Eqs. (8.5.8) and (9.6.12)], so in
order to measure the precession of ff in one revolution of the gyroscope it would
be necessary to measure () to an accuracy of order 10 - 1 0 radians, and even then
we would have to disentangle the effect of the bending c5uof starlight and the other
terms in (9.6.15) in order to interpret the result as a spin precession. Fortunately,
there is one property of the spin precession· that distinguishes it from all other
effects: it is cumulative. After a large number N of revolutions, the spin direction
!/ will have changed by an amount of order Nv2, while bu, </J,and v(v · u 00 ) will
still be of order v2 , so to a good approximation the change in() will, after aberration
is taken into account, be just given by the change in 9':
L\ (cos 8) ~ u 00

•

!).(/

(9.6.16)

Our conclusion then is that the precession !l of ff is a directly measurable effect,
provided we have the patience to wait for the gyroscope to complete many
revolutions about the ~arth.
Returning now to the problem of calculating !l: if we regard the earth as a
rotating sphere at rest, the fields , and <jJcan be taken from (9.4.34) and (9.4.22):
<P =

_ GM<:B
r
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The precession frequency (9.6.12) is therefore
,Q,

=

+

3Gx(x. J EB)r-s - GJ EBr-3

3GM EB(xx v)
2r 3

(9.6.17)

The last term, which depends only upon the mass of the earth but not its spin,
is called the geodetic precession; 6 it is essentially just the Thomas precession caused
by gravitation. (See Section 5.1.) The first two terms represent an interaction
between the spin orbital angular momenta of the earth and the gyroscope, analogous
to the hyperfine interaction of atomic physics. If for simplicity we take the gyroscope's orbit to be a circle of radius r with unit normal h, then the gyroscope's
velocity is
v

M

= - ( r~

0)112
(x x

(9.6.18)

h)

and the precession rate, averaged over a revolution, is
(9.6.19)
Both terms are maximized by taking r as small as possible, that is, about equal to
the radius R EBof the earth. At these low altitudes the ratio of the first "hyperfine"
term to the second "geodetic" term is of order
hyperfine "' ---~--- J EBG
1 2
geodetic
3(M EB
G) 3 12 R EB
I

6.5 x 10-

3

(9.6.20)

so the main effect is a precession of the spin around the orbital angular momentum
h, with average rate

( IOI)

~

3(M

G)3;2
EB
~ 8.4
2r 5 12

(R)s12sec/year
________§?

r

(9.6.21)

This should be measurable. 7 In order to detect the small "hyperfine" precession,
one might direct the spin axis of the gyroscope along the direction ii normal to the
plane of the orbit; in this case the terms in .Q parallel to h have no effect [see
Eq. (9.6.11)] so the effective precession is just around J EB:
(9.6.22)
with magnitude

l(U),rrl - 0.055

y

(Rr"'sec/year

(9.6.23)

In order to maximize the effect of this tiny precession, one would like to have the
spin axis of the gyroscope perpendicular to J EB; since it must also be perpendicular
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to the plane of the orbit, the best arrangement would be to place the gyroscope in
a polar orbit, with its spin axis parallel to the equatorial plane of the earth.
As usual, the effect of putting the satellite in an eccentric orbit would simply
be to replace the radius r everywhere with the semilatus rectum L. It is also easy
to take into account the effect of a possible departure from Einstein's field equations.
The Robertson expansion (8.3.1) for a general static spherically symmetric metric
in isotropic coordinates gives (with a
1)

=

2

2

goo

= -2¢

gij

= -2ycpbij

where</> as usual is -GM/randy
is a dimensionless constant that in Einstein's
theory would be unity. Referring back to (9.1.18), (9.1.19), and (9.1.21), we see
that now

Using these in (9.6.4) gives for the rate of change of spin

dS
-

dt

=

-(1

+

y)(v · S)Vcp -

y(v · V<f>)S+ y(S · V<f>)v

As before, it is convenient to introduce a spin vector of constant magnitude, which
now is

= (1 + ycp)S -

ff

fv(v · S)

Again, [/' just precesses about a vector !l

but now

n

is given by
.Q

= -(} +

y)(v x Vcp)

Thus, the effect of a modification of Einstein's
precession is simply to multiply it with a factor
(1

+

field equations

(9.6.24)
on the geodetic

2y)

3
In order to calculate the effects on !l of a modification of Einstein's field equations
in a system that is not static and spherically symmetric, it would be necessary to
know the details of the new theory; we shall return to this problem in Section 9.9.
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Spin Precession and Mach's Principle*

The spin precession effects calculated in the last section have a remarkable
interpretation in terms of the ideas of Ernst Mach discussed in Section 1.3. Recall
that the spin of a freely falling gyroscope does not precess in an inertial coordinate
system that moves along with the gyroscope; this after all is just the meaning of
Eq. (9.6.1) of parallel transport. Thus, the precession !l of a gyroscope in another
frame, say one fixed to the earth, arises entirely from a rotation of the inertial
frame carried by the gyroscope with respect to earth and the distant stars, with
angular frequency n. This is why n does not depend on the rate of the gyroscope's
spin; any vector that keeps a fixed direction in an inertial system will appear to
precess in the "lab" or earth system with angular frequency !l given by Eq.
(9.6.12).
Why should the inertial frame that falls with the gyroscope rotate with respect
to the distant stars? Mach tells us that inertial forces arise from accelerations,
including rotations, with respect to the total matter of the universe, so a reference
frame will be inertial if it is not accelerating with respect to some average cosmic
distribution of matter. Normally this means that the inertial frames do not rotate
with respect to the distant stars. However, an observer on a gyroscope orbiting the
earth sees a mass distribution consisting, not only of the distant stars, but also
of a large sphere called the earth, which appears to revolve around the gyroscope
once every 90 minutes or so, and which also rotates on its own axis. Thus the
inertial frames fixed to the gyroscope have to reach some sort of compromise
between following the distant stars and following the earth; it tries to rotate in
the same direction as the rotation and apparent revolution of the earth, but lags
far behind, the distant stars always winning the struggle.
The rather vague ideas of this sort that are ~suggested by Mach's principle
find their concrete, expression in detailed calculations based on the Principle of
Equivalence. We saw in Eq. (9.6.19) that the precession of an orbiting gyroscope,
and hence the rotation of the inertial frame it carries, consists of a small "geodetic"
term parallel to the 6rbital angular momentum h, and an even smaller "hyperfine"
term parallel to the component of the earth's spin J EB perpendicular to h. Thus
the rotation and apparent revolution of the earth about the gyroscope do seem
slightly to drag along the inertial frame that falls with the gyroscope.
This effect may be seen more clearly in a thought-experiment
discussed by
Lense and Thirring 8 shortly after the advent of general relativity. They considered
a hollow spherical shell that rotates rigidly with angular velocity w. According
to Eq. (9.4.35), the metric field , inside the sphere is

,=xxn
where

n = -4¢• This section lies somewhat
reading.

(1)

3

out of the book's main line of development,

and may be omitted
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with

<jJthe

Celestial Mechanics

constant gravitational
<jJ =

potential inside the sphere

I

-4rrG

f

00

(r')r' dr'

shell

Equation (9.6.12) then tells us that any inertial frame inside the sphere rotates
with angular velocity n.
\Ve note that n is parallel to w, but smaller by the dimensionless factor
-4</J/3.
It is therefore interesting to ask what would happen if the shell were made
so massive that <jJapproached a value of order -l Would the inertial frames inside
the shell decouple entirely from the distant stars 3:nd follow the shell, rotating with
frequency w? (We catch an echo of Mach's remark about Newton's water bucket
experiment quoted in Section 1.3, "No one is competent to say how the experiment
would turn out if the sides of the vessel increased in thickness and mass until they
were several leagues thick.") Unfortunately, the post-Newtonian method breaks
down just when this problem becomes interest_ing, when l</JI
is of order unity.
An exact solution of Einstein's equations that looks like the metric outside a
spinning sphere has been found by Kerr ;9 it is of the form

-dr

2

2MGp
= - dt 2 + dx 2 + -----------(p4

2

x [p x · dx

+

+

+

(x. a)2)(p2

p dx · (a x x)

+

a2)2

(a· x)(a · dx)

+

(p 2

+

a 2)p dt] 2

where xis a quasi-Euclidean three-vector; a is a constant vector; scalar products
x · a, x 2 , and so on, are defined as in Euclidean geometry; and p is defined by
p4 -

where as usual, r 2
become

_

(r2 - a2}p2 -

x 2 • For r

goo

g01

--* -

2
-

--*

(a. x)2

oo, we have p

1+ 211J
--

G

r

+O

--*

=

0

r, and the metric coefficients

(rl
)

2

:,G
{x,+ ; (a x x),} + 0 (r1,)

A straightforward calculation, using Eqs. (7.6.22)-(7.6.24), shows that the total
momentum, energy, and angular momentum of the system and its gravitational
field are

P=O
po=

M

J = Ma
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Unfortunately, it has not yet been possible to show that this exact exterior solution
fits smoothly to an exact solution inside a spinning sphere. Recently Brill and
Cohen 10 have found a solution for a very thin rotating spherical shell, which is
valid both inside and outside the shell to lowest order in the rotation frequency
w but to all orders in the shell mass M, and which satisfies the correct continuity
conditions across the shell radius R. The solution is

-dr

2

-H(r) dt 2

+

J(r) [dr2

+

r 2 d8 2

+

r 2 sin 2

e (d<p-

Q(r) dt) 2 ]

where

H(r) =

G~ :::;:)'

t{(l

2

1 - 2MG/R)
( 1 + 2MG/R

J(r) =

(1

+
+

2MG/r)
2MG/R)

(r > R)

(r < R)

4

(r > R)

4

(r < R)

Inside the sphere the angular velocity Q(r) is a constant

n=

w [l

+

3(R - 2MG)J4MG(l + /3)

i

(r < R)

with f3a dimensionless constant that depends on the relative contributions of
Tii and T 00 to the shell's gravitational mass. We get an inertial coordinate system
inside the sphere if we define new coordinates

t' = ~Ht

r' = ~Jr

cp' = <p-

nt

so n is the rotation frequency (in t units) of the inertial frames within the shell
with respect to the Minkowski metric at infinity. When MG is small and f3is
small n/w approaches the post-Newtonian value 4MG/3R, but when MG is so
large that the Schwarzschild radius 2MG of the shell approaches the shell radius
R the ratio 0./w approaches unity, as Mach might have expected.

8

Post-Newtonian

Hydrodynamics*

The post-Newtonian program outlined in Sections 9.1-9.3 would form an
adequate basis for relativistic celestial mechanics if the sun and planets could be
regarded as point particles. However, this is not the case; for instance, the tidal
forces on the moon due to its finite size are very much larger than the effects of the
post-Newtonian corrections to the earth's gravitational field. Often such finitesize effedis may be calculated to sufficient accuracy if we treat astronomical bodies
• This section lies somewhat
reading.

out of the book's main line of development,

and may be omitted

in a first
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as composed of perfect fluids.
Eq. (5.4.2):

11

The energy-momentum

tensor is then given by
(9.8.1)

where p and pare the proper pressure and energy density, that is, those measured
by a locally comoving and freely falling observer, and Uµ is the four-vector velocity
dxµ/dr. (Of course, p and p vanish except within the sun and planets.) To calculate
uµwe set
(9.8.2)
and we calculate U 0 from (9.2.2):

U 0 = dt = 1 dr

<jJ

+ tv2 + O(v4 )

(9.8.3)

The program for calculating the motion of the fluid depends crucially on
whether there is an equation of state giving pas a function of p, as is the case for
the cold degenerate fluids studied in Chapter 11, or whether p depends on temperature as well. If the pressure is a function of p alone, then our program is
essentially the same as in Section 9.3:
(A) First solve the Newtonian problem. The pressure is to be regarded as of
order v2 M/r3,so the necessary components of the energy-momentum tensor are
given by (9.8.1)-(9.8.3) as
0

Too=

p

(9.8.4)

1

Tio

= pvi

(9.8.5)

= pbii + pvivi

(9.8.6)

2

Tii

The Newtonian equations of motion are provided by using (9.8.4)-(9.8.6) in the
mass- and momentum-conservation
equations (9.3.2) and (9.3.3):

ap +

at

V · (pv)

a
~ (pv) + V · (pvv)
at

= 0

= -pV</J - Vp

with p given as a function of p by the equation of state, and with
by Poisson's equation (9.3.12):

(9.8.7)
(9.8.8)
<jJdetermined

(9.8.9)
(B) Use the values of p, p, v, and <jJdetermined in (A) to calculate the terms
(9.8.4)-(9.8.6) of Tµv, and also to calculate
2

Too = p(v2 - 2</J)

(9.8.10)
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(C) Use the results of (A) and (B) and Eqs. (9.1.62) and (9.1.65), to compute
the post-Newtonian fields, and i/J.
(D) Solve for p, p, and v in the post-Newtonian approximation. The energymomentum tensor is given to the necessary order by (9.8.1)-(9.8.3) as
0

+

Too
1

TiO
2

Tii

3

+

TiO = (p

4

+

Tii

=

2

+

pl\j(l

+

Too = p(l

v2 -

+ p + v 2p

2</>) + vivi(p

2</>)

(9.8.11)

- 2<f>p)v

+p

(9.8.12)

- 2</>p+ <f>v2)

(9.8.13)

and the post-Newtonian equations of motion are obtained by using (9.8.11)(9.8.13) in the energy and momentum conservation equations, (9.3.2) plus (9.3.4)
and (9.3.3) plus (9.3.5):

!}_[p(l

at
[v(p

c___

ct

- v 2 - 2</>)] +

+ p + v 2p

v. [v(p + p +

- 2</>p)] + V · [vv(p
-

+

V[p(l

- p(v 2
-

(3p

-

+

+

v 2 p - 2</>p)] = p o<f> (9.8.14)

at

p - 2<f>p+ <f>v2)]

2</>)] -

2¢)V¢

pV(</>+ 2¢

+ pv

2

+ i/J)-

x (V x ')

+

2
pv )V</> + 4pV<f>+ 4pv(v ·

p

~
at

4pv o<f>

V</>)

at

(9.8.15)

(E) And so on.
Matters are more complicated when the temperature is an independent
,·ariable. We now need one additional equation at every stage in the calculation,
which is provided for us by an equation of continuity
(9.8.16)

whereµ is a rest-mass density proportional to the number density of particles in
the fluid. [Compare Eq. (5.2.14).] It may be assumed that the pressure is given
by the equation of state as a function of bothµ and an energy density e = Q(v 2 )
defined by
Too
µUo + e
(9.8.17)

=

Our equations are then the continuity equation (9.8.16), the momentum-conservaequation, which after
tion equation (Tµi);µ = 0, and an energy-conservation
:,ubtracting (9.8.16) may be written

!!_.Jie + ~ .Jg[TiO - µUi] = - .Jg rivTµv
OX

ot

1

(9.8.18)
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However, now we use the energy-conservation equation to one higher order in v2
at every step: In the Newtonian approximation we use the continuity equation
equation to order v2, and the energyto order v, the momentum-conservation
conservation equation to order v3 , while in the post-Newtonian approximation
we use continuity to order v3 , momentum conservation to order v4, and energy
conserrntion to order v5 . Without writing out these equations in detail we may
note that this program is possible, because in the Newtonian calculation we need
3

r 0 00

2

and

r 0 w, which

are given by (9.1.71) and (9.1.72) in terms of</>alone, while
5

4

in the post-Newtonian calculation we also need r 0 00 , r 0 w, and
giwn by (9.1.73)-(9.1.75) in terms of the post-Newtonian fields.

9

3

r 0 ii'

which are

Approximate Solutions to the Brans-Dicke Theory

In order to test general relativity, it is useful to have in mind some other theory
with which to compare it. The Brans-Dicke theory described in Section 7 .3 is
identical with general relativity in the physical interpretation
of the metric
gµv, and differs only in that a new scalar field </>enters the gravitational field
equations. In order to avoid confusion with the Newtonian potential, we shall
write the Brans-Dicke scalar field </>as f§- 1 (1 + ~),with f§ a constant of order G.
and~ a scalar field defined by

~µ

=
3

; ;µ

8nf§ Tµ
+ 2w µ

(9.9.1)

for

(9.9.2)

r--+

oo

(See Eq. (7.3.13). We have dropped the subscript M, but Tµv should be understood
as the energy-momentum tensor of matter, excluding~- Also, w is a dimensionles:::
constant, perhaps of order 6.) The gravitational field equations are given by Eq.
(7.3.14) as

+ ~)-1 Tµv
w(l + ~)-2((i;v
1
(1 + ~)- ((µ;v -

Rµv - }gµvR = -8nf§(l
-

By using (9.9.1) to determine
rewrite this in the form

R,, -

~t:P'and
+ !r

-8rr\9'(1

- w(l

+

1

[

~)-2(i:"v

contracting

- }gµv(it)

gµv~tp)

(9.9.3) to find R, we can

1',, - g,,T', (;:,,:
- (1

+

(9.9.3)

~)-l(µ;v

1
3

)

J
(9.9.4)
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It follows from (9.9.1) and (9.9.2) that
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has the expansion
(9.9.5)

N

where~ is or order vN,and in particular

v2~=

_

3

Sn<§
+ 2w

foo

(9.9.6)

The field equations are now given by (9.9.4)-(9.9.6) and (9.1.37)-(9.1.40) as

(2w + 4)
Vgoo = -8rc<§
Too
2w + 3
2

0

2

+
+

Sn<§(2w
2w

(9.9.7)

4)~; Src<§fu
(2w+ 2)
+

+
+3

00

_

2w

3

16rc<§;oofoo
(2w + 4) - 8rc<§
(2w + 4)foo
2w

+

2w

3

+

3

(9.9.8)
2

V

2 ;i0

=

16rc<§fi0
- 2axl
O~~
at

(9.9.9)
2

v22 g ij

-

-Sn<§;ooJ, ..1

(2w
+ 2)-2~2w + 3
ox'ax
1

(9.9.10)

From (9.9.7) it follows that the gravitational constant measured by observation
of slowly moving particles or in time dilation experiments is not <:§, but rather is
G

=

(2w+ 4)cg
2w

+

(9.9.11)

3

2

That is, we have the usual relation between g00 and the Xewtonian potential</>
(9.9.12)
provided we define </>by
(9.9.13)
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Also, it follows from (9.9.6) and (9.9.13) that

4

3

2

and the field equations for g00 , gw, and gij are

v2;00 =

-2

(OJ+
OJ

- 8nG

+

!)~!!!
ot

('20J
+ 5)(V</>)2
+2
2 + 2) }ii
8nG ( 0J

a_2</>
.- 2

2~i

2

2

ox'ox
1

[4+ - +1-]2

<f>;oo-

20J + 4

OJ

- 8nG;oo -

v2;iO=

16nG

20J

(OJ+

2) 2

OJ

(8</>)2

(9.9.14)

at

(20J
+ 3)~iO+ _2_ a2_</>

V 2 ;ii = -8nGf

20J + 4
00

OJ

1
2

J .. (OJ+ ) +
OJ

I)

+

(9.9.15)

+ 2 ax'at
2

(OJ

+

2)

~

(9.9.16)

QXj 0Xj

As an example, let us consider the field of a static spherically symmetric
mass. The Newtonian potential is then a function of r alone, and (9.9.16) gives
2
gij

= -2bii

(OJ
-- +

1) + -- +2 {(bij -

0J + 2

</>

2

OJ

1fr r

1 1
-3
-3x.x.)
~
r2
r

2

<f>(r)dr

0

+ x.x.<f>}
- 211
-

r

(9.9.17)
Outside the mass, we have

MG

</>=

(9.9.18)

r

and so (9.9.17) gives

+

2MGR
OJ

+

2

(bii _ 3xixi)

2

r2

~
r

(9.9.19)

3

where R is an effective radius, defined by
(9.9.20)
(The integrand vanishes outside the mass, so we are free to change its upper limit
from r to oo.) Using (9.9.18) and (9.9.19) in (9.9.14) gives
4
2(20J + 3)M 2 G 2
V2goo= - ~----4
(OJ + 2)r

24M 2G2R 2
(OJ

+

2)r 6
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The solution is
(9.9.21)

where K is a dimensionless constant, which must be determined by the condition
that the exterior solution (9.9.21) fit smoothly onto a nonsingular internal solution.
The results (9.9.19)-(9.9.21) make it appear that the gravitational field outside
a spherical static mass depends upon the size and distribution of the mass. However, this size-dependent effect can be eliminated by a suitable redefinition of
Mandx

M[l_K~GJ
, [l + + J
M' =

(9.9.22)

2

MGR
(w
2)r3

x = x

(9.9.23)

The last two terms in (9.9.21) and the last term in (9.9.19) are then cancelled by
2

0

the changes in g 00 and gii• and so, dropping primes, we now have
2MG

(9.9.24)

r

+ 3)M 2 G2
2
(w + 2)r

(2w

; . = (2w

w

iJ

(9.9.25)

1)MG b .. + w_!{G+

+
+2

r

iJ

xixi

2 r3

(9.9.26)

Thus the Brans-Dicke theory shares the property of the Einstein theory, that the
gravitational field outside a static spherically symmetric mass depends on M,
but not on any other property of the mass.
This solution may be compared with the general Robertson expansion (8.3.7)
1) gives
in harmonic coordinates, which (with (X

=

2

2MG
goo= -r
4

goo

=

M2G2

-(y

-

1

2

gij

= (3 Y - l) uijx

+ 2/3)--r2
MG
-

r

+

(l

-

Thus the Brans-Dicke results (9.9.24)-(9.9.26)
formulas for the Robertson parameters
y=--

w+l
w+2

/3=

MG
Y) -- xixi
3
r

can be summarized

1

by gi~ing

(9.9.27)
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These formulas were already used in the last chapter to compare the Brans-Dicke
theory with experiment.
3

We also note that the element g;0
static system by Eq. (9.9.15) as

-

(;

of the metric tensor is given for a

-4G
(2w + 3)
fTiD(x',
2w +
Ix - x'I
1

C=

t) d3x'

(9.9.28)

4-

Thus the effects of the rotation of a spherical mass on the precession of spins and
perihelia are smaller in the Brans-Dicke theory (for O < w < oo) than in general
relativity, by a factor (2w + 3)/(2w + 4).
By far the most dramatic tests of the Brans-Dicke theory are those that also
test the "very strong" Principle of Equivalence. At any point Pin a gravitational
field we can choose a locally inertial coordinate system, for which gµv = 1'/µv and
= 0 at that point. However, the Brans-Dicke field~ is a scalar, and hence will
not vanish at P, being given by Eq. (9.9.6) and (9.9.13) as

r;v

2

~ ~ ~

=

-(w

+

2)-

1

</>

where </>is the Newtonian gravitational potential. Equation (9.9.4) shows that in
this coordinate system, the gravitational field of a small mass introduced at P
can be calculated as usual, but with the gravitational constant G replaced with
(9.9.29)
For instance, with w = 6 and</>at the surface of the earth equal to -6.9 x 10- 10 ,
the effective gravitational constant measured by Cavendish experiments on the
surface of the earth is smaller than the "true" gravitational coupling constant that
would be measured on a satellite in a high orbit by a factor [l - 8 x 10- 11 ].
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"It is the nature of all
greatness not to be exact."
Edmund Burke, speech on
American taxation, 177 4

IO GRAVITATIONAL
RADIATION

We have seen a great many similarities between gravitation and electromagnetism. It should therefore come as no surprise that Einstein's equations, like
Maxwell's equations, have radiative solutions.
No one has yet certainly detected gravitational radiation, but the reason for
this is not hard to find; Einstein's theory predicts that gravitational radiation is
produced in extremely small quantities in ordinary atomic processes. For instance,
the probability that a transition between two atomic states will proceed by emission
of gravitational, rather than electromagnetic, radiation is typically of order
GE 2 /e 2 , where Eis the energy released and e is the electronic charge. For E ~ 1 eV,
this probability is about 3 x 10- 54 .
Why then study gravitational radiation? One reason is of course that some
day we may find a strong source of gravitational radiation. Such a source may
indeed already have been detected. (See Section 10.7.) However, gravitational
radiation would be interesting even if there were no chance of ever detecting
any, for the theory of gravitational radiation provides a crucial link between general
relativity and the microscopic frontier of physics.
We have learned in recent years to describe the fundamental observables of
microscopic phenomena in terms of elementary particles and their collisions. In
classical electrodynamics it is the plane-wave solutions of Maxwell's equations that
lead most naturally to an interpretation in terms of a particle, the photon. Similarly,
it is the radiative solutions of Einstein's equations that will lead here to the concept
of a particle of gravitational radiation, the graviton.
Unfortunately, the theory of gravitational radiation is complicated by the
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nonlinearity of Einstein's equations. In the spirit of Section 7 .6, we may say that
any graYitational wave is itself a distribution of energy and momentum that
contributes to the gravitational field of the wave. This complication prevents our
being able to find general radiative solutions of the exact Einstein equations.
There are two approaches to this difficulty. One is to study only the weakfield radiative solutions of Einstein equations, which describe waves carrying not
enough energy and momentum to affect their own propagation. The other approach
is to look long and hard for special solutions of the exact Einstein field equations.
A great deal of mathematical ingenuity has gone into the second approach, with
results of some elegance. However, this chapter deals with only the first, weakfield, approach to gravitational radiation. One reason is that any observable
gravitational radiation is likely to be of very low intensity. A second, deeper,
reason is that it is only possible to attach a precise meaning to the concept of an
elementary particle when it is far away from all other particles, and for gravitons
this corresponds to a weak-field solution of the field equations.
The reader should not conclude that there is any fundamental gap in our
understanding of gravitation because we cannot find general exact solutions of the
nonlinear field equations. Indeed, similar problems arise in electrodynamics:
The problem of computing the exact electromagnetic field produced by a decaying
current in an electrical oscillator is highly nonlinear, because the field acts back on
the current that produces it. Even though this problem was not solved for many
years after Maxwell's theory, still there was no doubt that electrical oscillators
would produce the electromagnetic waves studied by Maxwell. Gravitational
waves are more complicated than electromagnetic waves because they contribute
to their own source outside the material gravitational antenna. However, the
simple properties of both electromagnetic and gravitational waves emerge when
we look far out into the wave zone, where the fields are weak.

I

The Weak-Field Approximation
We suppose the metric to be close to the Minkowski metric 1'/µv:
(10.1.1)

where lhµvl

~ 1.

To first order in h, the Ricci tensor is then
(10.1.2)

and the affine connection is
(10.1.3)

1
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As long as we restrict ourselves to first order in h, we must raise and lower all
indices using 1Jµv,not gµ\ that is,
n).Phpv

·1

With this understanding,
tensor

= k).v

-

).p

a

a

1J oxP = OX;.'

etc.

Eqs. (10.1.2) and (10.1.3) yield the first-order

Ricci

The Einstein field equations therefore read
(10.1.4)
(10.1.5)
Here Tµv is taken to lowest order in hµv, so it is independent
the ordinary conservation conditions

of hµv· and satisfies

(10.1.6)

(If gravitational forces play an important role in the structure of the radiating
system, then Tµv should be used in place of Tµ v ; see Section 7. 6.) Note that it is this
form of the conservation law that is needed for the consistency of (10.1..1), because
(10.1.6) implies

whereas the linearized Ricci tensor satisfies Bianchi identities of the form

As already discussed in Section 7.4, we cannot expect a field equation such as
(10.1.4) to yield unique solutions, because given any solution, we can always
generate other solutions by performing coordinate transformations.
The most
general coordinate transformation that leaves the field "·eak is of the form
(10.1.7)
where Ofl/oxv is at most of the same order of magnitude
new coordinate system is given by

as hµv· The metric in the
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or, since gµv
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1'/µv- hµv,

Thus, if kµv is a solution of (10.1.4), then so will be
k'
µv

= k

µv

- asµ - aev
axv
axµ

(10.1.8)

=

where Bµ Bvl'/µvare four small but otherwise arbitrary functions of xµ. That this
is the case can be verified by direct inspection of Eq. (10.1.4); this property is
called the gauge invariance of the field equation.
The gauge invariance of Eq. (10.1.4) is a nuisance when it comes to actually
solving the field equations. However, the difficulty can be removed by choosing
some particular gauge, that is, coordinate system. The most convenient choice is
to work in a harmonic coordinate system, for which

Using (10.1.3), this gives to first order

j_ 7iµ
axµ

(10.1.9)

v

That this choice is always possible follows from the general argument of Section
7.4; it can also be seen from (10.1.8) that if hµv does not satisfy (10.1.9), then we
can find an h~v that does, by performing the coordinate transformation (10.1.7)
with

It will be assumed from now on that kµv does satisfy Eq. (10.1.9).
rsing

(10.1.9) in (10.1.4), the field equation now read

0

2

hµv

= -16nGSµv

(10.1.10)

One solution is the retarded potential
h (x t) = 4G Jd3x'

µv '

sµv(x', t -

Ix - x'I)

/x - x'/

(10.1.11)

We have already remarked that the conservation law (10.1.6) for Tµv is equivalent
to
(10.1.12)
and in consequence the solution (10.1.11) for a source Sµv confined to a finite volume
automatically satisfies the harmonic coordinate conditions (10.1.9). (The proof is
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identical to that used in electrodynamics in the calculation of the vector potential
in Lorentz gauge.) To (10.1.ll) we can add any solution of the homogeneous
equations
02hµv = 0
(10.1.13)

j__ hµ =

axµ

v

! __£___
hµ
2 axv

µ

(10.1.14)

We interpret (10.1.ll) as the gravitational radiation produced by the source Sµv,
whereas any additional term satisfying (10.1.13), (10.1.14) represents the gravitational radiation coming in from infinity. The occurrence in (10.1.ll) of the time
effects propagate with unit
argument t - jx - x' I shows that gravitational
velocity, that is, with the speed of light.

2

Plane Waves

We now consider the plane-wave solutions of the homogeneous equations
(10.1.13) and (10.1.14), both because they are important in their own right and,
as we shall see, because the retarded wave (10.1.ll) approaches a plane wave as
r ~ oo. The general solution of (10.1.13) and (10.1.14) is a linear superposition of
solutions of the form
(10.2.1)
This satisfies (10.1.13) if
(10.2.2)
and satisfies (10.1.14) if
(10.2.3)
(Of course we are still raising and lowering indices with Y/µv,so that kµ
The matrix eµv is obviously symmetric:

=r,µvkv.)
(10.2.4)

It will be called the polarization tensor.
A symmetric 4 x 4 matrix would in general have ten independent components,
and the four relations (10.2.3) would lower this number to six, but of these six only
two represent physically significant degrees of freedom. By a change of coordinates
xµ ~ xµ + eµ(x) we can transform the metric 1'/µv+ hµv into a new metric 1'/µv+
h~v with h~v given by (10.1.8). Suppose that we choose
(10.2.5)
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Then (10.1.8) gives
,
(i .k1x A) + eµvexp
'*
( -i .k1x ).)
eµvexp

(10.2.6)

where
(10.2.7)

[Xote that the wave still satisfies the harmonic coordinate condition (10.2.3).]
·we conclude that e~v and eµv represent the same physical situation for arbitrary
values of the four parameters Bµ, so of the six independent eµ/s satisfying (10.2.3)
and (10.2.4), only 6 - 4 = 2 are physically significant. For instance, consider
a wave traveling in the + z-direction, with wave vector
k1

=

k2

=

0

k3

= k

0

=k > 0

(10.2.8)

In this case (10.2.3) gives
e31
e33

+

eo3

+

eo1 = e32

+

eo2 = 0

= -eo3 - eoo = t(e11 + e22 + e33 - eoo)

These four equations allow us to express ew and e22 in terms of the other six eµv:

(10.2.9)

When the coordinate system is subjected to the transformation defined by (10.1.7)
and (10.2.5), these six independent components of eµv change according to Eq.
(10.2.7):

e~t

eu,

e~3

e13

e;3

e33

+
+

e~2

e12

kB1,

e~3

e23

2h1,

e~o

+ kc.2
eoo - 2ke 0

Thus it is only e 11 and e 12 that have an absolute physical significance. Indeed,
,ve can arrange that all components of e~v vanish except for e~1, e~2, and e~2
- e ~ 1, by performing a coordinate transformation with

2k

The distinction between the different components of the polarization tensor
is clarified if we ask how eµv changes when we subject the coordinate system to a
rotation about the z-axis. This is just a Lorentz transformation of the form

e

R 1i

cos

R 2i

-sine

R33 = Roo = 1

R 12

sine

R 22

cos

other Rµv

= 0

e

(10.2.10)

2 Plane Waves
and since it leaves kµ invariant
eµv into

(i.e., Rµ vkv
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= kµ), the only effect is to transform
(10.2.11)

Using the relations (10.2.9), we find that

(10.2.12)
f ~ = exp ( ± i())f ±

(10.2.13)
(10.2.14)

where

(10.2.15)
(10.2.16)
In general, any plane wave t/J,which is transformed
about the direction of propagation into

by a rotation of any angle()

(10.2.17)
is said to have helicity h. We thus have shown that a gravitational plane wave
can be decomposed into parts e± with helicity ± 2, parts f ± with helicity ± 1,
and parts e00 and e33 with helicity zero. However, we have also seen that the parts
with helicity O and ± 1 can be made to vanish by a suitable choice of coordinates,
so the physically significant components are just those with helicity ± 2.
Once again we find a fruitful analogy with electromagnetism. The Maxwell
equations in Lorentz gauge are (2.7.12) and (2.7.13); in empty space they become

in analogy with Eqs. (10.1.13) and (10.1.14) for the metric in harmonic coordinates.
712 P 8 2 /oxx axP.) We
(We are now in an inertial coordinate system, and so 0 2
can find a plane-wave solution of the form

=

where

in analogy with
In general
that kcxecx
vanish
(10.2.3) reduces

Eqs. (10.2.1)-(10.2.3).
ecxwould have four independent components, but the condition
reduces the number of independent components to three. just as
the number of independent components of eµv from ten to six.
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Furthermore, without changing the physical fields E and Band without leaving the
Lorentz gauge, we can change Acxby a gauge transformation

ACX~ A~ = ACX+ a<1>
axcx
<I>(x)= is exp (ikpxP) - is* exp ( - ikpxP)
in analogy with (10.1.8) and (10.2.5). The new potential can be written

in analogy with (10.2.6) and (10.2.7). The parameter a is arbitrary, so of the three
algebraically independent components of ecx only 3 - 1 = 2 are physically
significant, just as general covariance renders only two of the six independent
components of eµvphysically significant. To identify the two significant components
of ecx,we may consider a wave traveling in the z-direction, with kcxgiven by Eq.
vanish allows us to determine e0 ,
(10.2.8). Then the condition that kcxecx

just as (10.2.3) allows us to determine e22 and e0 i in terms of the other six eµv·
Also, the preceding gauge transformation leaves e 1 and e2 invariant but changes
e3 into

Hence e; can be made equal to zero by choosing 8 = e3 /k, so it is only e 1 and e2
that carry physical significance, just as it was only e 11 and e 12 that could not be
made equal to zero by a suitable coordinate transformation. Finally, we can work
out the meaning of these two components by subjecting the plane electromagnetic
wave to the rotation (10.2.10). The polarization vector is then changed into

and therefore
exp ( ± i8)e±
where

Thus the electromagnetic wave can be decomposed into parts with helicity ± 1
and 0. However, the physically significant helicities are ± 1, not 0, just as for
gravitational waves they are ± 2, not ± 1 or 0. This is what we mean when we say,
speaking classically, that electromagnetism and gravitation are carried by waves
of spin 1 and spin 2, respectively.

efPlane
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Energy and Momentum of Plane Waves

The physical significance of the plane-wave solution (10.2.1) is brought forward
by calculating the energy and momentum it carries. According to Eq. (7.6.4),
the energy-momentum tensor of gravitation is given to order h 2 by

where R~~) is the term in the Ricci tensor of order N in hµv· The metric gµv
17µv+ hµv satisfies the first-order Einstein equations R~~) = 0, so we can drop
these terms in tµv and use

tµv ""
- _l_
SnG

[R(l)

µv

-

n).p R( )]
2·,µv·,
;.p

.ln

2

(10 .3 . 1)

(For the actual metric it is Rµv rather than R~;) that vanishes, and tµv arises only
from the first-order terms in Eq. (7 .6.4). Here it is R~~)rather than Rµv that vanishes,
because Yµv = 17µv+ hµv satisfies the first-order Einstein equations rather than the
exact equations. The difference is only of order h 3 .) To calculate R~2,}we must use
Eq. (10.2.1) in Eq. (7.6.15); the result is extremely complicated, but can be
simplified if we average tµK over a region of space and time much larger than
lkl- 1 . (This is the way the energy and momentum of any wave are usually
evaluated.) The averaging kills all terms proportional to exp ( ± 2ik;.x'\ and we
are left with only the xµ-independent cross-terms:
(R~2,})

= Re {e;.P*[kµkve;.p- kµk;.evp - kvkpeµ;. + k;.kpeµv]

+

[e\k;. - fe/kp]*[kµePv

- ![k;.epv

+

+

kvePµ

kPeµv]

kvep;. - kpe;.v]*[k;.eP
µ + kµep;. - kPe\]}

(10.3.2)

(We have not yet made use of the conditions (10.2.2) and (10.2.3) appropriate
to harmonic coordinates, so suppose for a moment that we leave the harmonic
coordinate system by adding to hµ)x) a term
(10.3.3)

where qµqµ -:/=0. After averaging over space-time distances large compared with
lq - kl- 1 , the interference between (10.2.1) and (10.3.3) drops out, and we find
for (R~2,))the term (10.3.2), plus another term obtained by replacing k with q and
eµv with qµBv + qvBµ· Inspection of (10.3.2) shows immediately that this second
term vanishes,so (R~2,))and hence (tµK) may be calculated in harmonic coordinates
with no loss of generality.)
If we now use in (10.3.2) the harmonic coordinate conditions (10.2.2) and
(10.2.3), we find
(10.3.4)
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The quantity 17;.P(R~!)) vanishes because kPkP = 0, so (10.3.1) now gives the
average energy-momentum tensor of a plane wave as

<tµv)

= kµkv (e;.P*e - lie;.
I2)
2
16nG

Ap

).

(10.3.5)

(10.2.7) will change the terms in (tµK) into

Note that a "gauge transformation"

e';.P*e~P= e;.P*e;.p+ 2 Re s!kPe\

=

e';.;.

e;.;.

+

+

21ePkPl2

2k;.s;.

but (tµ") is gauge-invariant! Thus, as far as energy and momentum are concerned,
the polarizations eµv and eµv + kµBv + kveµ represent the same physical wave, and
we see again that there are not six but only two physically significant polarization
parameters. In particular, a wave traveling in the z-direction, with wave vector
and polarization tensor given by (10.2.8) and (10.2.9), has the energy-momentum
tensor
(10.3.6)
or, in terms of the helicity amplitudes

(10.2.15),
(10.3.7)

4

Generation of Gravitational Waves

We wish to calculate the energy emitted in the form of gravitational radiation
by a system whose energy-momentum tensor can be expressed as a Fourier integral,
T.,(x, t) -

Loo
dwT.,(x,

w)e-iw<

+

c.c.

(10.4.1)

or as a sum of Fourier components,
Tµv(x, t) =

L e-iwtTµv(x,

w)

+

c.c.

(10.4.2)

w

(Here "+ c.c." means "plus the complex conjugate of the preceding term.") We
first do the calculation for a single Fourier component,
(10.4.3)
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and will then return to the more general systems described by (10.4.1) and (10.4.2).
From (10.1.11) we find that the-field emitted by the source (10.4.3) is

hµv(x, t) = 4G

f

d 3 x'

~--

Sµ)x: w) exp { -iwt

Ix - x'I

+

iwjx - x' I}

+

c.c.

(10.4.4)

where
(10.4.5)
Suppose that we observe
r = !xi much larger than
larger than wR 2 and 1/w.
while in the exponent we

this radiation in the wave zone, that is, at distances
the dimension R = Ix' Imax of the source, and also much
Then the denominator Ix - x' I can be replaced with r,
may approximate

r - x' · :x

~

Ix - x'I
and the field becomes
h,,(x, t)

=

~

4
: exp (iwr

iwt)

f

d 3 x'S.,(x', m)e-iwi·x'

+

c.c.

(10.4.6)

Since rw is assumed large, this looks just like a plane wave,
(10.4.7)
with "wave vector" and "polarization

k

tensor" given by

=wx

4G
eµv(x ' w) =
- r

(10.4.8)

f d x'S µv(x' ' w)e3

.k ,

1

·x

(10.4.9)

It will be convenient to write eµv explicitly in terms of the Fourier transform of
Tµv:
(10.4.10)

T µv(k ' w) =
The conservation

f

d 3 x'T µv(x' , w)e-ik·x'

equation for T µv(x, t) is

a

-- - Tµ (x t) = 0
axµ v '
Applying this to (10.4.3) gives

a .

o

- . T'v(x, w) - iwT v(x, w) = 0
ax 1

(10.4.11)
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Multiplying withe- ik · x and integrating over x, we find that T µv(k, w) is subject to
the algebraic relations
(10.4.12)

where kµ is the vector given by (10.4.8). This, incidentally, verifies that (10.4.10)
obeys the harmonic coordinate condition (10.2.3).
:Xow let us calculate the power per unit solid angle emitted in a direction x.
Since r ~ 1/w, we can use for the energy flux vector the value (ti 0 ) obtained by
averaging over space-time dimensions large compared with 1/w, so that the power
per solid angle is

dP
~--=rx

dO.

2

Ai<
t iO>

We use for (tµv) the value (10.3.5), so this gives

dP

~

dO.

=

r 2 (k · x)k 0

[eiv*(x w)e (x w) - .ljei
(x w)l
2
'
iv '
i
'

16nG

2]

and inserting the values (10.4.8) and (10.4.10) for kµ and eiv, we find that the r 2
factors cancel, and
(10.4.13)

The problem is thus solved once we have calculated the Fourier transform (10.4.11).
It will be convenient to express this result in terms of the purely spacelike
components of Tiv(k, w). From (10.4.12) we have
T 0 i(k, w) = -fciTii(k,

w)

T 0 0 (k, w) = fcifciTii(k, w)
where

k

= k/w = i.

Using this in (10.4.13) gives
2

dP = Gw A.. (k)Tii*(k w)T 1m(k w)
d[J
n
iJ,lm
'
'
where

l\.ij,lm(k)

=bubjm -

2k/cmbil

+

- J.bijblm + JJ/c/cm

(10.4.14)

t_(fcjfclfcm

+ {b 1mfcifcj

(10.4.15)

If the energy-momentum tensor is a sum of individual Fourier components as
in (10.4.2), then the field hµv in the wave zone will look like a sum of the plane
waves (10.4.7). The gravitational energy-momentum tensor will then be given by a
double sum over these Fourier components, but all cross-terms drop out when we
average over a time interval long compared with the longest "beat period,"
that is, the reciprocal of the shortest frequency difference. The power is thus given
by a sum of terms like (10.4.14), one for each frequency in the source.
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tensor is a Fourier

integral, as in (10.4.1). Then hµv in the wave zone will look like an integral over m
of the individual plane waves (10.4.7), 'and the gravitational energy-momentum
tensor will be given by a double integral
dm dm' of products of these terms. The
integrand again has time dependence exp ( -i(m - m')t), but now there is no
"longest beat period," so instead of computing the average power we calculate
the total energy emitted. This is given by integrating the power over all time, and
the effect is to replace the factors e- iwteiw't in the double integral for the power with

ff

f:

exp ( -i(ro

- m')t) dt = 2n O(w - m')

00

k is thus

The energy per solid angle emitted in a direction

a single integral:

or, in terms of the space-space components,

dE = 2GA..

dQ

i1,lm

(k)

f

00

m 2 Tii*(k m)T 1m(k m) dm
'

'

0

As an example, consider a system of free particles n that initially move at
constant velocity vn, collide at the origin at t = 0, and then move off again at
velocities vn.
The energy-momentum tensor is then

(10.4.17)
where P/ = En = mn(l - v/)- 1 12 and Pn = Envnare the energy and momentum
of the nth incoming particle, l\ 0 = En and Pnare the corresponding quantities
for the outgoing particles, and () is the step function
O(s) = {

The functions()

+~

8
8

> 0
< 0

(10.4.18)

and <53 have the well-known integral representations
()(s)

=

l

~

2ni

f

oo

e+iws

-~-

_ 00 m - ie

dm

(10.4.19)

(10.4.20)
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(To prove (10.4.19), note that the contour can be closed with a large semicircle
in the lower or upper half-plane, according to whether s < 0 ors > 0. To prove
(10.4.20). take the Fourier transform of both sides.) We see then that Tµv(x, t)
is of the form (10.4.1), with

and the Fourier transform

(10.4.11) is

We can now drop the ± is in the denominators, for w - vn· k cannot vanish if
lkl and lvnl< 1. (For the case of particles traveling at the speed of light,
see below.) Also, En(vn · k - w) = P/-k;. = (Pn · k), so we can write

w =

(10.4.21)
where N runs over particles in both the initial and the final states, the sign factor
rJNbeing
rJN =

{+l
-1

N in final state
N in initial state

We note that (10.4.12) is satisfied, because

and this must vanish because LN P NµrJN is simply the change in the total Pµ,
which is conserved.
The gravitational
energy per solid angle and per unit frequency interval
emitted at frequency w and direction k is now given by (10.4.16) as
rJNrJM ~ [(P . p )2
_!,!!____)
_ Gw 2 ~
( dQ dw - 2n 2 f.'M(PN · k)(PM · k) N M

_

2 N2m M2]

lm

(10.4.22)

If we tried to compute the total emitted energy by integrating w from O to oo,
we would get a result that diverges like 00 dw. This is just due to our approximation
that the collision occurs instantaneously:
actually it must take up some finite
time J1t, and the w-integral will be cut off at w of order l //1t.
Note that if none of the momenta PNµ are changed by the collision, then the
contributions of the incoming and outgoing particles in (10.4.21) will cancel, and

J
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so Tµv(k, w) will vanish. Gravitational radiation is only emitted when the particles
actually undergo accelerations.
Note also that (10.4.22) seems to become infinite if one of the particles participating in the reaction (say, N = 1) has zero mass, and has momentum approaching
a direction parallel to k, since then P 1 • k = E 1w(P1 • k - 1) -+ 0. However, this
singularity is spurious, for when P 1 becomes parallel to k we can treat (P 1 • PM)
in (10.4.22) as proportional for all M-:/= 1 to (k·PM), so the singular part of
(10.4.22) is
2

Gw --- 1'/1
~2

n

~ ------~
17M (Pl . PM) 2 0C '-'
~ 1'/M(P1. PM)
'-'

(P 1 ·k)M*i(PM·k)

Mn

We have already remarked that LM rJMPMµmust vanish when the sum is extended
over all particles, so the right-hand side is simply -17 1P 1 2 , and this vanishes
because particle 1 is assumed to have zero mass. Thus no difficulty is encountered
in applying (10.4.22) to collisions involving photons, neutrinos, or even (to run
ahead of ourselves a bit) gravitons.
The total energy per unit frequency interval emitted as gravitational radiation
in a collision is obtained by integrating Eq. (10.4.22) over the directions of k.
We then find

1

dE - !}-__'\"""
m m -+ PiM
In
dw - 2rr ftt 1'/N1'1M
N M /3NM(l - /3im) 112

(1
+ /3NM)
1 - /3NM

(10.4.23)

with f3NM the relative speed of particles N and M:

=

f3NM
For nonrelativistic

(P/P:)2 ]1;2
m2m2

[

1 -

two-body elastic scattering this reduces to
dE
dw

= 8G µ2v4 sin 2

()

(10.4.24)

5n

whereµ is the reduced mass, vis the relative velocity, and() is the scattering angle
in the center-of-mass reference frame.
The gravitational radiation produced by the collisions occurring in a gas can
be determined by summing up the radiated energies per collision given by Eq.
(10.4.23) or (10.4.24), provided that there is enough time between collisions so that
they do not interfere. This conditions can be expressed as
(10.4.25)

where we is the collision frequency of a typical gas particle. (If w ~ we, then the
gas behaves as a fluid rather than as a collection of independent particles.) ,rhen
(10.4.25) is satisfied, the power per unit volume and per unit frequency interrnl is
(10.4.26)
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where na is the number density of gas particles of type a, duab/dQ is the center-ofmass-system differential scattering cross-section, the sum runs over all different
pairs of particle types, and the average ( · · ·) is taken over all collisions.
As an example, let us calculate the gravitational radiation emitted by Coulomb
collisions in a plasma. The Rutherford scattering cross-section is
duab
dQ

(10.4.27)

The integral over() must be cut off at a minimum angle 1/ A, with A ~ 1 determined
by the De bye screening of the Coulomb force at large impact parameters; we have
then
(10.4.28)
We are left with an average of vab, which for a Maxwell-Boltzmann

distribution

is

(10.4.29)
Putting (10.4.28) and (10.4.29) into (10.4.26) gives the power per unit volume and
per unit frequency interval (in c.g.s. units) as
(10.4.30)
Typically In A is of order 10. For a plasma of completely ionized hydrogen we
must take into account electron-electron and electron-proton collisions, and
(10.4.30) gives
dP = 64Gne ~~
dm

5c

5

(2kT)

112

(l

+ ,J2.)
In

A

(10.4.31)

nme

The electron collision frequency may in this case be estimated as
(10.4.32)
Equation (10.4.30) or (10.4.31) holds form ~ me and nm ~ kT.
These results can be applied to the hydrogen plasma in the solar core. Within
a volume V of order 2 x 10 31 cm 3 this plasma has T '.:'.::::'.
107 °K, ne '.:'.::::'.
3 x
25
3
10 cm- , and In A'.:'.::::'.
4. The collision frequency (10.4.32) is 10 15 sec- 1 , three
orders of magnitude less than the thermal frequency kT/n ~ 10 18 sec_ 1, so the
total power produced in gravitational radiation can be estimated by multiplying
(10.4.31) by VkT/n. In this way we find that the thermal collisions in the solar
core produce about 108 watts of grav~tational radiation.
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Up to this point we have made no approximations beyond the basic assumption
that the fields are weak. (Our use of the wave zone limits r ~ R, r ~ 1/w, r ~ wR 2
was not really an approximation, since we can always chooser large enough to make
these assumptions true; and by the conservation of energy, the power passing
through a sphere at larger must equal that passing through any surface enclosing
the radiating system.) We now make a further approximation. and assume that
the source radius R is much smaller than the wavelength 1/w:
wR

~

(10.5.1)

1

Most of the radiation is emitted at frequencies of order v/R, where vis some typical
velocity within the system, so we are really making the same sort of approximation
as that made in the previous chapter, that is, v ~ 1.
When (10.5.1) holds we may approximate the Fourier transforms needed in
(10.4.14) and (10.4.16) by the k-independent integral

Tii(k, w)

""fd xT /x,
3

1

w)

This can be rewritten in a useful way by using the conservation

-.-.0

2

lav,·s in the form

·
2 oo
T ·l(x,
w) = -w T (x, w)
1

OX ax 1
1

(10.5.2)

Multiplying with xixi and integrating

over x, we find
(10.5.3)

(10.5.4)

The power per solid angle is therefore
dP
dQ

~

*-(w)D (w)
,..
= -Gw7C AIJ,.. 1m (k)D.
1m
6

4

I)

(10.5.5)

If the source is a sum of Fourier components, then the power radiated is a sum of
terms such as (10.5.5). If the source is a Fourier integral like (10.4.1), then the
energy emitted per solid angle is
(10.5.6)
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The coefficients Dii(m) in (10.5.5) and (10.5.6) do not depend on the direction
emitted radiation, so we can do the integral over solid angle once and for
all. \Ye use the formulas

k of the

(The form of the right-hand sides is dictated by symmetry and rotational inrnriance; the numerical coefficients can be calculated by contracting i withj and l
,,ith m.) We then find

f

dQAij,lm(k)

~

~: [llJIIJJm - 4J,;J,m

+ J,mJJIJ

so the power emitted at a single discrete frequency mis
(10.5.7)
whereas for a smooth distribution

of frequencies the total emitted energy is
(10.5.8)

Before going on to calculate the quadrupole radiation emitted in a few special
cases, it will be necessary to pause for a few comments on the method of calculation:
(A) The quadrupole approximation is usually applicable to nonrelativistic
systems, and for these systems the energy density T 00 (x, m) is dominated by the
rest-mass density of the system. It may be surprising that we do not need to take
explicit account of the potential and kinetic energy terms in the full tensor Tµ".
because such terms must be included if Tµv is to be conserved! Indeed, for a system
of particles bound by gravitational forces we should in principle take Tµv as the
total "tensor" ,µv constn ..cted in Section 7 .6, including terms nonlinear in the
gravitational fields. However, we haYe already exploited energy and momentum
conservation in our derivation of Eqs. (10.5.3)-(10.5.6), and since this has given
a result involving only T 00 , we are now free to approximate T 00 with the restmass density.
(B) For general systems of vibrating and/or rotating solids, it is often quite
difficult to evaluate the Fourier transform T 00 (x, m), defined by Eq. (10.4.l)
or (10.4.2). It is much easier first to e-rnluate the moments
D,;(t) aa

f

d 3xx'xiT

00

(x, t)

(10.5.9)
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and then evaluate Dij(w) by expressing Dij(t) as a Fourier integral,

Loo
dwD,;(w),-iwt

D,;(t) =

+

c.c.

(10.5.10)

or as a sum of Fourier components,
Di/t)

=

L e-iwtnij(w) + c.c.

(10.5.11)

(J)

(C) The question may arise: What origin should be taken for the coordinates
in the integral (10.5.4) for Dij? In principle, it doesn't matter. When we shift
the origin of coordinates by an amount ai, we change Dij into

xi

J(x' -

1

a )(x; -

=

a 1)T

00

(x, t) d 3 x

J

00

+ a'ai

JT

x 1xiT

(x, t) d 3 x - a'
00

J

xiT

00

(x, t) d 3 x - al

J

x'T

00

(x, t) d 3 x

(x, t) d 3 x

But conservation of energy and momentum tells us that the last three terms are at
most linear functions of time, because

Thus the shift in origin does not affect the Fourier components with w =I=0, that is,
D,;(w) ""

J

x'xiT

00

(x, w) d 3 x =

J

(x' - a')(xi - aiJT

00

(x, w) d 3 x

(10.5.12)
However, it is only when we take T 00 as the energy density of the entire system
that we can shift origins freely in computing Dij(w).
As a first example, let us calculate the gravitational radiation produced by a
sound wave in a tube lying in the z-direction. The density of the vibrating material
can be written

P = Po

+

Pi
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where p 0 is the constant unperturbed value and p 1 is a small perturbation.
also treat the material velocity v (in the z-direction) as a small perturbation,
neglect dissipative effects. The equations of motion are then

We
and

OP1 + Po 0!_= 0

at

av
Po~+

az

v

at

2

s

ap1
= 0

az

where vs is the speed of sound. The tube is not supported at its ends (otherwise
we would have to take into account the gravitational radiation emitted by the
support!), so the pressure v/p 1 must vanish at the tube ends. With this boundary
condition, the general solution for a tube extending from z = 0 to z = L is a
superposition of the normal modes

v = - w s cos kz sin (wt
p1

=

Bp 0

sin kz cos (wt

+

+

¢)

(10.5.14)

where Bis a small dimensionless number, <pis an arbitrary

w =

(10.5.13)

<p)

phase, and

NnvL

~

(10.5.15)

with N any positive integer. Since vis not constrained to vanish at the tube ends,
these ends will in general be displaced by amounts b(O, t) and b(L, t), respectively,
where
J(z, t)

The time-dependent

f

=

v(z, t) dt = w,w -

1

cos kz cos (rot

+

<p)

part of the second-moment of the mass density is given here by

D,/t)

= n,n;A

(f:

2

p 1 (z, t)z dz

+

L 2 p 0 J(L,

t))

where A is the cross-sectional area of the tube, and n = (0, 0, 1) is a unit vector
in the z-direction. This vanishes for N even, whereas for N odd we find
Dii(t)

= - (

4n.n .ML 2B)
~ 3n 3
cos (wt

+

¢)

=

where M
p 0 AL is the mass of the tube. (The reader can easily check that Dij(t)
would be the same if the second moment of the mass distribution were evalua'ted
using as origin some point other than z = 0.) Comparing with Eq. (10.5.11), we
see that Dij(t) has a Fourier component

D--(Nn~)
L = i1

(10.5.16)
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The radiated power is thus given by Eq. (10.5.7) (in c.g.s. units) as

P=

16GM 2 v 6 s 2

(10.5.17)

s

15L 2 c 5

for each odd N. This may be compared with the total energy of the oscillation,
which is simply the kinetic energy at the times when p 1 vanishes, that is, when v
is greatest:

E

s:

~

u2 m.,(z) dz

-i-PoA

Evidently the emission of gravitational
energy at a rate

r grav

~

2 2
,

iMu,

radiation will cause the oscillator to lose

p

(10.5.18)

E

For instance, let us calculate the rate of gravitational radiation by acoustic
oscillations in the large aluminum cylinders used as antennas in Weber's experiments on gravitational radiation. 1 (As we shall see, the effective cross-section of
such antennas is determined by r grav·)Weber's cylinders have the parameters

L = 153 cm

vs

= 5.1 x 10 5 cm/sec

M

= 1.4

x 106 gm

Hence, if gravitational radiation were the only loss mechanism,
(10.5.13), (10.5.14) with Nodd would lose energy at a rate
rgrav

= 4.7 x 10-

35

sec-

1

the oscillations

(10.5.19)

In contrast, the actual decay rater of the N = 1 mode in this cylinder is about
0.15 sec- 1 , owing primarily to viscous dissipation within the aluminum. Hence
the "branching ratio" of gravitational radiation here is of order
(N

=

1)

(10.5.20)

Any ordinary mechanical oscillation will always give up vastly more of its energy
to heat than to gravitational radiation.
As a second example, let us calculate the power radiated by a rotating body.
If the body rotates rigidly about the 3-axis with angular frequency T, then the mass
density T 00 will take the form

T 00 (x, t) = p(x')
where p(x') is the mass density expressed in coordinates
defined by
x 1 = x ~ cos Qt - x 2 sin Qt
x2
X3

=x
=

~

X~

sin Qt

+ x 2 cos Qt

x' fixed in the body,
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Hence, by changing coordinates in (10.5.9), we may express Dii(t) in terms of
the moment-of-inertia tensor in body-fixed coordinates

] .. =
lJ

-

f d x'x~x'-p(x')
3

l

(10.5.21)

J

For simplicity, let us consider rotation around one of the principal axes of the
and
ellipsoid of inertia, so that 1 13 = 1 23 = 0. We can also choose the
axes along the two other principal axes, so that I 12 = 0. With Iii diagonal, we
now find

x~

The nonvanishing

D 11 (t) = }(1 11

+

In)

D 12 (t) = -!(111

-

In) sin 2Qt

Ddt)

= -!(1 11

D 13 (t)

=

D33(t)

= I 33

D 23 (t)

+ 1 22 )
=

+
-

}(1 11
}(1 11

-

1 22 ) cos 2Qt

-

In) cos 2Qt

x;

0

Fourier coefficients for w = 2Q in Eq. (10.5.11) are then

According to Eq. (10.5.7), the total power emitted at twice the rotation frequency
is then (in c.g.s. units)
(10.5.22)

·where I and e are the moment of inertia and equatorial

ellipticity,
(10.5.23)
(10.5.24)

A body with circular symmetry around the axis of rotation will have e = 0, and
therefore will not emit gravitational radiation. (Indeed, this conclusion does not
even depend on the quadrupole approximation, since such a body, though rotating,
has a time-independent energy-momentum tensor.) On the other hand, for a point
mass rn fixed in the rotating coordinate system at a point x~ = r, x; = x~ = 0,
the only nonvanishing element of Iii will be 1 11 = rnr 2 , so that I = rnr 2 and
e = 1, and Eq. (10.5.23) gives a radiated power
P(2Q)

=

32GQ6rn 2r4
5c 5

(10.5.25)

For instance, for the orbital motion of the planet Jupiter,

n=

1.68 x 10-s sec-

1,

rn

= 1.9 x

10 30 g,

we have
r

= 7.78 x 10 13 cm
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Eq. (10.5.25) gives a gravitational radiation power of only 5.3 kW, less even
the solar thermal gravitation power calculated in the last section. At this
it would take very much longer than the age of the solar system to observe
effects of this energy loss on Jupiter's orbit.
The negligibility of gravitational radiation in celestial mechanics can be stated
in more general terms. For a system consisting of particles with typical mass M,
typical separations r, and typical velocities v, the power radiated at a frequency
m of order v/r will be of order [compare Eq. (10.5.7)]
and
than
rate,
any

6

p - G (~)
2

or, since GM.fris of order v

g2,•

,

The typical deacceleration arad of particles in the system owing to this energy loss
is given by the power P divided by the momentum Mv, or

arad

"'

v1
-=r

This may be compared with the accelerations computed in Newtonian mechanics,
which are of order v2 /r, and with the post-Newtonian corrections discussed in the
last chapter, which are of order v4 /r. [Radiation effects enter with an odd power
of v because they represent an irreversible process, as shown by our use of an outgoing wave solution in Eq. (10.4.4).J Since radiation reaction is smaller than the
post-Newtonian effects by a factor v3 < 10- 12 , the neglect of radiation reaction
in the last section was perfectly justified. Indeed, if we had strength we could
even compute the post-post-Newtonian
accelerations, 2 which are of order v6 /r,
without encountering the effects of gravitational radiation!
The discovery of the pulsars has provided us with a more promising source of
gravitational radiation. As discussed in Section 11.4, pulsars are probably neutron
stars, 3 with masses of the order of one solar mass, radii of the order of 10 km, and
hence moments of inertia I of the order of 10 45 g cm 2 . A newborn pulsar, formed
in a supernova, may be rotating with .Q of order 10 4 sec_ 1, so according to Eq.
(10.5.22), it would be emitting gravitational radiation at a rate of order 10 55 e 2
ergs/sec. For comparison, the total rotational energy of the pulsar would be about
10 5 3 ergs, so most of the pulsar's kinetic energy would be radiated away as gravitational waves 4 within a few years, provided that the equatorial ellipticity e is
greater than about 10- 4 . This is too large a static ellipticity to be maintained in
the huge gravitational field of a neutron star, but it might be possible for dynamical
effects to produce a mean ellipticity this large, particularly in the early period
before the pulsar has settled down to its equilibrium configuration. EYentually
the pulsar will slow down sufficiently so that other loss mechanisms. such as
magnetic dipole radiation (for which P oc .0 4 ) become more important than
gravitational radiation.
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Scattering and Absorption of Gravitational Radiation

Consider a plane gravitational wave with polarization eµv and wave vector kµ,
impinging on a target at the origin. At great distances from the target, the gravitational ,rn,-e will in general consist of the plane wave and an outgoing scattered
wave, 5
µv

=

.
e e ik.
x

~

h (x t)
'

µv

r-+ OCJ [

=

eiwr]

+ f.µ v(x)

-

r

.
e - ,wt

(10.6.1)

=

where r
lxl, x x/r, w lkl, and Jµv is a scattering amplitude, which may
depend on x and w, but not on r or t.
In order to analyze the energy balance between the gravitational wave and the
target, it is necessary to decompose the wave (10.6.1) into incoming and outgoing
parts. The plane-wave part has the Legendre expansion 6
OCJ

L

=

eik,x

(2l

+

1

l)Pi(k·x)i

j,(wr)

l=O

where P 1 is the usual Legendre polynomial and j 1 is the spherical Bessel function
of order l. Asymptotically, we have 8

so the sums over l become simply the Legendre expansions of delta functions

L (2l

+

9

7

:

l)P,(µ) = 2 c5(1 ~ µ)

I

L (2l

+

1)( - /P1(µ)

= 2 c5(1 + µ)

I

The plane wave may therefore be asymptotically
ingoing waves,
.

e 1k·

x

~
r

and the gravitational

OCJ

~

e iwr
-. -

iwr

decomposed into outgoing and

e - iwr

c5(1- k · x) - -.-

iwr

~

c5(1+ k · x)

wave (10.6.1) has the corresponding
h µv

~ [eouteiwr
r-+oc;
µv

+

ein e- iwr]e - iwt
µv

+

decomposition
c.c.

(10.6.2)

where
(10.6.3)

.
1
e~(x) = - -. iwr

eµv

b(l

+

~

k . x)

(10.6.4)
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The total power carried out of a large sphere of radius r by the outgoing waYe
part of (10.6.2) may be calculated, following the same reasoning as in Section 10.4,
as
(10.6.5)
where (ti~t) is the mean energy flux, obtained by using e~~tin place of eµv in Eq.
(10.3.5), and averaging over space-time dimensions large compared with 1/w'and
small compared with r. Inspection of Eq. (10.6.3) shows that Pout will consist of
three terms,
(10.6.6)
which arise, respectively, from fµv alone, from the interference between Jµv and
eµv' and from eµv alone. The first term, which represents the total power scattered
away from the incident direction, is calculated by using (10.3.5) in (10.6.5), with
Jµv/r in place of eµv:

f

P,ca,
- 1;:G dflrJ''*(X)f,,(i)

- !lf\(X)l

2

(10.6.7)

]

The interference term is similarly calculated as
2

Pint

= w Re {-

or, integrating

8nG

~ f dQ

iw

c5(1- k · x)[e;.v*f;.v(x)- !e\*j\(x)]}

over the delta function,
(10.6.8)

The last term in (10.6.6), which represents the power carried out of the sphere
by the plane wave, is formally infinite for r --? oo. However, a plane wave carries
as much power into any volume as it carries out of it, so the power brought into
a sphere of radius r by the ingoing wave (10.6.4) is also equal to this term

pin=

(10.6.9)

pplane

Thus Pplane cancels out of the equation of energy conservation,
power absorbed by the target as

which gives the

(10.6.10)
The energy flux in the incident wave is given by Eq. (10.3.5) as
(10.6.11)
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Thus the effective cross-section for elastic scattering

of the gravitational

\vave is

=- pscat

(Jscat

<I>

sdQ[f·v*(x)f.i.v(x)
- llf\(x)
fle\1 2]

[eJ.v*e;.v-

12]

(10.6.12)

from the total cross-section for scattering or absorption

This must be distinguished
of the wave:

(Jtot

_

pscat

+

p abs

= --<I>--~-

(10.6.13)

According to (10.6.10), the total cross-section can be expressed in terms of the
interference between the incident and scattered waves,
(10.6.14)
or, using (10.6.8) and (10.6.11 ),
_
(J

t t

o

-

4rr Im

{eJ.v*f;.Jk)
- fe\*f\(k)}
tle\12)

m(e.i.v*e;.v-

(10.6.15)

This result, that the total cross-section is 4rr/m times the imaginary part of a
forward scattering amplitude, was first derived in classical electrodynamics, 10
and is therefore known as the optical theorem. Here and in electrodynamics it is a
consequence of the conservation of energy, whereas in quantum mechanics there is
a similar theorem based on the conservation of probability. 11
Since the incident wave is weak, the scattering amplitude f;.v is a linear
combination of the components of the incident polarization tensor eprr It follows
that the cross-sections (10.6.12) and (10.6.15) are independent of the normalization
of eµv' though they may depend on k and on the form of the polarization tensor.
The aim of gravitational scattering theory is to calculate f.i.v; following this, the
various cross-sections can be determined from (10.6.12) and (10.6.15).

7

Detection of Gravitational Radiation

Experiments that aim at the detection of gravitational radiation have been
carried out by \Veber over the last decade, 1 and are presently being planned in
laboratories throughout the world. Most of these experiments make use of resonant
quadrupole antennas, which can be any "small" mechanical or hydrodynamical
system with a natural mode of free oscillation. It happens that the effective crosssections of these antennas can be evaluated by use of the optical theorem derived
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in the last section, without any need for a detailed analysis of the interaction between the gravitational wave and the antenna.
Our first assumption is that the antenna is much smaller than the wavelength
2n/m, so that the scattered gravitational wave is pure quadrupole radiation. By
the same reasoning that earlier led to Eqs. (10.4.10), (10.4.12), (10.5.3), and (10.5.4),
we may now conclude that the scattering amplitude in Eq. (10.6.1) takes the form
(10.7.1)
where tµv is proportional to the Fourier transform of the perturbation in Tµv
caused by the wave; the conservation of energy and momentum give, as before,
(10.7.2)
where tij is independent of x, though depending of course on m, eµv• and on the
detailed interaction between the incident wave and the antenna. Adopting a
coordinate system in which the incident propagation vector k is in the 3-direction,
and a gauge in which the only non vanishing elements of the polarization tensor are
e 11 = -e 22 and e 12 = e21 , the total cross-section (10.6.15) is now given by
(jtot

=

2rr Im {e1'i
(t 11

2

m[le11I

td + 2e1'2 t 12 }
2
+ led J

(10.7.3)

Also, the angular integral in (10.6.12) can now be calculated by the same method
as in Section 10.5, and we find for the elastic scattering cross-section the value
(10.7.4)
Our other assumption is that the scattering is resonant, that is, that the
frequency m of the incident wave is close to a natural frequency m 0 of free oscillation of the antenna system. We can think of the incident wave as merely serving
to excite this free oscillation, which then loses energy through reradiation of
gravitational waves or into other channels, corresponding to elastic scattering or to
absorption of the incident wave, respectively.
One consequence of this assumption is that the ratio of the elastic scattering
cross-section to the total cross-section is simply equal to the fraction 17 of the
energy of the free oscillation that is dissipated as gravitational radiation rather
than heat, light, and so on,
(10.7.5)
where

with r the total decay rate of the free oscillation and r grav the decay rate owing to
the emission of gravitational radiation. Since 17is a parameter characterizing the
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free oscillation of the antenna, and has nothing to do with how the oscillation is
excited, it is independent of eµv·
Another consequence of the assumption of resonant scattering is that the
form of the matrix tij is given by some fixed matrix nij, depending only on the
geometric properties of the oscillation being excited. That is, tij must equal nii
times some function of the polarization components e 11 and e 12 . The incident field
is assumed here to be weak, so this latter function must be linear, and therefore
(10.7.6)
\1,·ith nij, r:t..,and/3 all independent of e 11 and e 12 . For instance, if the antenna has an
axis of symmetry along some direction n, then nij is a linear combination of bij
and ninj; the term proportional to Dij does not contribute to (10.7.3) or (10.7.4),
so in this case we could take
(10.7.7)
The two requirements, (10.7.5) and (10.7.6), impose stringent conditions on
the scattering amplitude. Using (10. 7.3), (10. 7.4), and (10. 7.6) in (10. 7.5), we find

= tlr:t..e11+ f3e12I2[ntnii
This must hold for all eµv• so by equating
je12 I2, we obtain the conditions

2

~
2

2

]

the coefficients of je11j 2, e';\ e 12 , and

I
2ir:t..*/3{(n11 -

=

- }lnul

nd/3 -

2n';\r:t..*}

Im {n 12 /3}

1/31

The solution of these equations takes the form

a

=

n12 )

517g(n';\ -

*

1

2w[niinii

- 3jniil

/3 = ~~5,ign i 2
w[ntnij

-

2

]

_

}lniil2]

where g is a complex number with

Im g = jgj2

(10.7.8)
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(10.7.6) is now

+

t .. _ ?g1Jnii[(n';\ - n1 2 )e 11

2n';' 2 e 12 ]

(10.7.9)

2m[n!n1m - flnuf 2]

iJ

X ote that this depends only on the form of the matrix nii' not on its normalization.
The final consequence of the assumption of resonant scattering is that the
frequency dependence of the scattering amplitude tii is given by the Fourier
transform of a function with the time-dependence
e-iwote-rt/2

which oscillates at frequency m0 , and decays in amplitude and energy at the rates
and r, respectively. That is, tii must have the frequency dependence

r /2

tij

[

oc m - m 0

+

i

r]-1
2

(10.7.10)

Since 17and nij depend on the properties of the free oscillation, and not on how it is
produced, this frequency dependence can only arise from the factor g. In order to
satisfy the "unitarity" condition (10.7.8) for all m, we must then have

g=

-r/2
+

m - m0

ir

(10.7.11)

/2

The total cross-section (10.7.3) for absorption or scattering of gravitational
by the antenna is then, in c.g.s. units,

waves

(10.7.12)

It is truly remarkable that this cross-section is entirely determined as a function of
and m by the parameters m 0 , r, and 17,and by the form of the matrix nij,
whether the resonant oscillation is mechanical, acoustical, electrical, or anything
else.
In the special case of an antenna with an axis of circular symmetry n, the
matrix nij has the simple form (10.7.7). Taking the symmetry axis to lie in the
1 - 3 plane at an angle () to the incident 3-direction, the nonvanishing elements
of this matrix are
eµv

n 11 = sin 2

()

n 13

= cos () sin ()

n 33 = cos 2

()
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The total cross-section (10.7.12) is then

(10. 7.13)
The factor sin 4 () makes the cross-section greatest when the antenna axis is
oriented at right angles to the direction of wave propagation, that is, for() = n/2.
This is just a reflection of the fact that gravitational waves, like electromagnetic
waves, are transverse.
When the polarization of the gravitational wave is not measured, the quantity
of interest is the average of (10.7.12) over the helicities ± 2, that is, over polarization tensors with e11 = + ie 12 :

_
atot

2

(5n17c
)

=

2m 2

(

(m -

2
2
2
) (ln 11 - n22l + 4ln12 1 )
mo) + r 2/4
ninij - tlniil2

r 2/4

(10.7.14)

For an antenna with an axis of circular symmetry, the effect of averaging over
helicities is just to replace the last factor in Eq. (10.7.13) with±The above analysis is strictly applicable only where there is a single nondegenerate resonant oscillation. vYhen there are several degenerate modes, the
particular linear combination excited by a gravitational wave can depend on the
polarization of the wave, so that tii need not be proportional to a fixed matrix
nij. For instance, if the antenna is an elastic sphere, then any quadrupole oscillation will consist of five independent modes. In this case, tij must be a linear combination of Dij and eii• but again the term proportional to bij does not contribute
to (10.7.3) or (10.7.4), so we can take

Equations

(10.7.3)-(10.7.5) now gi,-e
2m
Im y = - IYl2
517

so, since y must have the frequency dependence (10.7.10), it is given by

y =

51])(
( 2m ~

-r/2
)
+ ir/2

- mo

The total cross-section (10.7.3) is now

(10.7.15)
for any incident polarization.
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In all cases the effective cross-section has a maximum when the antenna is
tuned so that the resonant frequency w 0 is equal to the frequency w of the incident
wave. Inspection of (10.7.12)-(10.7.15) shows that this maximum cross-section
is of the order
2
(10.7.16)
O"max ~ 1JA
where ). is the wavelength 2rrc/w. In the ideal case of an oscillation that decays
purely through the emission of gravitational radiation, we would have Y/ = 1,
and O"max would have the very large value A2 . Of course, this ideal case is never
even approached in practice; for instance, we found in Section 10.5 that Weber's
large aluminum cylinders have 1J~ 3 x 10- 34 ! Generally the rate rgravat which
a resonant oscillator emits gravitational radiation depends on the gross dimensions
of the antenna, and is difficult to increase; thus, in order to make CJmax as large as
possible, it is necessary to reduce the total loss rate r in the ratio 17 = rgrav/r
as much as possible, possibly by employing some sort of oscillation in a superfluid.
However, tuning our antenna does no good unless we have some strong source
of gravitational radiation with a known frequency to which we can tune. Perhaps
the most promising source 12 is the pulsar NP 0532 in the Crab nebula. This object
-is observed to emit pulses of electromagnetic radiation at optical, X-ray, and
radio frequencies with a period 2rr/f! = 0.03309 sec. As discussed in Section 10.5,
the pulsars are believed to be rotating neutron stars 3 with moments of inertia of
order 10 45 gem 2 and unknown equatorial ellipticities e. The Crab pulsar is therefore presumably emitting gravitational radiation, with w = 2f! = 379.8 Hz, at a
rate of about 10 45 e 2 ergs/sec. Since the Crab nebula is at a distance of 6500 light
years, or 6.2 x 10 21 cm, the flux of gravitational radiation passing the earth
should be about <I>~ e 2 ergs/sec-cm 2. A resonant linear quadrupole antenna that
is "aimed" at and tuned to the Crab pulsar will have a cross-section c\01 given by
(10.7.13) as 7.4 x 10 16 17cm 2. The power absorbed by the antenna will thus be of
order 10 16 e 2 17ergs/sec. For instance, if 17 is 10- 32 and e is of order 10- 4 , this
power is of order 10- 24 ergs/sec, which might perhaps be detectable. enfortunately,
in order to use an aluminum cylinder of the sort discussed in Section 10.5 as an
antenna tuned to the Crab, the cylinder would have to haw the rather ungainly
length nv 5 /Wof 42 meters. To get around this difficulty. one can use as antennas
hoops, forks, and so on, which have lower natural frequencies for a given size than
bars or cylinders. A group at Rochester 1 3 is planning a hoop antenna that could
be tuned to the Crab.
All of the experiments carried out so far by vVeher ha ,-e made use of resonant
quadrupole antennas that are not tuned to any particular source. Since it is too
much to ask that a monochromatic source like a pulsar should just happen to fall
within the bandwidth of the antenna, these experiments really aim at the detection
of broad-band gravitational radiation, with an energy flux <I>(w)dw between
frequencies wand w + dw. If exposed to such radiation, the power absorbed by a
resonant antenna will be

P = a
max

J[

2

r ;4

(W - Wo)2

+

J

r2--/4 <I>(w ) dw
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where amax is the effective cross-section of the antenna at resonance, given by
setting w = w 0 in (10.7.12), (10.7.13), (10.7.14), or (10.7.15). If <I>(w)is roughly
constant over the frequency range w 0 - r to w 0 + r, then it can be taken out of
the integral, and we have
p

(10.7.17)

For a source that radiates for a time much longer than the antenna relaxation
time 1/r, a quasi-steady state will be reached in which the mean energy E in the
resonant mode is such that the loss rate Er just balances the absorbed power P:
(10.7.18)
In this case, a measurement of the mean excitation energy of the resonant mode
serves to measure, or at least to set an upper limit on, the power flux at the resonant frequency. For instance, the earth has a fundamental spheroidal oscillation
mode 14 0 8 2 , with a period 2rr/w of 54 min and a decay rater of order 5 x 10- 6
sec- 1 , in which the mass density perturbation is of the form p 1 (r)Y 2 m(8, <p). The
2 4 5
gravitational decay rate rgrav of this mode will be roughly of order GM <:.BR<:.B
w /c
[compare Eq. (10.5.18)], or about 10- 25 sec_ 1,so the branching ratio Y/is of order
10- 20 . The cross-section (10.7.15) at resonance is here 7.5 x 10 27 17 cm 2 , or
roughly 10 7 to 10 8 cm 2. From seismic measurements of the mean strain in the
earth's crust during quiet periods, Forward et al. 15 in 1961 set an upper limit
2
on <I>(w
-Hz. It is hoped that a much better upper limit
0 ) of roughly 20 watts/cm
on <I>can be set by placing a gravimeter on the moon, 16 which is very much quieter
seismically than the earth.
For a "burst" source that radiates for a timer less than the antenna relaxation
time 1/r, the total energy picked up by the antenna will be

Pr
Thus the energy per unit area in the burst reaching the antenna
width r may be determined as
2!1E

7[,(jmax

within the beam

(10.7.19)

However, if the source radiates for a timer < 1/r, its bandwidth must be greater
than 1/r, so the total energy per unit area in the burst must be larger than @"by a
factor greater than (rr)- 1 .
The only positive indication so far of the presence of gravitational radiation
in the universe comes from the experiments of Weber, 1 which use as antennas the
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aluminum cylinders described in Section 10.5. These antennas have the frequency
and "branching ratio"
w 0 /2n = 1660 Hz

t]

= 3 x 10-

[see Eq. (10.5.20)] so by setting w = w 0 and averaging
(10.7 .13), we find a cross-section at resonance
(]max

= 2.9 x 10-

20

sin 4

34

over helicities m Eq.

e cm 2

If the smallest energy increment !J.E that can be distinguished from thermal
fluctuations is kT, or 4 x 10- 14 ergs at room temperature, then according to
(10.7.19), a burst of gravitational radiation will be detectable if the energy 0"per
unit area within the beam width satisfies the condition

0° ~ 9 x 10 5 ergs/cm

2

for 8 = n/2

(It is actually possible to do a little better than this by careful data processing.)
The mere observation of a number of pulses in a single cylinder would leave open
the possibility that these pulses were due to nonthermal noise, such as seismic
disturbances, electric storms, or cosmic rays, so Weber looked for coincident
pulses in aluminum cylinders 1000 km apart, at College Park in Maryland and the
Argonne National Laboratory in Illinois. In 1969 Weber reported over 100 coincident pulses, occurring at a rate that indicates a mean gravitational radiation
flux (within the bandwidth r - 0.1 Hz) of about 0.1 erg cm- 2 sec- 1 . 17
Shortly thereafter, 18 Weber found that the rate of coincident pulses was
correlated with sidereal time, in a manner consistent with the expected sin 4 8
antenna pattern if the gravitational radiation is coming from the center of our
galaxy. (See Figure 10.1.) The galactic center is about 2.5 x 10 22 cm from the
earth, so an observed flux ofO.l erg cm- 2 sec- 1 would indicate an energy production of about 8 x 10 44 ergs/sec, or 0.013 M 0 c 2 /year. This would not in itself be so
remarkable, but since Weber's antennas are not tuned to any particular frequency,
an energy production of 0.01 M 0 c 2 in a bandwidth of 0.1 Hz at 1660 Hz presumably represents a total energy production 10 3 to 10 5 times larger, or 10 to 10 3
M 0 c 2 /year. At this rate, the whole mass of the galaxy would be used up in 10 8
to 10 10 years! If Weber is really observing gravitational radiation from the galactic
center, then either he accidently picked the precise frequency at which most of
this radiation is emitted, or else he has discovered an incredibly powerful new
source of energy.
Weber has also looked for scalar radiation, using a disk with a monopole
mode of oscillation having the same frequency, 1660 Hz, as the cylinders. The
coincidence rate is observed to be much less than for the pair of cylinders; the
apparent correlation of coincidences with sidereal time agrees with a pure tensor
theory. 19
Plans are now in train to repeat Weber's experiments with much greater
sensitivity. One important improvement that is being planned at Stanford 20 is
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Figure IO.I Evidence for gravitational
radiation emanating from the center of the
galaxy. 18 The detector intensity observed by Weber is plotted here (in arbitrary units)
against sidereal time. Arrows mark the sidereal times at which the antenna is most
nearly perpendicular to the line of sight to the center of the galaxy. Numbers in circles
give the observed numbers of coincidences in each time interval.

to operate a cylindrical antenna at a very low temperature, in the range of millidegrees Kelvin. If the antenna is limited by thermal noise, then lowering the
temperature by a factor 10- 5 would increase the sensitivity by a factor 10 5 . A
group at Moscow 21 is carrying out gravitational radiation experiments with improved instrumentation,
and is designing novel kinds of gravitational
Wa\'e
antennas. 22 Weber is continuing his observations, using new antennas and
instrumentat1.on. At present, the best a theorist can do is to wait for the experi-

8 Qyantum Theory

efGravitation

mentalists to reach some sort of consensus on whether gravitational
indeed been observed.

8

2 85

radiation has

Quantum Theory of Gravitation*

At present there does not exist any complete and self-consistent quantum
theory of gravitation, and it would be out of place in this book to describe in
detail the attempts that have been made to construct such a theory. However, it
will be possible and it may be useful to give the reader some taste of what a
quantum theory of gravitation would be like.
To start at the simplest level, we would interpret a gravitational plane wave,
with wave vector kµ and helicity ± 2, as consisting of gravitons: quanta with
energy-momentum
vector pµ = nkµ and spin component in the direction of
motion ± 2/i. (Here Ii = 1.054 x 10- 27 erg sec). Since kµkµ = 0, the graviton
is a particle of zero mass, like the photon and neutrino. According to Eq. (2.8.4),
the energy-momentum tensor of an assembly of gravitons, all of which have fourmomenta pµ = nkµ, is

T

µv

= nkµkv JV

(10.8.1)

w

where JV is the number of gravitons per unit volume. Comparing this with our
result for a gravitational plane wave,
(10.8.2)

we conclude that the number density of gravitons
wave is

with helicity

± 2 in a plane
(10.8.3)

The total number density is
__!!!__ (eiv*e
- 1-je;.-12)
2
16nnG
AV
;.

(10.8.4)

In the same way, we can interpret our formula (10.4.13) for the power emitted
as gravitational radiation by an arbitrary system as giving the rate dr of emitting
gravitons of energy nwinto the solid angle an:
(10.8.5)

However, the energy-momentum tensor T 1 v(k, w) must now be interpreted as a
matrix element of an energy-momentum tensor operator between final and initial

* This section lies somewhat
reading.

out of the book's main line of development,

and may be omitted

in a first

286

IO Gravitational Radiation

states. In particular, in the quadrupole approximation the total rate for an atom
to make a transition a 4' b by emitting gravitational radiation is

(10.8.6)
where
(10.8.7)
,,ith i/Ja,
i/Jbthe initial and final state wave functions. For instance, the rate for
decay of the 3d(m = 2) state of the hydrogen atom into the ls state with emission
of one graviton is
I'(3d

4'

ls)

Needless to say, there is no chance of observing such a transition.
The above estimates apply to a process in which a transition occurs because
a graviton is emitted, so that the graviton has a definite frequency w = (E 0 Eb)/n. We can also consider a process that is going on anyway, such as a collision
between particles, and ask what is the probability of a graviton being emitted
during the process. Here the possible graviton frequencies form a continuum, so
we use our formula (10.4.22) for the emitted energy, and divide by nw.The prob~bility of emitting a graviton in the solid angle dO. and in a frequency range dw
is then
dP

=

L

Gw2 dw dO. pc
1JN1JM [(PN. PM)2 - !mN2mM2]
2n 2liw
N,M (PN · k)(PM · k)
(10.8.8)

where Pc is the probability of the collision occurring without graviton emission,
and where once again the sums over N and M run over all particles in the initial
(17= -1) or final (17= + 1) states. This formula has also been derived by purely
quantum mechanical methods. 2 3
It should be noted that the emission probability dP is proportional to dw/w
(the factors P ·kin the denominator being proportional tow), so the total probability for emission of gravitational radiation in a collision diverges logarithmically,
both at w 4' oo and w 4' 0. The first, or "ultraviolet," divergence was encountered
classically, and arises just because of our approximation that the collision occurs
instantaneously; it is to be eliminated by cutting off the w-integral at w ,...,,1//it ,...,,
E/li, where !it is the duration of the collision and, via the uncertainty principle,
Eis some typical energy characteristic of the collision. The second, or "infrared,"
diverge~ce at w = 0 is a purely quantum mechanical problem; it enters here
only because we divided the emitted energy dE by nwto get the emission probability. It is removed by recognizing that Pc• the probability for the collision to
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occur without gravitational radiation, is itself logarithmically divergent because
of emission and reabsorption of virtual gravitons, and that the divergences
cancel. 24 We see that once we have accepted the most elementary ideas about the
quantum nature of gravitational radiation, we are inevitably led to the full
infrastructure of real and virtual gravitons.
The quantum interpretation
of gravitational
radiation allows a simple
derivation of the relations between absorption and emission of gravitons. Imagine
a black-body cavity in a body of temperature T that is so large and dense that it is
opaque to gravitational radiation. The cavity will be filled with both electromagnetic and gravitational radiation in equilibrium with the container. By using
the same statistical arguments that give the Planck distribution law for electromagnetic radiation, 25 we may conclude that the number of gravitons per unit
volume with frequencies between w and w + dw is
2

n(w) dw

=

1

--;;z

w dw [ exp (hw)
kT

-

1]-

(10.8.9)

where k = 1.38 x 10- 16 erg/°K is Boltzmann's constant. (It is crucial in the
derivation of this result that gravitons, like photons, have two independent
polarization states.) In order for equilibrium to be maintained, it is necessary that
the absorption rate A(w) of a single graviton in the container wall be related to
the rate per unit volume E(w) dw of graviton emission between frequencies w
andw + dw by
A(w)n(w) dw

This can also be written

=

E(w) dw

(10.8.10)

26

E(w)

=

l(w)

+

(10.8.11)

S(w)

where
S(m) = ( ::)

J(m) = n(m)

exp(
- :;.)
exp(
- :;.)

A(m)

A(m)

(10.8.12)

(10.8.13)

We interpret S(w) as the rate per unit volume and per unit frequency interval of
spontaneous emission of gravitational radiation. [Equation (10.8.12) can also be
derived from the "crossing symmetry" between emission and absorption; w 2 /n2
is a "phase-space" factor, and exp( - nw/kT) is a Boltzmann factor representing
the relative probability that an atom is in an upper level waiting to emit a granton
or a lower level waiting to absorb a graviton.] The remaining term J(w), which is
proportional to n(w), is interpreted as the rate per unit volume and per unit
frequency interval of induced emission of gravitational radiation, an effect due to
the Bose statistics of the gas of gravitons. 2 7
The useful thing about Eqs. (10.8.12) and (10.8.13) is that they remain nlid
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even if the gravitational radiation is not in equilibrium with matter, so that n(w)
is not given by Eq. (10.8.9). It is only necessary that the matter be in thermal
equilibrium at temperature T. For instance, we can calculate the rate S(w) of
spontaneous emission of gravitons per unit volume and per unit frequency interval
in a nonrelativistic gas by dividing Eq. (10.4.26) by liw, provided that the graviton
frequency w is in the range we ~ w ~ kT/li. Applying Eq. (10.8.12) then gives
the absorption rate of such gravitons as

A(w)

8nG ~
= ~'-'
3

5nw

2
µabnanb

(a,b)

( vab
s

f an

d(Jab
--

· 2
sm

()

an)

This w- 3 behavior can make A(w) surprisingly large for low-frequency gravitons
in gases at high temperature. However, the effect of induced emission is to reduce
the effective absorption rate by a factor nw/kT. There does not appear to be any
situation in the present universe where the absorption of gravitational radiation
plays any important role.
The preceding remarks describe what may be called a semiclassical theory of
gravitation. The development of a true quantum theory of gravitation is unfortunately much more difficult. One approach is to construct an interaction
Hamiltonian that can create and destroy gravitons, and then calculate transition
probabilities as a power series in this interaction. Usually the Hamiltonian would
be built up out of quantum fields, of the form

hp,(x) -

~

f

+

at(k, µ)e;v(k, µ) exp(-ik_,.x.i.)}

3

d k{a(k, µ)ep,(k, µ) exp(ik,x')
(10.8.14)

where epv(k, µ) is a polarization tensor for a graviton of momentum nk and helicity
µ, and a(k, µ) and at(k, /t) are the corresponding annihilation and creation operators,
characterized by the commutation relations
[a(k, µ), at(k', µ')] = c53 (k - k')bµµ'
[a(k, µ), a(k', µ')]

= [at(k, µ), at(k', µ')] = O

(10.8.15)
(10.8.16)

The difficulty in this approach comes from the fact that the operator (10.8.15)
cannot be a Lorentz tensor as long as the helicity sum is limited to the physical
values µ = ± 2; as we saw in Section 10.2, a true tensor would have helicities
O and ± 1 and well as ± 2. It is true that we can start with a true tensor and then
subject eµv to a gauge transformation that will eliminate the unphysical helicities
O and ± 1, but once we choose a gauge in this way, hµv is no longer a tensor. To put
this another way, a gauge condition, such as the statement that e13 , e23 , e10 , e20 ,
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e00 , e03 , and e33 vanish fork in the 3-direction, is not Lorentz invariant, so if we
define these components to vanish, then under a Lorentz transformation Aµv, hµ-...
will not simply transform into A/ A/hpr1' but will be subjected to an additional
gauge transformation 28 :

It is no easy task to construct a Hamiltonian out of such an object in such a way
as to obtain Lorentz-invariant
transition probabilities.
There are two possible ways out of this difficulty. One possibility is to accept
the nontensor character of hµv' and use the noncovariant Hamiltonian formalism
to derive Lorentz-invariant
rules for the calculation of transition amplitudes. 2 9
This works fairly easily in electrodynamics, but the self-interaction of the gravitational field has so far prevented the completion of this program in general
relativity. A different method, pioneered by Feynman, 3 0 is to start out with
manifestly Lorentz-invariant
calculational rules, and then tinker with them to
prevent the appearance of unphysical particles with helicities O or ± 1 in physical
states. This program has been successfully carried through to completion in the
work of Fadeev, 31 Mandelstam, 32 and DeWitt. 33
Unfortunately, the formulation of general rules for the calculation of transition
probabilities in the quantum theory of gravitation has only confirmed the presence
of another difficulty: The theory contains infinities, arising from integrals over
large virtual momenta. Quantum electrodynamics contains similar infinities, but
only in three or four special places, where they can be dealt with by a renormalization of mass, charge, and wave functions. 34 In cont~ast, the quantum theory of
gravitation contains an infinite variety of infinities, as can be seen by an elementary
dimensional argument: The gravitational constant has dimensions n/m2 , so a
term in a dimensionless probability amplitude of order anwill diverge like a
momentum-space integral Jp2 n - 1 dp. In this respect, the theory of gravitation is
more like other nonrenormalizable
theories, such as the Fermi theory of beta
decay, than it is like quantum electrodynamics.
Despite these difficulties, there is one very important conclusion that can
already be drawn from the quantum theory of gravitation: It is quite impossible
to construct a Lorentz invariant quantum theory of particles of mass zero and
helicity ± 2 without building some sort of gauge invariance into the theory, 2 3 • 28
because only in this way can the interaction of the nontensor field hµv generate
Lorentz-invariant
transition amplitudes. However, we saw in Section 10.2 that
the theory of gravitational radiation is gauge-invariant because general relati,Tity
is generally covariant, and, as argued in Section 4.1, general covariance is but the
mathematical expression of the Principle of Equivalence. It therefore appears that
the Principle of Equivalence, on which the whole of classical general relatiYity is
based, is itself a consequence of the requirement that the quantum theory of
gravitation should be Lorentz invariant.
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Gravitational Disturbances in Gravitational Fields*

The foregoing sections have described a Lorentz-invariant
theory for the
behavior of weak gravitational waves in a Minkowskian space-time. It will be
useful later, in Chapter 15, on cosmology, to have available a generally covariant
theory for the propagation of weak gravitational disturbances in a preexisting
gravitational field gµv·
According to Eq. (6.1.5), if gµv is changed by some disturbance to gµv + bgµv·
with bguv small, then to first order in bgµv'

+ {)r:Vr:).
- {)rzstlJ- brtlJr:K
where br:

11

is the change in the affine connection:

We note that

brivcan

be expressed as a tensor:
(10.9.1)

the covariant derivatives being of course constructed using the unperturbed affine
connection r;v. Since brivis a tensor, the change in the Ricci tensor can also be
written in terms of covariant derivatives:

bRµK =

(bri;.);K
- (briK);;.

(10.9.2)

This is known as the Palatini identity. In terms of bgµv, it reads:

bRµK = -tgAP[(bg;.p);µ;K
- (bgpµ};K;A

(10.9.3)

- (bgpK);µ;).+ (bgµK);p;).]
The Einstein field equations are here presumed to be satisfied for the undisturbed gravitational field gµv and energy-momentum tensor Tµv· The condition
that they should also be satisfied for gµv + bgµv and Tµv + bTµv is then

!!lP[(6g;_p);µ;K- (bgpµ);K;A- (bgpK);µJ + (bgµJ;p;).]

= -8nG[bTµv

- 1zgµvgpr16Tpr1
+ }gµvbg;.11T;. 11 - }bgµvT\]

Also, the source term bTµv obeys the conservation
0 = (bTvµ);µ

(10.9.4)

law:

+ Tv;.bri;.
+ T;.µbr;;.

(10.9.5)

The general covariance of these equations is manifest.
• This section lies somewhat
reading.

out of the book's main line of development,

and may be omitted

in a first

9 Disturbances in Gravitational Fields

291

Just as for gravitational waves in a Minkowskian space-time, it is important
here to distinguish physical disturbances from mere changes in the coordinate
system. To this end, let us consider a general infinitesimal coordinate transformation

(10.9.6)
where eµ(x) is an arbitrary infinitesimal vector field. The partial
occurring in the tensor transformation rules are here

derivatives

Since Einstein's equations are generally covariant, and gµ)x) is a solution for an
energy-momentum
tensor T µv(x), it follows that g~v(x) is a solution for T~v(x),
where
I
(x)
gµv

e;.(x) + O(e2)
= gµv(x') + agµv(x)
ax}.
I

and likewise for T~v(x). In covariant terms, we conclude that

(10.9.7)
is a solution of Einstein's

equations for an energy-momentum

tensor

(10.9.8)
where

/Ji.Eg
µv

tµ; v

+

!Ji.eTµv- T\r,J.;v

(10.9.9)

Bv;µ

+

T\e;.;µ

+

Tµv;J.f,;.

(10.9.10)

(Note that /Ji.egµv
has the same form as /Ji.eTµv,except that gµv has vanishing covariant derivatives, whereas T µv does not.) It follows, and it is straightforward to
verify directly, that bgµv = /Ji.egµvis a solution of the field equation (10.9.4) for a
source perturbation bTµv = /Ji.eTµv·But Eq. (10.9.4) is a linear differential equation, and so, given any solution bgµv, we can always find other solutions of the
form bgµv + /Ji./Jµvwith precisely the same physical content. The freedom to add
µv for arbitrary functions eµ(x) corresponds to the "gauge invariance"
terms /Ji.eg
discussed in Section 10.1.
The operator /Ji.eintroduced in Eqs. (10.9.9) and (10.9.10) can be generalized
to arbitrary tensors by specifying that a term involving the contraction of the
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tensor with the covariant derivative of e should be included with a + sign for
each covariant index and a - sign for each contravariant index. That is, for
scalars we define

for vectors we define

= VAeA;µ+ vµ;Ae).
L\eUµ = - UAeµ;A+ uµ;AeA
L\eVµ

for contravariant

and mixed tensors of second rank we define

and so on. The operator LiEdefined in this way is known as the Lie derivative. In
general, the effect of an infinitesimal coordinate transformation on any tensor T
is that the new tensor equals the old tensor at the same coordinate point, plus the
Lie derivative LieT. It is easy to show that the operator Liehas the same abstract
properties as ordinary derivatives or covariant derivatives: It is linear,

Lie[aAµ v

+

bBµ vJ = ai\EAµv

+

bi\eBµv

(for a, b constant scalars)
it obeys the Leibniz rule,

and it commutes with the operation of contraction,

In particular,
fluid is

the Lie derivative

of the energy-momentum

tensor for a perfect

so Liegµvis a solution of Einstein's equations for a fluid whose velocity, pressure,
and density are perturbed by LiEUµ' L\0 p, and LieP,respectively.
The solution of the field equations (10.9.4) is quite complicated, except for the
simple case of a homogeneous and isotropic uuperturbed metric gµv· This case will
be considered in Section 15.10.

Bibliography

293

IO BIBLIOGRAPHY
On Gravitational Radiation in General
O L. D. Landau and E. M. Lifshitz, The Classical Theory of Fields (AddisonWesley Publishing Co., Reading, Mass., 1962), Section 101.

O J. Weber, General Relativity and Gravitational Waves (Interscience Publishers,
New York, 1961), Chapters 7 and 8.

Exact Solutions of the Einstein Equations
O H. Bondi, "Some Special Solutions of the Einstein Equations," in Lectures on
General Relativity (Prentice-Hall, Englewood Cliffs, N. J., 1965), p. 375.
O D. R. Brill, "General Relativity: Selected Topics of Current Interest," Nuovo
Cimento Suppl., 2, No. 1 (1964).

O J. Ehlers and W. Kundt, "Exact Solutions of the Gravitational Field Equations," in Gravitation: An Introduction to Current Research, ed. by L. Witten
(Wiley, New York, 1962), p. 49.

O A. Z. Petrov, Einstein Spaces, trans. by R. F. Kelleher (Pergamon Press,
Oxford, 1969).

O F. A. E. Pirani, "Gravitational Radiation,"
Current Research, op. cit., p. 199.

in Gravitation: An Introduction to

D F. A. E. Pirani, "Introduction
to Gravitational
Radiation Theory," in
Lectures on General Relativity, op. cit., p. 249.
O F. A. E. Pirani, "Survey of Gravitational Radiation Theory," in Recent
Developments in General Relativity (Pergamon Press, Oxford, 1962), p. 89.
O R. K. Sachs, "Gravitational Radiation," in Relativity, Groups, and Topology,
ed. by C. DeWitt and B. DeWitt (Gordon and Breach Science Publishers,
New York, 1964), p. 523.
D R. K. Sachs, "Gravitational Waves," in Relativity Theory and Astrophysics.
1. Relativity and Cosmology, ed. by J. Ehlers (American Mathematical Society,
Providence, R. I., 1967), p. 129.

Quantum Theory of Gravitation
O B. S. DeWitt, "Dynamical Theory of Groups and Fields," in Relativity.
Groups, and Topology, op. cit., p. 587.
O B. S. De Witt, "The Quantization of Geometry," in Gravitation: An Introduction to Current Research, op. cit., p. 266.
O P.A. M. Dirac, "The Quantization of the Gravitational Field," in Contemporary
Physics-Trieste
Symposium 1968, ed. by A. Salam, Vol. 1 (International
Atomic Energy Agency, Vienna, 1969), p. 539.

O A. Komar, "The Quantization Program for General Relativity," in RelatirityProceedings of the Relativity Conference in the Midwest, ed. by M. Carmeli,
S. I. Fickler, and L. Witten (Plenum Press, New York, 1970).

294

1o

Gravitational Radiation

D S. Weinberg,

"The Quantum

Theory of Massless Particles," in Lectures on
Englewood Cliffs, N. J., 1965).

Particles and Field Theory (Prentice-Hall,

IO REFERENCES
1. J. Weber, refs. 17, 18. Also see J. Weber, Phys. Rev., 117, 306 (1960);
Phys. Rev. Letters, 17, 1228 (1966); Phys. Rev. Letters, 20, 1307 (1968);
Physics Today, 21, 34 (1968); in Relativity-Proceedings of the Relativity
Conference in the Midwest, ed. by M. Carmeli, S. I. Fickler, and L. Witten
(Plenum Press, New York, 1970), p. 133; Nuovo Cimento Letters, Ser. I,
4, 653 (1970).
2. S. Chandrasekhar and Y. Nutku, Ap. J., 158, 55 (1969). Gravitational
radiation reaction is included in S. Chandrasekhar and F. P. Esposito,
Ap. J., 160, 153 (1970).
3. T. Gold, Nature, 218, 731 (1968); ibid., 221, 25 (1968).
4. The slowing-down of pulsars by gravitational radiation reaction has been
considered by J. E. Gunn and J. P. Ostriker, Nature, 221, 454 (1969);
Phys. Rev. Letters, 22, 728 (1969); J. P. Ostriker and J. E. Gunn, Ap. J.,
157, 1395 (1969).
5. See, for example, L. I. Schiff, Quantum Mechanics (3rd ed., McGraw-Hill,
New York, 1968), Section 18.
6. G. N. Watson, Theory of Bessel Functions (rev. ed., Macmillan, New York.
1944), p. 128.
7. Ibid., p. 52.
8. Ibid., p. 44.
9. These formulas can be verified by multiplying with P 1(µ) and integrating
overµ. The necessary integrals are given, for example, by L. Schiff, op. cit ..
Section 14.
10. See, for example, H. A. Kramers, Atti. Congr. Intern. Fisici, Como (1927):
reprinted in H. A. Kramers, Collected Scientific Papers (North-Holland.
Amsterdam, 1956).
11. E. Feenberg, Phys. Rev .. 40, 40 (1932); N. Bohr, R. E. Peierls, and G.
Placzek, Nature, 144, 200 (1939).
12. J. Weber, Phys. Rev. Letters. 21, 395 (1968).
13. D. H. Douglass and J. A. Tyson, report at the Third "Cambridge"
Conference on General RelatiYity, June 8, 1970 (unpublished).
14. For a description of the normal modes of the earth and moon, see B. A.
Bolt, in Physics and Chemistry of the Earth, ed. by L. A. Ahrens, F. Press,
and S. K. Runcorn (Pergamon Press, New York, 1964), p. 55.
15. R. L. Forward, D. Zipay, J. Weber, S. Smith, and H. Benioff, Nature,
189, 473 (1961); also see J. Weber and J. V. Larson, Jour. Geophys. Res.,
71, 6005 (1966); R. A. Wiggins and F. Press, Jour. Geophys. Res., 74,
5351 (1969); F. J. Dyson, Ap. J., 156, 529 (1969).

References

2 95

16. J. Weber, in Physics of the Moon, ed. by S. F. Singer (American Astronautical Society, Hawthorne, Cal., 1967), p. 199.
17. J. Weber, Phys. Rev. Lett., 22, 1320 (1969); ibid., 24, 276 (1970).
18. J. Weber, Phys. Rev. Lett., 25, 180 (1970); also see Proceedings of the
Midwest Conference on Theoretical Physics, Notre Dame, Indiana, April
1970 (unpublished), p. 118. For a comment on the astronomical significance
of mass loss from galaxies by gravitational radiation, see G. B. Field,
M. J. Rees, and D. W. Sciama, Comments on Astrophys. and Space Phys.,
1, 187 (1969).
19. J. Weber, to be published; also, report at the Third "Cambridge "Conference on General Relativity, June 8, 1970 (unpublished).
20. W. M. Fairbank, report at the Third "Cambridge" Conference on General
Relativity, June 8, 1970 (unpublished).
21. V. B. Braginski, report at the Third "Cambridge" Conference on General
Relativity, June 8, 1970 (unpublished).
22. V. B. Braginski, Ya. B. Zeldovich, and V. N. Rudenko, JETP Lett., 10,
280 (1969).
23. S. Weinberg, Phys. Letters, 9, 357 (1964); Phys. Rev., 135, Bl049 (1964).
24. S. Weinberg, Phys. Rev., 140, B516 (1965).
25. See, for example, K. Huang, Statistical Mechanics (Wiley, 1963), Section
12.1.
26. A. Einstein, Phys. Z., 18, 121 (1917).
27. See, for example, L. I. Schiff, op. cit., p. 531.
28. S. Weinberg, Phys. Rev., 138, B988 (1965).
29. R. L. Arnowitt and S. Deser, Phys. Rev., 113, 745 (1959); R. L. Arnowitt,
S. Deser, and C. W. Misner, Phys. Rev., 116, 1322 (1959); ibid., 117, 1595
(1960); J. Math. Phys., 1, 434 (1960); Phys. Rev., 118, 1100 (1960);
Nuovo Cimento, 19, 668 (1961); Phys. Rev., 121, 1556 (1961); ibid., 122,
997 (1961 ), ibid., 120, 313 (1960); il_Jid., 120, 321 (1960); Ann. Phys.
(N.Y.), 11, 116 (1960); P. A. M. Dirac, Phys. Rev., 114, 924 (1959).
30. R. P. Feynman, Acta Phys. Polon., 24, 697 (1963).
31. L. D. Fadeev and V. N. Popov, Phys. Letters, 25B, 29 (1967).
32. S. Mandelstam, Phys. Rev., 175, 1604 (1968).
33. B. S. DeWitt, Phys. Rev., 162, 1195, 1239 (1967): erratum, Phys. Rev.,
171, 1834 (1968).
34. See, for example, J. D. Bjorken and S. D. Drell, Relativistic Quantum
Fields (McGraw-Hill, New York, 1965), Chapter 19.

"Things fall apart; the centre cannot hold,
Mere anarchy is loosed upon the world."
W. B. Yeats, The Second Coming

II STELLAREQUILIBRIUM
AND
COLLAPSE

Gravitational fields are so weak that the practicing astrophysicist can usually
ignore general relativity. This chapter deals with various sorts of objects in which
relativistic effects play an important, or in some cases a dominant, role. One of
these is the neutron star, a "cold" star composed primarily of neutrons and
supported against collapse by neutron degeneracy pressure. Another is the supermassive star, a giant object supported by radiation pressure, in which generalrelativistic effects can tip the balance between stability and instability. Most
impressive of all is the black hole, a body caught in an inexorable gravitational
collapse.
The existence of neutron stars and black holes was suggested in the 1930's on
purely theoretical grounds, chiefly through the work of J. Robert Oppenheimer
and his collaborators. However, these exotic objects remained a textbook
curiosity until the 1960's, when the cooperative efforts of radio and optical
astronomers began to reveal a great many strange new things in the sky.
First came the quasi-stellar objec.ts (QSO's), objects with starlike optical
images, often containing powerful compact radio sources, and with red shifts
AA/A ranging from 0.131 to nearly 3. (See Figure 11.1.) One can suppose three
different sorts of explanations for these red shifts: They can arise from a Doppler
effect, caused either by a local explosion or by the general cosmological recession
of very distant objects (see Chapter 14), or they can arise from powerful gravitational fields within the objects themselves. In any case, it is likely that generalrelativistic effects will play an important role in the explanation of the QSO's.
If these objects are relatively near but moving at relativistic velocities, then some
source of energy must be found that could convert mass into kinetic energy, with
nearly 100% efficiency. If the QSO's are at cosmological distances, then their
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3C 48

3C 147

3C 273

3C196

Figure II.I
Four quasi-stellar
objects. These photographs
were taken with th200-in. telescope at Mt. Palomar, following position determinations
by radio astronomers. (Courtesy Mt. Wilson and Palomar Observatories.)

apparent optical luminosity indicates an absolute luminosity much greater than
that of the largest galaxies, so again a powerful new source of energy is required.
Only gravitational attraction seems to offer an adequate energy source, and for
this reason the discovery of the QSO's reawakened general interest in the phenomenon of gravitational collapse. Finally, if the QSO red shifts are gravitational.
then these objects must be so highly compressed that their structure would have
to be understood in terms of general relativity rather than Newtonian mechanics.
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The quasi-stellar objects are only the most spectacular end of a continuum
of ill-understood objects discovered in recent years, including Seyfert galaxies,
giant elliptical galaxies with powerful compact radio sources, X-ray sources,
galactic nuclei that seem in some cases to be exploding, and so on. It is not clear
what, if anything, general relativity has to do with these objects.
In the last few years a new species of astronomical exotica was discoveredthe pulsars, radio sources that pulse at regular frequencies ranging from a few
tenths Hz to 30 Hz. The pulsars are often associated with optical and even X-ray
sources that pulse at the same rate. There appears now to be a general consensus
that pulsars are the neutron stars discovered theoretically in the 1930's, but with
a rapid rate of rotation that somehow or other produces the observed pulses.
A realistic discussion of quasi-stellar objects, galactic nuclei, pulsars, and so
on, would require that we consider the effects of radiative energy transport,
neutrino energy transport, turbulence, nuclear forces, magnetic fields and, above
all, rotation. It would also require the discussion of massive calculations using
automatic computers. In preparing this chapter, I have tried to restrict myself
to the simplest calculations, which can be carried out analytically without too
much trouble. These simple calculations are not very useful for a detailed understanding of astronomical observations, but they provide a valuable insight into
the possible roles that general relativity can play in astrophysical phenomena.

I

Differential Equations for Stellar Structure

We first set up the general-relativistic machinery for computing the pressure,
density, and gravitational fields within a spherically symmetric static star.
The metric will be taken in the "standard" form discussed in Section 8.1:

grr = A(r),

f/q,q,

= r2

· 2 ll
Sill
u,

grr

= -B(r)
(11.1.1)

forµ
The energy-momentum
5.4):

=I=v

tensor is assumed to be that for a perfect fluid (see Section
(11.1.2)

with p the proper pressure, p the proper total energy density, and Uµ the velocity
four-vector, defined so that

-1

(11.1.3)

Since the fluid is at rest, we take
U,

= U 0 = U<P= O;

-(-grt)-1/2

(11.1.4)
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Our assumptions of time independence and spherical symmetry imply that p and
pare functions only of the radial coordinate r.
By making use of Eqs. (11.1.1)-(11.1.4) and the Ricci tensor components
given by Eq. (8.1.13), we find that the Einstein equations (7.1.15) read

B"

B' (A'
A

Rrr = 2B - 4B
r

R 00 =-l+-

Rtt

(

2A

B"

= - 2A +

+

B')
A'
B - rA = - 4nG(p - p )A

A'
B')
1
+-=-4nG(p-p)r
A
B
A

--+-

B' (A'
A

+

4A

(11.1.5)
2

B')
B'
B - rA = - 4 nG(p

+

(11.1.6)

3P )B

(11.1.7)

A prime denotes d/dr. (We do not need to write down the equation for R'P<P'
which
is identical to that for R 00 , or the equations for off-diagonal elements of Rµ...,,
which simply say that zero equals zero.) In addition, we may recall the equation
(5.4.5) for hydrostatic equilibrium,

2p'

B'

B

(11.1.8)

p+p

Our first step in solving these equations is to derive an equation for A(r)
alone, by forming the quantity
1
r2

-Rrr + R- 002 + -R,, = -~ A' 2 2A

r

2B

~

rA

+

1
Ar 2
~

-BnGp

(11.1.9)

This equation can be written

(i)'

1 - 8nGpr 2

(11.1.10)

The solution with A(O) finite is
(11.1.11)

where
.H(r)

=

14rrr'

2

p(r') dr'

( 11.1.12)

We can now use (11.1.11) and (11.1.8) to eliminate the gravitational
A(r), B(r) from Eq. (11.1.6), which becomes
-1

+

[1 -

2

G.,,#][1 - ____!E__J
+ GAi - 4nGpr 2 = -4nG(p
r
p + p
r

fields

- p)r 2
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We rewrite this as
-r2p'(r)

= G..i(r)p(r)[l

+

p(r)J[1
+ 4nr3p(r)J[1
p(r)

..i(r)

2G..i(r)]-1
r

(11.1.13)
The reader may recognize this differential equation as the fundamental equation
of Newtonian astrophysics (see Section 11.3), with general-relativistic
corrections
supplied by the last three factors.
We are primarily concerned in this chapter with stars that are isentropic,
that is, in which the entropy per nucleon s does not vary throughout the star. This
is the case for two very different kinds of star:
(A) Stars at Absolute Zero. When a star exhausts its thermonuclear fuel it can
become a white dwarf (Section 11.3), or a neutron star (Section 11.4), in which the
temperature is essentially at absolute zero. According to Nernst's theorem, the
entropy per nucleon will then be zero throughout the star.
(B) Stars in Convective Equilibrium.
If the most efficient mechanism for energy
transfer within the star is convection, then in equilibrium the entropy per nucleon
must be nearly constant throughout the star, because otherwise a small element
of fluid containing A nucleons could gain or lose an energy A!:is/T when transported
from one part of the star to another, and convection would therefore disturb the
energy distribution.
The supermassive "stars" discussed in Section 11.5 are
generally presumed to be in convective equilibrium.
We also assume that the stars we consider have a chemical composition that is
constant throughout.
The importance of the preceding assumptions lies in the fact that the pressure
p may in general be expressed as a function of the density p, the entropy per
nucleon s, and the chemical composition. Hence, with s and the chemical composition constant throughout the star, p(r) may be regarded as a function of p(r)
alone, with no explicit dependence on r.
Given p(r) as a function p(p(r)), we now formulate our problem as a pair of
first-order differential equations for p(r) and ..i(r). One of these is Eq. (11.1.13);
the other is the derivative of Eq. (11.1.12):
..i'(r)

In addition,

=

4rcr2p(r)

(11.1.14)

Eq. (11.1.12) provides an initial condition:
..i(O)

= 0

(11.1.15)

Equations (11.1.13)-(11.1.15), together with an equation of state giving p(p),
serve to determine p(r), ..i(r), p(r), and so on, throughout the star, once we specify
the other initial condition, that is, the value of p(O). The differential equations
(11.1.13) and (11.1.14) must be integrated out from the center of the star, until
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= R, which we then interpret as the radius
of the particular star with central density p(O).
Let us return to the problem of calculating the metric. Once we compute
p(r), J{(r). and p(r), we can immediately obtain A(r) from Eq. (11.1.11); to find
B(r) we use Eq. (11.1.13) to rewrite (11.1.8) as

p(p(r)) drops to zero at some point r

4 ][l

B'
_ 2G[ ""
---Jn+

{J

= exp -

2G..i]-i
r

-~~

= 1 is

The solution with B( oo)
B(r)

nrp3

r2

B

OC)

r

2G

;T [..i(r') +

3

4nr' p(r')]

[

1 -

2G..i(r')Jr'

1

dr'

}

(11.1.16)

Our solution is now complete. (Incidentally, we did not need to use Eqs. (11.1.5)
and ( 11.1. 7) for Rrr and Rtt separately, because these equations follow from
(11.1.6), (11.1.8), and (11.1.9), which were used in our calculation. This should not
be surprising, because Eq. (11.1.8), which is really just the equation for momentum
conservation, follows from the Einstein equations (11.1.5)-(11.1.7) via the Bianchi
identities.)
Outside the star, p(r) and p(r) vanish, and ..i(r) is the constant ..i(R), so Eqs.
(11.1.11) and (11.1.16) give
B(r)

=

A - 1 (r)

1

2G..i(R)

for r

r

~

R

(11.1.17)

The discussion of Section 8.2 shows that the constant ..i(R) that appears in the
asymptotic gravitational field (11.1.17) must equal the mass M of the star, defined
as the total energy of the star and its gravitational field, that is,
M

= .lt(R)

s:

=

2

(11.1.18)

4nr p(r) dr

Thus (11.1.17) is just the familiar exterior Schwarzschild solution.
It may appear paradoxical that M, which must include the energy of the
gravitational field, is given in (11.1.18) as the integral of the energy density p(r)
of matter (including radiation) alone. The resolution is that (11.1.18) does not say
that Mis the total energy of the matter. The total material energy is not really well
defined, but it might be computed by splitting up the star into small volume
elements and adding up the energies of each element as measured in a locally
inertial reference frame; this would gi-..:ethe material energy as
Mm,tt«

=I J{Jp dr dO dq> = I.R4nr

2

J A(r)B(r)

p(r) dr

(11.1.19)
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The difference between (11.1.18) and (11.1.19) can be regarded as the energy of
the gravitational field. However, this decomposition is not particularly useful, and
will not be employed here.
It is more informative to compare (11.1.18) with the energy M 0 that the
matter of the star would have if dispersed to infinity. This is simply
(11.1.20)

where mN = 1.66 x 10- 24 g is the rest-mass of a nucleon and N is the number
of nucleons in the star. The nucleon number is given by
(11.1.21)

where J Nµ is the conserved nucleon number current. It is convenient to express
J N ° in terms of the proper nucleon number density n, that is, the nucleon number
density measured in a locally inertial reference frame at rest in the star, which is
(11.1.22)

=

(See Eq. (11.1.4), and recall that in a locally inertial coordinate frame U O
Equation (11.1.21) then becomes

N =

R4nr ~-A(r)
J
2

n(r) dr

=

JR4nr [ 1 -

2G...i(r)J-1/2

2

0

r

-1.)

n(r) dr

0

(11.1.23)

The proper number density n(r) is in general a function of the proper density p(r),
the chemical composition, and the entropy per nucleon s, so n(r) and N are fixed
for a star with a given constants and chemical composition, once we choose p(O).
The internal energy of the star is now given by
(11.1.24)

We can also define a proper internal material energy density as
e(r)

=p(r)

-

(11.1.25)

mNn(r)

and write (11.1.24) as
(11.1.26)

where T and V are the thermal and gravitational
star:

=

T

R

J

4nr

4nr

2 {

2 [

1 -

energies, respectively, of the

2G...i(r)J-1;2
r

e(r) dr

(11.1.27)

0

V

=

R

J
0

1 -

[

1 - 2G...i(r)J-1;2}
r
p(r) dr

(11.1.28)
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Expanding the square roots gives

f:

T -

V=

-

4nr

R

J

4

O

2

{

1

+

+ · · ·} e(r)

G~(r)

2 {G...i(r)
nr--+
r

(11.1.29)

dr

302 .,If 2(r) +···prr }
2

( )d

2r

(11.1.30)

The first terms in T and V are recognizable as the Newtonian values for the thermal
and gra\itational energies of the star; in particular, note that the first term in V
may be written
-G

R4nr...i(r)p(r)

dr

J

= -- G IR-1 d(...i
2

o

= -

GM2 -

2R
= -l

2

JR.,112(r) dr

fl_
2

0

2(r))

o r

=

</>(R)...i(R) -

r2

2

! JR...i(r)
2

d<J>(r)

0

JR<J>(r)d...i(r)

(11.1.31)

0

where</> is the Newtonian potential, given inside the star by
</>(r) =

-

GM R

G

JR...i(r')
r

dr'

r'2

The higher terms in T and V are discussed in Section 11.5.
To repeat our main conclusion: Once we specify that a star has a definite
uniform entropy per nucleon and chemical composition, all properties of the star,
including p(r), p(r), n(r), e(r), .M, N, and E, are determined as function of the
central density p(O). This is not the case for ordinary stars like the sun, in which
the entropy distribution is not uniform and has to be determined from the
equations of radiative equilibrium. However, the considerations of this section do
prm ...ide an adequate basis for the study of the exotic structures discussed in this
chapter.

2

Stability

Our work is not done when we obtain a solution of the fundamental equations
(11.1.13), (11.1.14). Such a solution represents an equilibrium state of the star,
but it may be a state of stable or of unstable equilibrium. For most purposes it is
only the stable solutions that interest the astrophysicist.
In order to tell whether a particular configuration is unstable it would in
general be necessary to compute the frequencies conof all normal modes of the

2
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configuration and check whether any w" has a positive imaginary part; in this
case the factor exp( -iw/), which gives the time variation of this mode, would
grow exponentially and the system would be unstable. However, it is often
possible to tell from the equilibrium solution alone whether the corresponding
configuration is stable, by making use of the following theorem 1 :
Theorem 1. A star, consisting of a perfect fluid with constant chemical
composition and entropy per nucleon, can only pass from stability to instability
with respect to some particular radial normal mode, at a value of the central
density p(O) for which the equilibrium energy E and nucleon number N are
stationary, that is,
oE(p(O); s, .. . )

= O

op(O)
oN(p(O); s, ... )
op(O)

0

By a "radial" normal mode is meant a mode of oscillation in which the density
perturbation bp is a function of r and t alone, and in which nuclear reactions,
viscosity, heat conduction, and radiative energy transfer play no role.
The first step in the proof is to note that dissipative forces are absent here,
so the dynamical equations are time-reversal-invariant,
and give the squared
frequencies w" 2 of the various normal modes as real continuous functions of p(O),
just as in an electrical circuit without resistors. For each w/ > 0 there are two
modes that undergo stable oscillation. For each w/ < 0 there are two modes,
one of which is exponentially damped and one of which grows exponentially, as
exp( - lwnlt) and exp(+ lwnlt), respectively. Thus the transition from stability to
instability can only occur at a value of p(O) for which w/ vanishes.
Consider some value of p(O) for which a particular frequency con is nearly
zero. Then it takes a long time for the oscillation or growth of this mode to change
the equilibrium configuration into some neighboring configuration p(r) + bp(r).
Since this is going on so slowly, p(r) + bp(r) must also be essentially an equilibrium
configuration. In the absence of nuclear reactions, the new configuration will have
the same uniform chemical composition as the old one. In the absence of viscosity,
heat conduction, or radiative energy transfer, the new configuration will also have
the same entropy per nucleon as the old one. Moreover, the conservation of energy
and of nucleon number tells us that the new configuration will have the same
energy E and baryon number N as the old one. However, bp(O) cannot vanish,
because an equilibrium configuration is entirely specified (for a given uniform s
and chemical composition) by the value of p(O); if bp(O) were zero, then bp(r)
would be zero for all r, and the normal mode would be absent. Thus at a point of
transition from stability to instability there are neighboring equilibrium configurations with different values of p(O), but with the same uniform entropy per
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nucleon and chemical composition, and with the same E and N, as was to be
proven.
This theorem is particularly valuable because we can often use qualitative
arguments to show that an equilibrium configuration is stable for p(O) sufficiently
small (or large) and unstable for p(O) sufficiently large (or small); the theorem
tells us precisely where the transition from stability to instability occurs. As a
guide in such qualitative considerations, it is helpful to reformulate the fundamental equations of stellar structure in a variational principle 2 :
Theorem 2. A particular stellar configuration, with uniform entropy per
nucleon and chemical composition, will satisfy the equations (11.1.12), (11.1.13)
for equilibrium, if and only if the quantity M, defined by
M ee

is stationary
quantity

f

4nr 2 p(r) dr

with respect to all variations
N

=

f

2

4nr n(r)

[

1 -

of p(r) that leave unchanged

2G...i(r)Jr

the

12
1

dr

and that leave the entropy per nucleon and the chemical composition uniform
and unchanged. [It is understood here that with the entropy per nucleon and
chemical composition fixed, the equation of state gives both p(r) and n(r) as
functions of p(r).] The equilibrium is stable with respect to radial oscillations if and
only if M, or equivalently E, is a minimum with respect to all such variations.
To prove this theorem we use the Lagrange multiplier method 3 : M will be
stationary with respect to all variations that leave N fixed if and only if there
exists a constant )._for which M - ),N is stationary with respect to all variations.
In general, the change in M - )..N for a given variation bp(r) is

fo4nr bp(r) dr
00

JM - ).JN =

2

00

- A

f.

4nr

2

[

1 -

2G...i(r)J-1;2
r

bn(r) dr

O

- AG

J

oo

4nr

[

1 -

2G...i(r)Jr

3/

2
n(r)b...i(r) dr

O

(The integrals are carried to infinity for notational convenience; actually the
integrands vanish outside a radius R + c5R.)These variations are supposed not to
change the entropy per nucleon, so
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and therefore

=

bn(r)

n(r)

t

Also,
b..i(r)

p(r)

4nr' 2 bp(r') dr'

the rand r' integrals in the last term, we now have

Interchanging
bM - 1.bN

-

bp(r)

+

p(r)

=

1
J

00

4rcr 2

{1-

0

[1-

1.n(r)
p(r) + p(r)

f.ro
4nr'n(r')

- J..G

112

2 GJl(r)Jr

2

[I -

312

G:(r')T

dr'} bp(r) dr

Thus bM - J,.[JNwill vanish for all bp(r) if and only if

!

= _____!!J_r)~
),_ p(r) + p(r)

+

G

[l_

2GJ/(r)J-

l/

2

r

loo4rcr'n(r') [ 1 Jr

3/2

2GJl(r')Jr'

dr'

This will be the case for some Lagrange multiplier}. if and only if the right-hand
side is independent of r, that is, if and only if
0

=

[1A}
[

{____!!'_
- n(p' + p')}
p

+

+

+

+

(p

Gn
~~

p
-

p

{ 4rcrp -

p

4rcGrn

2GJ/J-1;2

p)2

2GJ/J1 - --

~
2

r

[
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r
3/2

r

2GJ/J-3;2
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The condition of uniform entropy per nucleon gives

o=±(e)+P±(I)
dr

n

dr

n

and therefore
n'(r)

=

n(r)p'(r)
p(r) + p(r)

Therefore bM vanishes for all [Jp(r) that give bN = 0, if and only if
-r

2

p'

=

G

[

2G..i]-1
1 - -r-

[p

+

p][..i

+

4rcr 3p]
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as was to be proved. If the term in bM of second order in bp(r) is positive-definite
for all perturbations,
then energy must be supplied in order to produce any
perturbation, and the star is stable. On the other hand, if bM can in second order
be negatfre for some perturbation bp(r), then this perturbation can grow with an
increase in kinetic energy, and the star is unstable.

3

Xewtonian Stars: Polytropes and White Dwarfs

Most of the stars in the sky are adequately described by Newtonian physics,
"ithout taking account of general relativity. Such Newtonian stars deserve some
attention here, both because they serve us limiting cases for the more exotic
objects that interest the general relativist, and because they can guide us in
understanding the qualitative properties of these objects.
In Newtonian astrophysics the internal energy and pressure are very much
less than the rest-mass density,
(11.3.1)
so that total density is dominated

by the density of rest-mass,
(11.3.2)

and also
~

p

In addition, the gravitational

p

potential is everywhere small, so
2G...i

1

--~

r

The fundamental

(11.3.3)

equation (11.1.13) thus simplifies to
-r

2

p'(r)

=

G...i(r)p(r)

(11.3.4)

4,rr' 2 p(r') dr'

(11.3.5)

with Al(r) still defined by
.h'(r)

=

I:

Dividing (11.3.4) by p(r) and differentiating allows us to combine both (11.3.4)
and (11.3.5) in a single second-order differential equation:
.!:__~ dp(r)

dr p(r)

dr

= -

4nGr 2 p(r)

(11.3.6)
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In order that p(O) be finite, it is necessary that p'(O) vanish. Thus, given an equation
of state p = p(p) (with dp/dp -=I-0), we can obtain p(r) by solving Eq. (11.3.6)
with the initial conditions that p(O) have some given value and that

p'(O) = 0

(11.3.7)

(Eq. (11.3.7) also follows from the requirement that p(r) be an analytic function
of x, y, and z at x = y = z = 0.)
We still need to prescribe an equation of state. It is often the case that the
internal energy density is proportional to the pressure, that is,
(11.3.8)
(Here (y - 1)- 1 is just a constant proportionality coefficient; y will not be the
ratio of specific heats unless e and p are proportional to the temperature.) The
condition of uniform entropy per nucleon then reads

- 1 { (1)+ (1)

-yp- d y - 1
dr n

dp}
n dr

and therefore

p

0C

nY

p = KpY

(11.3.9)

The proportionality constant K depends on the entropy per nucleon and chemical
composition, but it does not depend on r or <?np(O). Any star for which the equation
of state takes the form (11.3.9) is called a polytrope.
The fundamental equation (11.3.6) can, in the case of a polytrope, be transformed into a convenient dimensionless form. Define a new independent variable
by

e,

r

= (

Ky
4rcG(y -

)112p(O)<r- z)12e

(11.3.10)

p = Kp(O)Y8Y/(y- l)

(11.3.11)

1)

and a new dependent variable 8, by
p

=

p(0)81/(y-1)

Equation (11.3.6) then takes the form

~ e ae+
e ae ae
_.!:__

et/(y-1)

= o

(11.3.12)

0

(11.3.13)

The boundary conditions are
8(0)

1

8'(0)

=

31 O
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[See Eq. (11.3.7).J The function B(c;) defined by (11.3.12), (11.3.13) is known as the
4
of index (y - 1)- 1. For c; near zero, Eq. (11.3.12) gives

Lane-Emdenfunction

B(c;)

=

1 -

+

e

c;4
120(y -

6

(11.3.14)
1)

Also, it can be shown that for y > 6/5, B(c;)vanishes at some finite c;1 :
(11.3.15)

The radius of the star is thus given by Eq. (11.3.10) as
R = (

Ky

)112 p(O/r- 2)/2c;1

4nG(y -

We can also use the Lane-Emden
M ea

=

LR4nr

2

solutions to calculate the stellar mass:

p(r) dr

4np(0/3r-4)/2

(

4np(0)(3y-4)/2

(

~1

1)

Ky
4nG(y -

f

)312

Ky
4nG(y -

=

(11.3.16)

1)

ee11<r-1)(c;) de;

0

)3/2 c;12IB'(c;1)I

(11.3.17)

1)

By eliminating p(O) in (11.3.16) and (11.3.17), we obtain a relation between JJ
and R:
K
)- 11<r-2) c; -(3y-4)/(y-2)~
M = 4nR(3y-4)/(y-2)
~~]'___
218'(<; )I
1
1
1
( 4nG( y - 1)
(11.3.18)

Values

5

of the numerical constants c;1 and c;12 18'(c;1)1 are tabulated

Table 11.1. Values 5 of the Numerical Parameters
Various Newtonian Polytropes
y

6/5
11/9
5/4
9/7
4/3
7/5
3/2
5/3
2
3
00

c;1

-c;1 2B'(c;1)

31.83646
14.97155
9.53581
6.89685
5.35528
4.35287
3.65375

1.73205
1. 73780
1. 79723
1.89056
2.01824
2.18720
2.41105
2.71406

n

n

00

2.7528
~6

3. 7871
2~6

in Table 11.1.

<;1 and -c;/8'(c;

Examples

Largest mass white dwarfs

Small mass white dwarfs

Incompressible

stars

1)

for
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For Newtonian stars, M is dominated by the total rest-mass
nucleon number of the star is given to a good approximation by

311

NmN, so the

(11.3.19)

=

"re also want to know the internal energy E
M - Nm N· For general Newtonian
stars this is given by Eqs. (11.1.26), (11.1.29), and (11.1.30) as
(11.3.20)

with the thermal energy T and the gravitational

s:
f:

T =
V = -

We now show that for polytropes,
formulas 6

T=

energy V given by

2

(11.3.21)

4nr e(r) dr

4nrG..i(r)p(r)

dr

(11.3.22)

T and V are given by the remarkably
1

GM

(5y - 6)

V=

simple

2

(11.3.23)

R

3(y -

1) GM 2

(5y -

6)

(3y -

4) GM

( 11.3.24)

R

so the total internal energy is

E=

(5y - 6)

2

(11.3.25)

R

To prove the formula for V, we use Eq. (11.3.4) to rewrite (11.3.22) as
V

=

4n

JRr 3dp(r)
o

dr

JRp(r)

-12n

JRr 2p(r)

dr

(11.3.26)

o

Multiplying and dividing in the integrand
V = -3

=

dr

du#(r)

o p(r)

by p(r), we have

= 3

fRu#(r)
o

d

(p(r))
p(r)

(We assume here that y > 1, so that p/p vanishes at R.) This can be evaluated
using the equation of state to calculate

~
dr

(p(r))
= ()' - 1)
y
p(r)

p'(r)
p(r)

= _ (~)

Gu#(r)

y

r2

by

312
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so
(11.3.27)
Since dr/r 2

- d(l/r), we can integrate by parts once again, and find

3(y~ lw: 2s:
2

V =

=

4nrG..i(r)p(r)

-

3

dr}

e w:
~

1

2

+ 2v}

Solving for V then gives the desired result (11.3.24). To calculate T we use (11.3.8)
in (11.3.26), which gives
V

= -3(y - l)T

(11.3.28)

Equations (11.3.24) and (11.3.28) then give the desired result (11.3.23).
Inspection of (11.3.17) and (11.3.19) shows that the nucleon number N
behaves like p(0)<3 r- 4 )/Z whereas (11.3.25), (11.3.16), and (11.3.17) shown that
the internal energy E behaves like p(0)<5 r- 6 >12 . Thus oN/op(O) and oE/op(O)
can never vanish together. Theorem 1 of the last section tells us then that each
polytrope is either stable or unstable for all p(O), depending on the value of y.
But which?
In order to answer this question, we turn to Theorem 2 of the last section,
which tells us that the star will be stable if and only if Eis a minimum with respect
to all variations in p(r) that leave .J..V
(and the equation of state) unchanged. It is
intuitively likely that the first instability to occur will correspond to a uniform
implosion of the whole star, and since we are only trying to answer the yes-or-no
question about stability with respect to this mode, it will hopefully be sufficient
for us to consider only trial configurations with p(r) constant. 7 In any such configuration, (11.3.19), (11.3.21), (11.3.22), and (11.3.8) give
..nr

-

-

4n
~-p

R3

(11.3.29)

3mN

(11.3.30)

(11.3.31)
so, eliminating R,

E = T

+

V = apr-

1

-

bp 1 13

(11.3.32)
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where
a=---

KM
(y -

~

b -

(11.3.33)

1)

(4;)

GM'f3

t/3

(11.3.34)

For y > 4/3, E has a minimum at
p

= (

b
3a(y -

)1/(y-4/3)

= (M2f3G( 4 n/3 )1;3)1;(y-4/3)
5K

1)

(11.3.35)

corresponding to a configuration of stable equilibrium. For y = 4/3, Eis stationary
with respect to p only if it vanishes everywhere, which requires that a = b, or
(11.3.36)
For y < 4/3, E has a maximum at the point ( 11.3.35), corresponding to a state of
unstable equilibrium.
Incidentally, Eq. (11.3.35) gives an estimate for the mass
M ~ 4n

(3y-4)/2 (15K)3/2
4nG

3 P

which may be compared with the exact result (11.3.17). The ratio of these two
expressions is
M (variational)
(15(}' - l)/y) 3 / 2
2

M(exact)

3~1 18'(~1)1

For y = 5/3 this ratio is 1.8; for }' = 4/3 it is 1.2. Not only does the variational
method give the correct dependence of Mon p (including the fact that for y = 4/3,
Mis independent of p, and E vanishes), but it even provides a fair approximation
to the exact numerical results. We can accept with confidence its prediction that a
polytrope is stable or unstable according to whether y > 4/3 or y < 4/3. 7
The variational approach also provides a simple method for estimating the
oscillation frequency for dilation and contraction of the star. Equations (11.3.29)(11.3.31) show that for fixed N,
T oc R 3 <l-y)

We can use Eqs. (11.3.23) and (11.3.24) to fix the correct values of T and Vat the
equilibrium radius (which we shall now write as Rew to distinguish it from the
instantaneous radius R of an oscillating configuration). This gives then

E =

1
(5y -

GM2 R3<16) R~t

3

y)

y)

-

?it -::::____!l
GM2 R5y - 6

i

3 14
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For y > 4/3, this has a minimum at R
behaves like

E ~ E

+

3(y -

=

as it should. For R near

Req,

4) GM2 (R - R

1)(3y -

2(5y - 6)

eq

Req 3

Req,

E

)2
eq

The uniform dilation of a sphere with uniform density will give it a kinetic energy

I MR2

=

U

10

so the condition of energy conservation, that U + Ebe constant, leads to modes
with
R - Req oc sin w 0 t
Wo

~ [5(y -

4) QM:]

1)(3y 5y - 6

1 2

1

(11.3.37)

Req

Finally, we note that a uniform sphere rotating with angular velocity
have kinetic energy
U

=

lMR
5

eq

zg2

This must be less than the binding energy -E,
with which a star can rotate is of order

~

n
max

n will

[5(3y ~ 4) GMJ
(5y - 6) Req 3

so the maximum angular velocity

1 2

1

~

.Jy-

(11.3.38)

1

Of course a star rotating this fast will no longer be a sphere, and (11.3.38) only
gives an order-of-magnitude estimate of the actual maximum rotation frequency.
Now let us apply what we have learned to the stars known as white dwarfs.
Imagine an aged star that exhausts its nuclear fuel and begins to cool and contract.
When the temperature is sufficiently low (see below for just how low)i the electrons
will be frozen into the lowest available energy levels. The Pauli principle tells us
that there will be two electrons in each level (because of the two spin states
available) and there are 4nk 2 (2nli)- 3 dk levels per unit volume with momenta
between k and k + dk, so the number of electrons per unit volume will be related
to the maximum momentum kp by

n =

~ fkFk2
(2nli) 3

dk

(11.3.39)

0

The mass density is
(11.3.40)
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where µ is the number of nucleons per electron; µ '.::::::
2 for stars that have used up
their hydrogen. This gives
(11.3.41)

The condition that the temperature

is negligible is

kT ~ [kp2

+

me2J1/2 - me

The kinetic energy density and pressure of these electrons are
(11.3.42)

fkF

Sn

p = 3(2nn) 3

0

(k 2

+

k2
m/)

k2 dk
1 12

(11.3.43)

[See Eq. (2.8.4).J The equation of state can be made explicit by using (11.3.41) in
(11.3.43).

The equation of state here is not simple, but it reduces to a polytrope in two
extreme cases, distinguished by the criteria p ~ Pc or p ~ Pc, where Pc is the
critical density at which kp becomes equal to me (in c.g.s. units):
(11.3.44)

(A) p

~

Pc· In this case kF

~

me, so Eqs. (11.3.42) and (11.3.43) give

e = fp

This is a polytrope, with

}' = t,
Equation

(11.3.45)

(11.3.17) then gives a mass (in c.g.s. units)

M

= -1 (3n)1;2
2

8

(2.71406)

( li3;2c3;2 ) (p(0))1;2
~
mN2µ2Q3/2
Pc

(11.3.-16)
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whereas Eq. (11.3.16) gives a radius (in c.g.s. units)

_ (3rc)1;2
(
(3.65375)

R -

8

c

x 104 µ-

= 2.0

(B) p

~

Pc· In this case kp

1

112

r,,3/2 ) (p(0))-1/6(11.3.47)

G 112 memNµ

(p~:)r

Pc

116

km

~ me,

so Eqs. (11.3.42) and (11.3.43) give

e = 3p
8nkp

p=

4

12(2rcn)3

-

n
12rc2

(3rc

2

p)

4 3
/

mNµ

This is a polytrope, with
y

Equation

=

t

(11.3.48)

(11.3.17) then gives a unique mass (in c.g.s. units)
(11.3.49)

whereas Eq. (11.3.16) gives the radius (in c.g.s. units)
(11.3.50)

We note that y > 4/3 for p(O) ~ Pc, so the least massive white dwarfs are
definitely stable. We also see that JI appears to grow monotonically with increasing
central density, reaching a maximum (11.3.49) when p(O) ~ oo, so there is no
point where the star can become unstable. Our tentative conclusion is that stable
white d\varfs can exist for any mass less than (11.3.49). This maximum mass is
known as the Chandrasekhar limit. 8
Actually, matters are not so simple. When kF ~ 5me, it becomes energetically
favorable for electrons to be captured by nucleii, turning protons into neutrons,
and producing neutrinos that escape forthwith. The effect is to increase the number
µ of nucleons per electron, and according to Eq. (11.3.46) this will reduce the mass
M for a given central density. We therefore expect M to increase toward the
Chandrasekhar limit until p(O) ~ 5 3 pc [see Eqs. (11.3.41) and (11.3.44)], where
M reaches a maximum and then begins to decrease. Detailed calculations 9 show
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that the maximum mass is l .2M 0 , nearly equal to the Chandrasekhar limit, which
is l.26M O forµ = 56/26. The radius of a star with this maximum mass is about
4 x 10 3 km. Theorem 2 of Section 11.2 suggests that this maximum is a point of
transition from stability to instability, so stable iron white dwarfs can exist only
for M < l.2M 0 .
To the student of general relativity, the most interesting parameter characterizing a white dwarf is the absolute value GM/R of the gravitational potential
at its surface. For p(O) ~ Pc, this is given by (11.3.46) and (11.3.47) as

G~ =
R

whereas for p(O)

~

! (2.71406)

µ_

2 3.65375

1

(me)
(p(0))
mN

2 3
/

Pc

(11.3.51)

Pc, it is given by Eqs. (11.3.49) and (11.3.50) as

GM = (2.01824) µ_
R
6.89685

1

(me)
(p(0~)
mN

Pc

1 3

1

(11.3.52)

We see that GM/R is always going to be quite small, because me/mN = 5.4 x 10- 4 •
Thus general relativity plays no important role in the structure of white dwarfs.
The quantity GM/R increases with increasing central density, so it is largest at the
maximum mass l.2M 0 , where it takes the value 4 x 10- 4 . Our old friend 40
Eridani B had GM/R ~ 6 x 10- 5 (see Section 3.5), so it is not going to be
possible to improve astronomical red-shift experiments very dramatically by
finding white dwarfs with much larger red shifts.

4

Neutron Stars

We saw in the last section that a white dwarf star supported by the pressure
of cold degenerate electrons cannot be in equilibrium if its mass is greater than the
Chandrasekhar limit, about li 3 ' 2 fmN 2 G 3 12 . Also, the gravitational potential at
the surface of such a star cannot be greater than about me/mN, so general relativity
plays no role in its structure.
Continuing our search for astrophysical applications of general relativity, let
us ask what happens when a star whose mass is above the Chandrasekhar limit
reaches the end of its thermonuclear evolution and grows cold. Its internal pressure
then fails to support it, and it collapses. One possibility is that the star will simply
go on collapsing forever, in which case general relativity will certainly come into
play. Another possibility is that the star will become so heated during its collapse
that it will explode, becoming a supernova. It might then blow off enough matter
so that its mass drops below the Chandrasekhar limit. It is believed that in this
case the highly compressed remnant does not find its quietus as a white dwarf,
but rather becomes a superdense neutron star. 10 (See Figure 11.2.)
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Figure 11.2 Configurations of stellar equilibrium. The solid curves on the left and
10 solution
for a pure neutron star and the
right represent the Oppenheimer-Volkoff
8
56
Chandrasekhar
solution for a pure Fe
white dwarf star, respectively. The dashed
lines give the extrapolated
nonrelativistic
solutions in these two cases. The dotted line
represents the interpolating
solution of Harrison, Thorne, Wakano, and Wheeler, 12
which takes into account the shift in chemical composition from Fe 56 to neutrons.
Arrows indicate the direction of increasing central density. As shown in Theorem 1,
the various transitions
between stability and instability
occur at the maxima and
minima of M, marked here with small circles.

A neutron star is like a white dwarf, except that it consists almost entirely
of "cold" degenerate neutrons, all electrons and protons having been converted into
neutrons through the reaction

p+e

~n+v

the neutrinos escaping the star. Enough electrons and protons must remain so
this sets
that the Pauli principle prevents neutron beta decay, n ~ p + e- +
a lower limit on the mass of stable neutron stars, to be evaluated below.
Neutron stars of low mass are much like white dwarfs of the same mass,
except that neutron degeneracy pressure replaces electron degeneracy pres~ure,
and thus me should be replaced in all formulas with mn (andµ should be set equal
to unity). Thus, by noting how me enters in the formulas (11.3.44)-(11.3.47) for
small white dwarfs, we can immediately conclude that a neutron star of small
mass will have a central density higher than that of a white dwarf with the same
mass (and µ = 2) by a factor -Hmn/me)3 = 3.1 x 10 9 , and will have a radius
smaller by a factor mn/2me = 920.

v;
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The electrons in a white dwarf will begin to be relativistic when its mass
becomes comparable to the theoretical upper limit, given by Eq. (11.3.49). Since
me does not enter in (11.3.49), we expect that the neutrons in a neutron star will
begin to be relativistic at just such masses, that is, when M is of order M 0 .
However, at this point the analogy between white dwarfs and neutron stars
breaks down. For one thing, the total energy density p of a white dwarf is always
dominated by the rest-mass density of its nonrelativistic nucleons, whereas a
neutron star with mass of order M O will consist of nucleons whose kinetic energies
are comparable with their rest-masses. Another difference that is even more
interesting is that, whereas a white dwarf whose electrons are moderately relativistic will have a surface gravitational potential GM/R of order mefmn, a
neutron star of equal mass will have a surface potential roughly of order unity.
Thus general relativity will necessarily play a role in the theory of the more
massive neutron,stars.
In order to formulate the quantitative theory of neutron stars, we begin by
writing down expressions for the total energy density and pressure of an ideal
Fermi gas of neutrons with maximum momentum kp:

- ~-8n

p -

(2nn)

3

JkF(k2 + mn2)112k2 dk

= 3pc J.kFfmn
o
(u2 + 1)1f2u2 du

0

(11.4.1)

where now (in c.g.s. units)
4 3

Pc

c
= 8nm
3(2:n)3

=

6.11 x 101s gm/cm3

(11.4.3)

By eliminating kp/mn in Eqs. (11.4.1) and (11.4.2), we obtain the equation of state
in the form
!!_ - F
Pc

(!!_)

( 11.4.4)

Pc

with F a definite transcendental function. The structure of a neutron star with
given central density p(O) is to be calculated by solving (11.1.13) with p given as a
function of p by (11.4.4). Since the only dimensional quantities in these equations
are p(O), Pc, and G, the solution must give the mass and radius as functions of
p(O) of the form
M = M0

f(p;:))
(p;:))

R = R 0g

(11.4.5)

(11.4.6)
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where (in c.g.s. units)
R0

and Collapse

=c(SnGpJR
M =
G
c

(11.4.7)

= 2.0M

(11.4.8)

2

~__Q

0

112 = 3.0 km
0

and f and g are unknown dimensionless functions. This problem, like that of the
white dwarfs, is analytically tractable only for very large and very small central
densities.
For p(O) ~ Pc we can use the analogy with white dwarfs discussed above,
and conclude from Eqs. (11.3.46) and (11.3.47) that

_ ! (3rr)1;2

(2.71406) (

M -

2

=

8

! (2.71406)M 0 (p(0))
2

R

r,,3/2 ) (p(0))1;2
mn2G312
Pc
112
(11.4.9)

Pc

3 ) 1 I 2 (3.65375)
= ___!!_
( 8

= (3.65375)R 0 ~
(

n3 I 2

(

)

mn2Q1/2

(

1I 6

-1!£)
p(O)

1/6

(11.4.10)

p(O))

with Pc now given by Eq. (11.4.3).
For p(O) ~ Pc, the neutrons near the center of the star have
(11.4.1) and (11.4.2) give

p = 3pc

(kF)s

4

kp

~

m 11, so

5

p

= Pc (kp)
4

mn

m 11

and therefore
(11.4.11)
as would be expected for a gas of highly relativistic particles. Using this equation
of state in the fundamental differential equation (11.1.13) gives
-r2p'(r)

=

4GA(r)p(r)

[1

+

4nr3p(r)J

[1 - 2GA(r)J-1

3..i(r)

r

(11.4.12)
Amazingly, we can find an exact solution of this equation

3
p(r)

=

56nGr 2

11

:

(11.4.13)

corresponding to the limit p(O) ~ oo. However, even in the limit of infinite central
density, this p(r) will drop below p 0 at a radius r of order R 0 , so that the equation
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of state (11.4.11) is not valid for the outer layers of any neutron star. To deal with
the crust of nonrelativistic neutrons, it is necessary to solve the full equation
(U.1.13) using the equation of state (11.4.4); the condition of infinite central
density is imposed by (11.4.13) for r ~ R 0 . We shall not do this here; the important
points are that the solution has a finite radius R where p_vanishes, and that the
mass M within this radius is finite, because the singularity in Eq. (11.4.13) is
integrable at r = 0. Thus the mass and radius of a neutron star approach finite
limits as p(O) ~ oo. Numerical solution of the fundamental equation (11.1.13)
gives these limits as 10

M 00 = 0.171M

(11.4.14)

0

There remains the question of stability. For p(O) ~ Pc, a pure neutron star
is simply a Newtonian polytrope with y = 5/3 (like a small white dwarf) and is
therefore stable. (See Section 11.3.) Equation (11.4.9) shows that M is a monotonically increasing function of p(O) for these small central densities. If M
continues to increase monotonically to the value M 00 , then no transition to instability can occur, according to Theorem 1 of Section 11.2. But (11.4.9) shows
that when p(O) = 0.016 Pc (which is small enough for (11.4.9) to be a good
approximation), the mass Mis already greater than M w Thus we expect that M
rises to a maximum value M > M 00 at some central density Pm of order pc, and
then drops to the value M 00 at infinite central density. This expectation is confirmed
by detailed calculation 10 using Eqs. (11.1.13) and (11.4.1)-(11.4.3). The mass M
of a pure ideal-gas neutron star reaches a maximum

Mm= 0.36M 0 = 0.7M

0

(11.4.15)

at a radius
Rm

=

3.2R

0

= 9.6 km

(11.4.16)

Since this is a point where 8M/8p(O) vanishes, we expect a transition here from
stability to instability with respect to radial oscillations. Thus (11.4.15) and
(11.4.16) characterize a neutron star with the greatest mass and central density
allowed by the requirement that the star be stable. The mass (11.4.15) is known as
the Oppenheimer- Volkoff limit. Note that the fractional red shift of a spectral line
emitted from the surface of such a neutron star is

(11.4.17)
[See Eqs. (3.5.3), (11.1.1), and (11.1.17).J Evidently general relativity is just
beginning to be important for the most massive stable neutron stars.
Of course, a neutron star cannot consist purely of neutrons, if only because
,ve need a Fermi sea of electrons so that the Pauli exclusion principle can block
the neutrons' beta decay. In order to get a first taste of the chemical composition
in a neutron star, let us consider the equilibrium among neutrons, protons. and
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electrons. The energy density and number density of each one of these three
Fermi gases are given (for i = n, p, e) by
.
PI

= ~ fkF,i)k2
(2rci'i)3

n- = __8 n_
I
(2rcn)3

f

+

m.2 k2 dk

Q

(11.4.18)

I

kF.
,, k 2

dk

k3
= ~

(11.4.19)

3rc2i'i3

Q

At any given point in the star, the reactions n ~ p + e + v and p + e ~ n + v
can convert neutrons into protons and vice versa. (The neutrinos escape.) These
reactions preserve the total number density of baryons,
nn

+

(11.4.20)

(fixed)

np = nB

and preserve charge neutrality,
(11.4.21)
But with n B fixed, the total energy density may be expressed in terms of nn alone:

(11.4.22)
where
Chemical equilibrium is reached when this function is a minimum, that is, at

We can solve for nP

l+
np - 1
nn -

8

r

(C2n/13

+

-(C2[nB

- nnJ2/3

=

m/)1;2

_ (C2[nB _ nn]2/3

+

+

m/)1;2

me 2)1/2

nB - nn as a function of nn, and find

2(m n2 - m p 2 - m e 2) + (m n2 - m p 2)2 - 2m e 2(m n2 + m p 2)
c2nn 2/3
C4nn 4/3

1+

+ m e413/2

mn2
c2n/13

The nucleon mass difference Q
mn - mp and the electron mass me are of comparable magnitude and very much less than mn, so this result can be written more
simply as

(11.4.23)
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where Pc = m//0 3 is the critical density previously defined in Eq. (11.4.3).
The condition for the neutrons to be stable against beta decay is that the
electron Fermi sea should be filled up to a momentum greater than the maximum
momentum kmax of the electron emitted in neutron beta decay:
(11.4.24)
where
[(m; - m;)

2

+

2m/(m\

-

m/)

+

m/]

1 2

1

2mn
~ [Q2

-

m/]

The electron Fermi momentum

1 2

1

= 1.19 MeV

(11.4.25)

is given by (11.4.19) and (11.4.21) as

(11.4.26)

This is smallest at nn = 0, where kF,e barely equals the value kmax· Hence the
condition (11.4.24) for neutron beta stability is indeed satisfied for any positive
neutron density.
The proton-neutron
ratio (11.4.23) is large and decreasing for very small
neutron densities, reaches a minimum for mnnn equal to the transition density

PT ~ Pc

4 (Q2 _ m 2)]3/4
[

mn

2

e

= 1.28

X

10-

4

pc

(11.4.27)

where

nP).
(nn
mtn

~ (Q + 1(Q2- m/)112)3;2

= 0.002

(11.4.28)

mn

and then rises monotonically, reaching the value 1/8 for nnmn ~ Pc Stars with a
central density somewhat less than the transition value (11.4.27) are not really
neutron stars at all, but belong to the extreme high-density branch of the -white
dwarf equilibrium solutions, and are therefore unstable. (See Section 11.3.) Thus
we expect there to be some minimum central density of order PT, and some
minimum mass of order 3M 0 (pT/p J 112 ~ 0.03M O [ see Eq. (11.4.9)], below which
stable neutron stars could not exist. Detailed calculations 2 show that the minimum
mass of a neutron star is actually about 0.2M 0 .
The small hydrogen contamination in a neutron star is more interesting than
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might be thought, because the filling of proton and electron as well as neutron
energy levels will block the decay of various particles besides the neutron that
are normally unstable. For instance, theµ- -meson becomes stable when kF,e > 53
MeV, because then the Pauli principle will block the emission of electrons in the
decay process µ- ~ e- + v + v. According to Eq. (11.4.26), this happens when
the density p ~ mnnn reaches the value 0.038p c' when nP = 0.005nn. When the
density reaches 0.107pc, with nP = 0.013nn, the electron Fermi momentum
reaches the µ-meson mass 105 MeV, and it becomes energetically favorable for
electrons at the top of the Fermi sea to be converted (say by collisions) into
µ- -mesons, with a neutrino-antineutrino
pair escaping from the star. Thus
neutron stars of even moderate mass will be contaminated withµ- -mesons as well
as hydrogen. The same reasoning l~ads us to expect that hyperons and various
excited states of the nucleons and hyperons also will be stable and present in small
amounts.
This raises an interesting question of principle. For instance, the famous 3-3
resonance in pion-nucleon scattering may be thought of either as a manifestation
of the pion-nucleon force, or as a particle, the ~ baryon, with a mass 1236 MeV
and the very short lifetime, 5.5 x 10- 20 sec. Should we include the~ in ideal-gas
models of neutron stars? Normally one would think not, but for high enough
nucleon density the Pauli principle will block the decays~ ~ N + n, ~ ~ N + y,
and so on, and energetic considerations will favor the conversion of some neutrons
and protons into ~'s. Of course, it is possible that the strong interactions among
nucleons simply rule out any ideal-gas model of a dense neutron star, but it is
also possible that the effects of these forces can be taken into account by treating
a neutron star as an ideal gas of neutrons, protons, electrons, µ- -mesons, hyperons,
and nucleon and hyperon resonances. (See Section 15.11.)
In any case, it should be clear that the Oppenheimer- V olkoff calculation,
which treats a neutron star as a pure ideal gas of neutrons, must be used with a
good deal of caution when p(O) is comparable with or greater than Pc· Merely
including protons and electrons as ·well as neutrons in an ideal-gas model does not
by itself have a serious effect on the structure of a neutron star, 12 but nuclear
forces can be quite important: For instance, various detailed calculations yield
values of the maximum stable mass equal to 0.37 M O , 13 l.95Jlll O , 14 and 2.4M 0 . 15
Even these models are still highly idealized; a real neutron star is expected to have
a crystalline crust, 16 a superfluid interior, 1 7 powerful magnetic fields, 18 and often
a very rapid rate of rotation. 1 9
The discovery 20 in 1967 of "pulsars," stars that emit radiation at various
wavelengths in regular pulses separated by intervals from a few seconds down to
0.033 sec, suggests that we should look into the possible rotation and vibration
periods of neutron stars and white dwarfs. Equations (11.3.37) and (11.3.38)
show that for ally except 6/5, 4/3, or 1, the maximum rotation frequency and the
fundamental vibration frequency of any Newtonian polytrope are toth of order

.JGM/R

3

.

Presumably

this result holds to within an order of magnitude

for any
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stable neutron star; in this case the characteristic frequency is greatest when M
and R take the values (11.4.15) and (11.4.16), where it has the value

(

)112= 104 sec-1

GM
Rm3m

(11.4.29)

This is considerably faster than any observed pulsar frequency. It is currently
believed that pulsars are rotating neutron stars, 21 which begin life with a rotation
frequency near the maximum, of order 10 4 sec- 1 , but which subsequently slow
down, losing their energy through gravitational and electromagnetic radiation and
through electromagnetic acceleration of charged particles. (In order to account for
the existence of this radiation as well as for the observed pulses, it is necessary to
suppose that the star does not have circular symmetry about the axis of rotation,
as would be the case if its magnetic poles are offset from its rotation poles.) This
interpretation
is supported by the observation that several pulsars are slowing
down. 22
A white dwarf with the same mass as a neutron star will have a radius larger
by a factor mn/µme ~ 900, so the fundamental vibration frequency and the
maximum rotation frequency will be smaller than for a neutron star by a factor
3 x 10- 5 . For M near Mm this gives a characteristic frequency smaller than
(11.4.29) by this factor, or about 0.3 sec- 1 . This is slower than the observed pulse
rate of most pulsars. Pulsars are probably neutron stars, not white dwarfs.

5

Supermassive Stars

We now turn to a different kind of "star," 23 in which general relativity enters
in quite a different way. Let us consider a Newtonian star that is supported by the
pressure of radiation rather than of matter; the conditions under which this
occurs will be discovered as ·we go along. Let us also assume that the star is in
convective equilibrium (see Section 11.1) and has uniform chemical composition.
Radiation has an energy density e = 3p, so this star will be a polytrope with
y = 4/3, that is,
P = Kp4/3
(11.5.1)
The radiation pressure is given by the Stefan-Boltzmann

law,
(11.5.2)

so with p

~

p,, the temperature

h"T -

is given by

(45::X)''•
p'''

(11.5.3)
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The pressure of matter here is given by the ideal-gas law:

kT
Pm = P---=m

(11.5.4)

where m is the mean mass of the gas particles. Thus the ratio of matter to radiation
pressure is
(11.5.5)
This is a constant throughout the star, so we can use p instead of K (or the entropy
per nucleon, on which they both depend) to define the equation of state, writing
(11.5.6)

= 4/3 is given by Eq. (11.3.17) and Table 11.1 as

The mass of a polytrope with y

M

=

(11.5.7)

4,r (2.01824) (,~ )'''

and, using (11.5.6), this becomes

M = 12 )5 (2.01824)
n3;2

18M 0

(';;')'

h3;2
m2a312p2

p- 2

(11.5.8)

For ionized hydrogen at temperatures between 10 5 ° K and 10 10 ° K, m is the
average of the proton and the electron mass, so m ~ mN/2. Thus in this case the
condition for radiation pressure to dominate material pressure by, say, a factor 10,
is that M ~ 7200M 0 . No such supermassive star has been definitely observed,
but they have been considered as possible sites for the production of radiant
energy through gravitational collapse. 23
The structure of a supermassive star is entirely determined by the equations
for a Newtonian polytrope with y ~ 4/3. In particular, Eq. (11.3.16) gives the
radius of the star as
R = 6.89685

(:a)'''

p(0)-

1 3

1

and, using (11.5.6), this is

45)1/6
hl/2
R = ( ns
(6.89685) m213a112p213

p(0)-1;3

(11.5.9)
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The radius is restricted by our assumption that the rest-mass energy of the star
be much greater than its radiant energy, and, a fortiori, than the thermal energy
of its matter. This condition reads

or, using (11.5.3) and (11.5.6),

(11.5.10)
The density p is greatest at the center, so this can be regarded as a condition on
p(O); using (11.5.8) and (11.5.9) to express f3and p(O) in terms of Mand R, the
condition (11.5.10) becomes

~

MG

! (2.01824)

R

3 6.89685

= 0 _39

(11.5.11)

This is essentially equivalent to the statement that the gravitational potential is
small, which also was assumed. For M = 10 4 M 0 , Eq. (11.5.11) requires that
R ~ 4 x 10 4 km.
Although we do not need general relativity to understand the structure of
these supermassive stars, we shall need it to settle the question of stability. A
polytrope with y = 4/3 is trembling between stability and instability, so it is
necessary to take into account the small effects of the matter pressure and of
general relativity, which play no appreciable role in structure calculations.
We use Theorem 1 of Section 11.2, which tells us that the transition from
stability to instability will occur at a value of p(O) for which the internal energy E
is stationary. To calculate E, we use Eqs. (11.1.29)-(11.1.31), which to first order
in GM/R give'
E "'

LR4nr

-f

2

e(r) dr

+

LR4nGr.A'(r)e(r)

411Gr.A'(r) dr -

f

2

dr

2

(11.5.12)

6nG .4{ (r)p(r) dr

The internal energy density e is
2

e = n (kT)
15 h 3

4

+

_l_m 3 [l +

r -

pkT =

1

Pr

/3

J

3(r - 1)

where r is the specific heat ratio of the matter. (For ionized hydrogen,
The total pressure is
P

= Pr + Pm = Pr( 1 + /J)

r

5,3.)
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/3,the

Therefore, to first order in the small parameter
pressure is given by

ratio of energy density to

e '.:::::'.
3p [1 - (3r - 4) /3 + 0(/32)]
3(r - 1)

(11.5.13)

The small correction of order f3can be ignored in the second term in (11.5.12),
which is already smaller than the first term by a factor of order GM/R, but it
must be kept in the large first term, and therefore

E

4
3
- ( r - ) /3]
3(r - 1)

c::::::[1

- tR 4nGr.,ll(r)

JR12nr
0

2

+

p(r) dr

6nG 2 .K 2(r)p(r) dr - · · ·

The first integral can be rewritten by integrating

J:

I2nr 2p(r) dr -

p(r) d(4nr

3

To calculate p'(r), we expand the fundamental
GM/R:

-r 2p'(r)

c::::::GJl/(r)p(r)

) -

f

J:

I2nr 2p(r) dr cs

+

4nGr.K(r)p(r) dr

J:

2

J:

4nr 3p'(r) dr

-

equation (11.1.13) to first order in

+ p(r) +

[l

(11.5.14)

by parts:

p(r)
so

dr

0

J0R

dr -

J:

JR12nGr..i(r)p(r)

3

4nr p(r)
j((r)

+

+

2G..i(r)J
r

S:

4nGr.,ll(r)p(r) dr

4

I:

+

I611 Gr p(r)p(r) dr

2

8nG p(r).K

2

(r) dr

The /3-correction needs to be kept in only the first term, which is larger than the
others by a factor of order R/MG, so to first order in f3and GM/R, Eq. (11.5.14)
reads

E

c:::::: -

+

(3r - 4)
3(r - 1)

J:

2

/3JR4nGr.Jl(r)p(r)

dr

+

JR16nGr..i(r)p(r)

0

4

I6n Gr p(r)p(r) d,-

+

J:

2

2nG .,l/ 2 (r)p(r) dr

Now every term is small, so they can all be evaluated
values obtained by solving the Newtonian equation

- r 2p'(r)

dr

0

c::::::G..i(r)p(r)

(11.5.15)

using for p, p, and A the
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for a Newtonian polytrope with y = 4/3. In particular,
(11.5.15) is given by setting y = 4/3 in Eq. (11.3.24),

I

R

4nGr..i(r)p(r)

dr

= -

3GJJ,[2

V = --

0

whereas an integration

f

2R

by parts lets us write the third term as

f :nr

16n 2 Gr 4 p(r)p(r) dr =

2

p(r) d.,{{(r)

-f
f
0

4nGr 2p'(r).,{{(r) dr -

4nG 2 ,Jt 2 (r)p(r) dr -

Equation

the first integral in Eq.

f

f

8nGrp(r)J{(r)

8,rGrp(r),Jl(r)

dr

dr

(11.5.15) now reads

E ~ -

(3r - 4) f3-~
GJJ,[2
2(r - 1)
R

+ IRBnGr..i(r)p(r)

dr

+

O

The last two integrals may be calculated
B(~) for y = 4/3:

IR6nG ..i
2

2

(r)p(r) dr

o

in terms of the Lane-Emden

function

whereas Kand p(O) can be expressed in terms of JJ,f and R by using (11.3.16) and
(11.3.17), yielding

J;

K112p(0)2;3
3 2

Q l

A numerical integration

QJJ,[2

64~/10'(~ 1 )13 R

gives 24

so, putting this all together, -we have at last

(11.5.16)
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The star is certainly stable when R is so large that general relativity
neglected, for then the star behaves like a Newtonian polytrope with

Y=l+-~-+P
e

[See Eq. (11.5.13).] The transition
decreases to a value where

4

(3f' - 4)

3

9(r - 1)

can be

4

/3>-

3
will occur when R

from stability to instability

aE _ aE ap(O) _
--~--~0

aR

8p(O)

aR

The derivative must be taken with constant entropy per nucleon, and hence in
this case with f3fixed and M fixed. [See Eqs. (11.5.6) and (11.5.7).] Thus the
minimum radius for stability is

R . = 20.4 (r - 1) GM
mm
(3f' - 4)
/3

(11.5.17)

The maximum energy that can be released by letting the star shrink slowly
(through radiation at its surface) to this minimum stable radius is

(11.5.18)
For instance, a star with f3= 0.1 will have M ~ 7200M 0 ; if r = 5/3 then the
minimum radius is 1.45 x 10 6 km, and the fraction of its rest-mass that can be
released by assembling the star is 0.03%. The maximum value of the surface
potential MG/R for r = 5/3 is 0.0735/3, well under the limit (11.5.11).

6

Stars of Uniform Density

General relativity finds an interesting application to one other class of stable
stars, those consisting of incompressible fluids, with equation of state
p

= constant

(11.6.1)

These stars are of interest, not because they actually exist (they don't), but because
they are simple enough to allow an exact solution of Einstein's equations, 2 5 and
because they set an upper limit to the gravitational red shift of spectral lines from
the surface of any star. 26
With p constant, the fundamental equation (11.1.13) may be written

[p

+

-p'(r)
p(r)][(p/ 3 )

[

+

p(r)]

=

4nGr

8nGpr

1 - - 3-

2

]-

1

(11.6.2)
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The pressure must now be determined by integrating inward from the surface
where p = 0, rather than outward, as for more realistic models. This gives
p(r)

3p(r)

+p
+p

=

[l-

2

/3]

8nGpR
1 - 8nGpr 2 /3

1 2

1

Solving for p(r), and expressing pin terms of the stellar mass,
for r < R

(11.6.3)

we find

p(r)

=

3M {[l - (2MG/R)] 1 12 - [l - (2MGr 2 /R 3 )] 1 12 }
4nR 3 [l - (2MGr 2 /R 3 )] 1 12 - 3[1 - (2MG/R)] 1 12

The metric component A(r) is immediately

(11.6.4)

given by Eq. (11.1.11):
(11.6.5)

whereas B(r) can be calculated by using (11.6.4) in the integral (11.1.16):
B(r)

2MG)
= -1 [ 3 ( 1 - ~~

R

4

1

12

2MGr2)1;2]2
- ( 1 - ~-

R3

(11.6.6)

The most interesting feature of this solution is that it does not make sense for
all values of Mand R. The pressure given by Eq. (11.6.4) will become infinite at a
point r 00 where

r2
00

= 9R2 - 4R3
MG

(11.6.7)

(Also, the metric becomes singular at r 00 because B(r 00 ) vanishes.) But the pressure
is a scalar, and so an infinity in p(r) cannot be blamed on an injudicious choice of
coordinate system. We must see to it that p(r) is not singular for any real r, and
the only way to accomplish this is to haver~ negative, or

MG
~<-

R

4

9

(11.6.8)

Note that the Schwarzschild radius 2MG is then less than 8/9 the actual radius R.
so there is no singularity in either the exterior solution (11.1.17) or the interior
solution (11.6.5), (11.6.6).
This is not the first time that we have discovered an upper bound on the
absolute value MG/R of the gravitational potential of a star. We learned in Section
11.4 that for a stable ideal-gas neutron star, MG/R is never greater than 0.36/3.2,
or 0.11. [See Eqs. (11.4.15) and (11.4.16).] Is there then an absolute upper limit to
MG/R imposed by the structure of the Einstein equations, irrespective of the
equation of state ?
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To frame this question as a mathematical problem, we consider p. as an
arbitrary finite positive function, subject only to these general requirements:
(A) The radius R is fixed, with
p(r)

= 0

for r > R

(11.6.9)

(B) The mass M is fixed, with

f:

4nr 2 p(r) dr = M

(11.6.10)

(C) The metric coefficient A(r) given by (11.1.11) must not be singular, so
uft(r)

<

r

~

(11.6.11)

2G

where
.K(r)

=

S:

4nr' 2 p(r') dr'

(D) The density p(r) must not increase outward:
p'(r) :::;;0

(11.6.12)

(It is difficult to imagine that a fluid sphere with a larger density near the surface
than near the center could be stable.) Given any function p(r), satisfying these
conditions, we can calculate A(r) from Eq. (11.1.11); we can determine p(r) by
integrating Eq. (11.1.13) inward from the surface (with the boundary condition
that p(R) = 0); and we can then calculate B(r) from Eq. (11.1.16). Equation
(11.6.11) guarantees that A(r) is well behaved, and as long as p(r) is finite, Eq.
(11.1.13) will give p(r) ~ 0, and Eq. (11.1.16) will give a finite positive-definite
B(r). Thus any absolute limitations on the input function p(r) (such as an upper
bound on MG/R) can only come from the condition that Eq. (11.1.13) must yield
a finite solution for the pressure p(r).

We shall exploit this condition rather indirectly, by concentrating on the
metric coefficient B(r) rather than on p(r) itself. We first derive an equation that
allows B(r) to be calculated for a gi,~en density function p(r), without having to
solve for p(r); from (11.1.5) and (11.1.7), we have
B' (A'
-+2 A

3RB+RA=B"-tt

rr

B')
B

3BA'
-----rA

B'
r

-16nGpAB

or
B"

2)

- B'
- (A'- + B'
- + -- = --B
2

A

B

r

rA

[3A, -

16rr:Gpr A 2 J
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This equation can be linearized by defining
(11.6.13)
Introducing

Eq. (11.1.11) for A(r), and rearranging

[!(l_

dr

r

(l_

12
1 d((r)J = G
dr

2G.A(r))
r

!:__

a bit, we find

2G.A(r))r

12
1 (.A(r))' ((r)
r3

(11.6.14)
The initial conditions at r = R can be determined directly from Eq. (11.1.16),
or from the condition that B(r) fit smoothly to the exterior solution (11.1.17);
either way, we find that

C(R) = [1 -

2!GT2

(11.6.15)

('(R) = M!!_[1 - 2MGJ- 112

R2

(11.6.16)

R

The solution for ((r) must be positive, because ((r) can become negative only if it
passes through the value zero, at which point B would vanish, and, according to
Eq. (11.1.16), B can vanish only if the pressure p(r) has a singularity.
We next proceed to derive an upper bound for ((0). If ( is positive, then the
right-hand side of (11.6.14) is negative, because 3.A(r)/4nr 3 is the mean density
within the radius r, and the mean density cannot increase with r if the density
does not. Thus (11.6.14) gives

[!(l_

cl_
dr

2G.A(r))
r

r

12
1 d((r)J
dr

~

0

the equality being attained only for uniform density. Integrating
from r to Rand using (11.6.16), we have

('(r) 2 MGr
3

R

Integrating

again from Oto Rand

((0)

~

(l_

2G.A(r))-

this inequality

12
1

r

using (11.6.15) gives

12
21lfGJ 1
MG
- R3
[1 - - R

JR

r dr

o [l - (2G.A(r)/r)]1;2

The right-hand side is largest when .A(r) is as small as possible. For a given mass
M and radius R, the density distribution with p'(r) ~ 0 that gives an vll(r) that
is everywhere as small as possible has p(r) constant, in which case

.A(r) = Mr3
R3
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Using this in the integral, our inequality

is
1 2

1

((o) ~ 3 [ 1 - 2MGJ 1

2

-R

We haYe already noted that ((r) must be positive-definite;
that

MG

R

<

(11.6.17)

2

hence (11.6.17) implies

4

(11.6.18)

9

This is just the upper limit found earlier for stars of uniform density, but now we
know that (11.6.18) holds for all stars, uniform or not.
It can also be proved that for a given mass and radius, the stable stars with
smallest central pressure are those with uniform density. Hence the central pressure
of any star is not less than the value obtained by setting r = 0 in Eq. (11.6.4),
that is,
1 2

O > ~M_ { [l - (2MG/R)] 1 - 1}
p( ) - 4nR 3 1 - 3[1 - (2MG/R)] 1 12

(11.6.19)

This again shows that MG/R can never equal the forbidden value 4/9.
Our result can be immediately translated into a statement about the red shift
of spectral lines from the -surface of any star. According to Eqs. (3.5.3), (11.1.1),
and (11.1.17), this is

Equation

(11.6.18) imposes on z the upper bound

z < 2

(11.6.20)

In fact, there seems to be a large concentration of quasi-stellar radio sources (see
Chapter 14) whose spectral lines show red shifts close to 1.95 ! However, we
should not jump to the conclusion that these red shifts are necessarily due to
strong gravitational fields, for red shifts near z = 2 require the star to be composed
of a nearly incompressible fluid, with ap/ap very small. This would seem unphysical, since we do not want the speed of sound (ap/ap) 1 12 to become larger than
the speed of light! 26 Bondi 27 has shown that for a stable star with (ap/ap) < 1
and with p/p ~ 1/3 (as is the case for particles that interact only electromagnetically and/or in localized collisions; see Section 2.10) the red shift of spectral lines
emitted from the surface is bounded by z ~ 0.615. In any case, there are quasistellar objects with red shifts z > 2, such as 4025.5, with z = 2.358.
However, there is no theorem that limits the red shifts of light signals from
the interior of static spherically symmetric bodies. 28 For instance, a light signal

7 Time-Dependent Spherically Symmetric Fields
from the center of a transparent
(3.5.3), (11.1.l ), and (11.6.6):

33 5

uniform star would have a red shift given by Eqs.

2

(2MG/R))

3(1

1 2

1

-

1

As MG/R approaches the maximum value 4/9, this red shift becomes infinite.
Hoyle and Fowler 29 have suggested that a quasi-stellar object can consist of a
cluster of small dense stars, with the red shifts arising from emission and absorption in a hot cloud of gas trapped near the cluster center. It is not yet clear whether
the red shifts of the QSO's arise internally, or from some other cause, such as the
general cosmological recession of distant objects discussed in Chapter 14.

7

Time-Dependent Spherically Symmetric Fields

We now turn to the problems of stellar dynamics, and begin by writing down
the metric and Ricci tensor for a spherically symmetric but time-dependent
system. Spherical symmetry requires the proper time interval dr:2 to depend only
on the rotational invariants

= r dr, dx 2 = dr 2 + r 2 (d()2 + sin 2

t, dt, r, x · dx

()

dcp2 )

so it can be written
dr:2

=

C(r, t) dt 2

-

D(r, t) dr 2

-

2E(r, t) dr dt - F(r, t)r 2 (d0 2

+

sin 2 0 dcp2 )

The function F can be removed by defining a new radial variable
r'

=rF

1 2

1 (r, t)

The metric will then be of the same form, but with new functions C', D', E' in
place of C, D, E, and of course with r' in place of r and no factor F. Dropping
primes, we have then
dr:2

=

C(r, t) dt 2

D(r, t) dr 2

-

-

2E(r, t) dr dt - r 2 (dfJ2

+

sin 2 0 dcp2 )

We next remove E, by defining a new time
dt'

=

17(r,t)[C(r, t) dt - E(r, t) dr]

where 17is an integrating factor defined to make the right-hand
differential, that is, so that

0

- [tf(r, t)C(r, t)]

or

--

a [17(r,t)E(r,
at

t)]

side a perfect
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(This equation can be solved by treating it as an initial value problem; given
r,(r, t 0 ) for all r, we can solve for a17(r, t)/at at t = t 0 and thus determine 17(r,t 0 + dt)
for all r.) The proper time is then
dr 2 = 17-2 0-

1

dt'

2

(D

-

+ o- 1 E 2 )

dr 2

r 2 (d()2

-

or, introducing new functions A and Bin place of D
dropping the prime on t,
dr 2 = B(r, t) dt 2

A(r, t) dr 2

-

+
+

r 2 (d() 2

-

Thus we can use the metric in its familiar "standard"
being that A and B now depend on t as well as r.
The nonvanishing
Yrr

=

tr=

0-

+
1

sin 2

()

d<p2 )

E 2 and ,.,- 2 0-

sin 2

()

d<p2 )

1

and

(11.7.1)

form, the only new feature

elements of the metric tensor and its inverse are

=

A

Yoo

A-1

goo=

r

2

g

r 2 sin 2

=

"""

r-2

Ytt = -B

()

gtt = -B-1
(11.7.2)

It follows that the nonvanishing

elements of the affine connection are

rrrr = ~
2A

A

B'

r:r

- sin () cos ()

=

A

1

2A

r

l

C""'=

-r

iJ

A

r~r= +-2B

()

A

Cr= r~r=

2A

r:"'=

r sin 2

r

B'
r trt = rtrt -- 2B

2B

(11. 7.3)

(A prime or a dot now denotes afar or a/at, respectively.) From (6.1.5) we obtain
the independent nonzero components of the Ricci tensor:

R

rr

B"

B' 2

A'B'

A'

A_

AB

A2

2B

4B

4AB

Ar

2B

4B

2

4AB

----------+-+2
-1

Roe=

Rtt

= --

B"
2A

B'A'

+ --

4A

2

1

rA'

+ - - -A

2A
2

B'

B'

Ar

4AB

- - + --

A
Ar

rB'

2

+ --

(11.7.5)

2AB

A_

BA

2A

4AB

+-

(11.7.4)

(11.7.6)

(11.7.7)
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Also, it follows from the spherical symmetry of the metric that
R"'"'

= sin 2 8R00

(11.7.8)
(11.7.9)

Rro = Rrq, = R 0"' = R 01 = R"'1 = 0

As a simple but important application of these results, let us consider a
spherically symmetric but not necessarily static field in empty space, where the
field equations read Rµv = 0. According to (11.7.7), the field equation R,r = 0
just tells us that A is time-independent:

A= o
Inspection of (11.7.4)-(11.7.6)
the field equations, and they
isotropic gravitational field in
the arguments of Section 8.2;

then shows that all time derivatives drop out of
become identical with the equations for a static
empty space. [See Eq. (8.1.13).] We can then repeat
the vanishing of Rrr and Rtt gives
(AB)'

= 0

(~)'

= I

and the vanishing of R 00 gives

Since A is time-independent,

A=

the general solution is

1-~- 2MG)(
r

1

B = f(t)

(1-

2

~)

with GM a time-independent integration constant, and f(t) an unknown function
oft. The function/(t) can be made to equal unity by defining a new time coordinate:

t' =

ff

1/2(!) dt

The metric is now entirely time-independent,
and agrees with the Schwarzschild
solution (8.2.12). We have thus proved the Birkhojf theorem, 30 that a spherically
symmetric gravitational field in empty space must be static, with a metric given
by the Schwarzschild solution.
The Birkhoff theorem is analogous to the result proved by Newton in his
theory of the lunar motion. that the gravitational field outsjde a spherically
symmetric body behaves as if the whole mass of the body were concentrated at the
center. It is a little surprising that this result should apply in general relativity
as well as in Newton's theory, for in general relativity a nonstatic body will
usually radiate gravitational waves. The Birkhoff theorem tells us that, although
a pulsating spherically symmetric body can of course produce nonstatic gravitational fields within its mass, no gravitational radiation can escape into empty
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space. In this sense, the Birkhoff theorem is analogous to the well-known result
of atomic theory, that a photon cannot be emitted in a quantum transition between
two states of zero spin.
The Birkhoff theorem may be applied, not only to the gravitational field
outside a body, but also to the field inside an empty spherical cavity at the center
of a spherically symmetric (but not necessarily static) body. In this case the metric
is again given by the Schwarzschild solution, but since the point r = 0 is here in
empty space, there can be no singularity, so the integration constant MG must
vanish. The Birkhoff theorem thus has the corollary that the metric inside an empty
spherical cavity at the center of a spherically symmetric system must be equivalent to
the flat-space M inkowski metric Y/µ v. This corollary is analogous to another famous
result of Newtonian theory, that the gravitational field of a spherical shell vanishes
inside the shell. Stars do not usually have holes at their centers, so this corollary
will not be of much use to us in this chapter. Its importance arises from the fact
that the Birkhoff theorem is a local theorem, not depending on any conditions on
the metric for r ~ CfJ (aside from spherical symmetry), so that space must be flat
in a spherical cavity at the center of a spherically symmetric system, even if the
system is infinite-even,
in fact, if the system is the whole universe. We shall see
in Section 15.1 that the corollary to Birkhoff's theorem can be used to justify a
limited use of Newtonian mechanics in cosmological problems.

8

Comoving Coordinates

As a further preparation for our treatment of gravitational collapse, and also
to lay a groundwork for our discussion of cosmology in Chapter 14, we now construct a very useful set of coordinates, the comoving coordinate system, 31 which
incorporates a more natural separation between space and time than that provided
by the standard coordinates used in the last section.
Imagine a finite region of space filled with a dense cloud of freely falling
particles. Each particle is assumed to carry along a little clock, and is given a
fixed set of spatial coordinates, which can be defined as the coordinates xi of the
particle, in some arbitrary system, when its own clock reads t = 0. (The rules for
setting these different clocks are discussed below.) The space-time coordinates x, t
of any event are defined by taking x as the spatial coordinate label of the particle
that is just going by when and where the event occurs, and by taking t as the
time then shown on that particle's clock. We may think of the coordinate mesh as
being dragged along by the cloud of particles, with time defined by clocks stuck
on the mesh. This coordinate system will be useful throughout the region occupied
by the particle cloud, for whatever intenal of time in which particle trajectories
do not cross.
The metric !Jµv in comoving coordinates is characterized by certain specially
simple features. First, we note that the clocks are in free fall and therefore tell
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proper time, so the proper time interval between two points x, t and x, t
a given particle's trajectory is just dt, that is,
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+

dt on

dr 2 = -gµv dxµ dxv = -gtt dt 2
and therefore

g,,=
Also, we note that the particle
equation of free fall, so

(11.8.1)

-1

trajectory

x

constant, t

r satisfies

the

0
Using (11.8.1), this gives

or, since gii is generally a nonsingular

matrix,
(11.8.2)

We have kept open the option of setting the clocks attached to the different
particles in an arbitrary fashion. Suppose that we reset these clocks by a transformation
(11.8.3)
x' = x
t' = t + j(x)
The new metric will have the elements

g;,=
g;i

(11.8.4)

-1

aJ
ax

= gti +-.

1

(11.8.5)

(11.8.6)

It would be a great simplification if the functionf
terms in Eq. (11.8.5) cancel, giving
this is possible :

gf, =

could be chosen so that the two
0. There are two important cases where

(A) Suppose that we can reset all clocks so that all particles are at rest at a
time t = 0. This assumption can be given an absolute physical significance by
intepreting it to mean that for each particle P at t = 0, it is possible to find a
locally inertial coordinate system xµ in which the separation between P and
neighboring particles is purely spatial,
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and in which the movement of Pin

a time interval dt is purely temporal,

_
(a:t)
ot

0

t= 0,x=Xp

The metric in this locally inertial system is the Minkowski metric ryµv' so the spacetime components of the metric in the comoving system at t = 0 are

With (11.8.2), it follows that gti vanishes everywhere, so the metric is given by
(11.8.7)
(B) If the metric is manifestly spherically symmetric, then the line element
must have the general form with which we started in the last section, that is,

dr 2 = O(r, t) dt 2

-

D(r, t) dr 2

-

2E(r, t) dr dt - F(r, t)r 2 (d8 2

The only nonvanishing time-space component
tells us that E is time-independent, so

We can therefore
(11.8.3), with

eliminate

Ytr

= 2E(r)

Yro

=

Yt<p =

gti is gtr

(}

dcp2 )

= 2E, and (11.8.2) then

gti by resetting

r

2

sin 2

0

the components

f - -

+

the clocks as m

E(r) dr

Using (11.8.4) and dropping primes, the metric is now of the form

dr 2 = dt 2

-

U(r, t) dr 2

-

V(r, t)(d8 2

+

sin 2

e dcp2 )

(11.8.8)

with U and V new unknown functions that replace D and F.
It is of course possible to construct coordinate systems of this sort even if the
cloud of freely falling particles is purely imaginary. In differential geometry,
coordinate systems satisfying (11.8.1) and (11.8.2) are called Gaussian, and if gti
vanishes, so that the line element takes the form (11.8.7), then we call the coordinates Gaussian normal. However, these coordinate systems find their most
important applications to systems that actually do consist of a freely falling fluid.
In this case the fluid velocity four-vector by definition has zero space component,
(11.8.9)
and since Uµ is normalized so that
-1

(11.8.10)
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[see Eq. (5.4.4)] the time component of Uµ must be
(11.8.11)
We shall be working only with spherically symmetric comoving coordinate
systems, with line element (11.8.8). The nonvanishing elements of the metric
tensor are

g(J(J=

v

2
gepep= V sin 8

g()()=

v-1

gepep= ( V sin 2 8)-

g,, = -1
1

gtt = -1
(11.8.12)

The nonvanishing

elements of the affine connection are readily calculated as

V'

r rr = 2U
!!_

r repep=--SlnV'

2U

v

2

e

r:ep = -sine

2V
V'
rep = rep = rep
epr 2 V

.

2U

rep=rep=tep
ept

cos

e

v

2V

!

r' epep= 2 sin 2 8

(11.8.13)

(A prime or dot denotes ajaror a/at,respectively.) From (6.1.5) we obtain the
independent nonzero components of the Ricci tensor:

V"
Rrr = -

v

''

2V

2

V"
2U

U'V'
2UV
V'U'
4U 2

+-

- --

(j

v

0 2·

2U

V

4U 2

V'

V'V
2V 2

Roe = -1

R

V' 2

--+---

Rtr = -

v

(j

02

uv

2

4U

2V

-+-

v vu
2

4U

UV'
2UV

(11.8.14)

(11.8.15)

(11.8.16)

(11.8.17)

Also, it again follows from the spherical symmetry of the metric that
(11.8.18)
(11.8.19)
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Gravitational Collapse

We saw in Sections 11.3 and 11.4 that a cooling star of mass greater than a
few solar masses cannot reach equilibrium as either a white dwarf or a neutron
star. It may be that a massive star will always eject enough matter by the time it
reaches the end of its thermonuclear evolution so that its mass drops below the
Chandrasekhar or the Oppenheimer-Volkoff limits. If not, then it will collapse.
A proper treatment of gravitational collapse would be prohibitively complicated for this book. In order to get some feeling for what can happen during
collapse, we consider only the simplest case, 32 the spherically symmetric collapse
of "dust" with negligible pressure. Since the dust particles are acted on by purely
gravitational forces, they fall freely, and we can use them as the physical basis
of a comoving coordinate system of the sort discussed in the last section. The
metric is then given by Eq. (11.8.8):
dr 2 = dt 2

The energy-momentum
(5.4.2) as

-

U(r, t) dr 2

V(r, t)(d() 2

-

+

sin 2

()

d<p2 )

(11.9.1)

tensor for a fluid of negligible pressure is given by Eq.
(11.9.2)

where p(r, t) is the proper energy density and Uµ is the velocity four-vector, given
for a comoving coordinate system by Eqs. (11.8.9) and (11.8.11):

ur = u0

ur =

= u((J= 0,

The equations of momentum conservation (TµJ;µ
and the equation for energy conservation reads

At

(11.9.3)

= 0 are automatically

_ cp _ pr"" = _ ap _

a

1

at

P

(_Q_
+
2u

satisfied,

!)
v

or in other words
(11.9.4)
The Einstein field equations can be written
(11.9.5)
where
(11.9.6)
This may be evaluated with the aid of Eqs. (11.9.1) and (11.9.3); we find that the
only nonvanishing components of Sµv are

srr=

u

p -

2

8 00 sin 2 8

p

2

(11.9.7)
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In particular,
(11.9.8)
Using (11.9.7)-(11.9.8) and (11.8.14)-(11.8.17) in (11.9.5) yields four field equations:
2

V'
2V 2

1 [V"
U V

U'V'J
2UV

4U 2

2UV =

V'J 2VV

4VU =

2U

1+ U1[2VV"

+

av

2

0

{j

U'
4UV

V

u

~

2U

VO

v o2 - vi

+- - V'
V

~

4U 2

V

2V

2

=

-4nGp

(11.9.9)

-4nGp

(11.9.10)

-4nGp

(11.9.11)

- -V'V2 - -UV' = 0
2V

(11.9.12)

2UV

Let us simplify our model even further, and assume that pis independent
position. 3 2 We can now seek a separable solution, with
U = R 2 (t)f(r)

Then (11.9.12) requires that

S/S equal
S(t)

S 2 (t)g(r)

=

V

R/R, so we can normalize

f

and g so that

= R(t)

Also, we are still free to redefine the radial coordinate as an arbitrary

r of r, and in particular
J = Jg' 2 /4g and g = f 2.

.J

(11.9.13)

(11.9.9) and (11.9.10) then read
- j'(r) - R(t)R(t)
rj2(r)

[

function

we can choose r =
g(r), so f and g are replaced with
Dropping the tildas, we have then
U = R 2 (t)f(r)

Equations

of

- _!._+r

2

1
- -

rj2(r)

j'(r)
2rj2(r)

J-

-

=

2R 2 (t)

R(t)R(t)

-

2 (t)p(t)

-4nGR

2R 2 (t)

=

-4nGR

(11.9.14)

2 (t)p(t)

(11.9.15)
The first terms in (11.9.14) and (11.9.15) must evidently be equal constants, which
we shall call - 2k :
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The unique solution is

j(r) = [l - kr 2

r

l

so the metric takes the form
2

d-r2

=

dt 2

-

R 2 (t) [l

+

dr

- kr 2

r 2 d8 2

+

2
r 2 sin 2 8 d<[J
]

(11.9.16)

(Incidentally, this metric is spatially homogeneous as well as isotropic, and for
this reason it will provide the kinematic framework for our treatment of relativistic
cosmology in Chapter 14.)
Our remaining problem is to calculate the functions p(t) and R(t). Using
(11.9.13) and (11.9.14) in the energy-conservation equation (11.9.4), we find that
p(t)R 3 (t) is constant. We normalize the radial coordinate r so that

=

R(O)

(11.9.17)

1

and therefore
p(t)

=

p(O)R-

3

(11.9.18)

(t)

The field equations (11.9.14) or (11.9.15) and (11.9.11) are now ordinary differential
equations:
- 2k - R(t)R(t) - 2R 2 (t) = -4rcGp(O)RR(t)R(t) = -

4

rc~ p(O)R-

1

1

(t)

(t)

3

(11.9.19)
(11.9.20)

We can eliminate R(t) by adding these two equations, and find
(11.9.21)
Equations (11.9.19) and (11.9.20) can be recovered from (11.9.21) and its time
derivative, so we can forget about them and simply use (11.9.21) to calculate R(t).
We shall now assume that the fluid is at rest (in standard coordinates) at
t = 0, so
R(O)

= o

(11.9.22)

and therefore (11.9.21) and (11.9.17) give

k = Sn?_p(O)
3

(11.9.23)

Thus Eq. (11.9.21) can be written
(11.9.24)
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The solution is given by the parametric

equations of a cycloid:

= !(l + cos i/1)

R

345

(11.9.25)

Note that R(t) vanishes when ijJ = n, and hence when t = T, where
T=~-=- n
2

./k

1 2
/

n(

3
)
2 811:Gp(O)

(11.9.26)

Thus a fluid sphere of initial density p(O) and zero pressure will collapse from rest to
a state of infinite proper energy density in the finite time T.
Although the collapse is complete at a finite coordinate time t = T, any
light signal coming to us from the sphere's surface will be delayed by its gravitational field (see Section 8.7), so we on earth will not see the star suddenly vanish.
To make this more specific, we have to complete our calculation by finding the
metric outside the star.
The Birkhoff theorem proved in Section 11.7 shows that it is always possible
to find a "standard" coordinate system r, 8, ip, t in which the metric outside the
sphere takes the form

d, 2

= (1 -

2
~(,)

di' - ( 1 -

2
~G)-,

d'r2

-

r2 dli2

- i' 2 sin 2 li dip2
(11.9.27)

But this metric is not in the Gaussian normal form (11.9.1), so in order to match
solutions at the, surface we either have to convert the interior solution (11.9.16)
into standard coordinates, or the exterior solution (11.9.27) into Gaussian normal
coordinates. We choose the former course. 32
Inspection of Eq. (11.9.16) shows immediately that the standard spatial
coordinate r,
ip must be chosen as

e,

r = rR(t),

e = e,

(11.9.28)

In order to define a standard time coordinate such that dr 2 does not contain a
cross-term dr dt, we employ the "integrating
factor" technique described in
Section 11. 7, which gives

- (1

t =

(11.9.29)

where
S(r, t)

1

~:r

-G=

(1 _ R(t))

(11.9.30)
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The constant a is arbitrary, but may conveniently be chosen as the radius of the
snhere in comoving coordinates. It is straightforward to check that the metric in
ip, l takes the standard form
the coordinate system r,

e,

dr 2

t) dt2 - A(r, t) dr 2

= B(r,

r 2 (dtJ2 + sin 2 lJ dip2 )

-

with
B

=

2

!!:_( 1 - kr )
S 1 - ka 2

A=

(

1-

2

112

(1 - ka /S)
(1 - kr 2 /R)

2

(11.9.31)

kr2)-1

-

(11.9.32)

R

it now being understood that Sis a function of l defined by Eq. (11.9.29) and that
r and R(t) are functions of r and S, or r and l, defined by solving Eqs. (11.9.28)
and (11.9.30). This is a mess, but at the radius r = a of the star (a constant, since
r is a comoving coordinate) we have

r = a(t)

t=

2

(~ka

1
)

k

=aR(t)

(1

12

(1 -

JR(t)

(11.9.33)

dR (-R)1;2
2

ka /R)

1 -

(11.9.34)

R

2

_ = ( 1 - ka
B(a, t)
-

(11.9.35)

)

R(t)

A(a, l)

= (1 -

2)-1

k
R~t)

(11.9.36)

(Eq. (11.9.34) could have been obtained by integrating the equations for free fall
given in Section 8.4.) Comparing with (11.9.27), we see that the interior and
exterior solutions fit continuously at r = aR(t) if

k = 2MG

(11.9.37)

a3

With (11.9.23), this just says that

M = 4rr p(O)a3
3

(11.9.38)

not a surprising result !
Now we return to the problem of calculating the behavior of light signals
emitted from the surface of the collapsing sphere. A light signal emitted in a
radial direction at a standard time l will have dr/dl given by Eq. (11.9.27) and the
condition dr = 0, so it will arrive at a distant point r at a time
l'

=

l

+

f

r'

aR(t)

(

2MG)1 - -r

1

dr

(11.9.39)
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The most striking consequence of Eqs. (11.9.39) and (11.9.34) is that both t and
infinity when the radius (11.9.33) of the sphere approaches the
Schwarzschild radius 2GM, that is, when

t' approach

R(t)

-+

2GM = ka2
a

(11.9.40)

The collapse to the Schwarzschild radius therefore appears to an outside observer to
take an infinite time, and the collapse to R = 0 is utterly unobservable from outside.
Although the collapsing sphere does not suddenly disappear, it does fade out
of sight, because light from its surface is subject to an increasing red shift. The
proper time for a light source on the sphere's surface is just the comoving time t,
so the comoving time interval between emission of wave crests at the surface
equals the natural wavelength Ao that would be emitted by the source in the
absence of gravitation. The standard time interval dt' between arrivals of wave
crests at r' is the observed wavelength A'; thus the fractional change of wavelength
is
1
A' - A
dt'
dt
. (
2MG)z
Ao o = dt - 1 = dt - aR(t) 1 - aR(t)
- 1

=

= -Rt
()

(l_

2
1
ka )R(t)

[(l_

R(t)

ka2)112 (

k

)1;2

1 - R(t)

+

a]_

l

Using (11.9.24) to determine R(t), this is
z =

(1-

ka2)-1
R(t)

[(l

- ka2)112

+ a )k

(1-

R(t))1;2]
R(t)

-

1
(11.9.41)

In order to see how the red shift z varies with t', let us assume that the sphere is
initially very much larger than its Schwarzschild radius
ka 2 = 2GM ~ 1
a

(11.9.42)

and distinguish two periods in the history of the collapse:
(A) Until t gets close to T, we have
ka 2
~ ~

R(t)

1

(11.9.43)

Using (11.9.42) and (11.9.43) m (11.9.34), (11.9.39), and (11.9.41) gives (with

r'

~

a)

t

~

t

t'

~

t + r' -

z~avk

r

aR(t) ~ t + r' - aR(t) ~ t + r'
112
R(t))
R(t' ~avk r
R(t)
R(t' - r')

(1-

(1-

r'))
1 2

1

(11.9.44)
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(B) Eventually

we have

ka 2
--~1
R(t)

at a time t 1 given by (11.9.25) as
(11.9.45)
Now (11.9.34), (11.9.39), and (11.9.41) give
2

t-

1:::::. -

ka 3 1n [ 1 - -ka

R(t)

J+

constant

[1- J+
2

l'

l - ka 3 In

ka

1:::::.

1:::::. -

2ka 3 In

R(t)

[

ka
1 - --

2

ka )z '::::::.
2 ( 1 - R(t)

2

R(t)

]

+

constant

constant

1

oc exp

(

l' )
2ka3

(11.9.46)

Putting (A) and (B) together, we conclude that the red shift z seen by an observer
at r' is zero when the collapse is observed to begin, increases gradually but remains

.J1c

.Jk

of order a
~ 1 until a time very close to T = rc/2
has passed, and then
grows exponentially with a rate 1/2ka 3 . For example, a collapsing sphere with a
mass M = 108 M O and radius a = 100 light years will have a red shift z of order
10- 3 for a period of order 10 5 years, after which the red shift suddenly begins
growing exponentially with an e-folding time of order 1 min. For practical purposes, the collapsing sphere is suddenly and completely cut off from communication
with the rest of the universe.
Completely cut off? Even if a collapsing body does fade out of sight, it still
has a gravitational field, and, as shown in Section 7.6, the measurement of this
field at great distances can be used to determine the energy, momentum, and
angular momentum of the body. If the body has a net electric charge, then
measurement of the electric field at great distances will, via Gauss's theorem, also
tell us the charge. It is interesting to ask whether measurements of the gravitational
and/or electromagnetic fields outside a collapsing body can yield any information
about the body beyond the energy, momentum, angular momentum, and charge.
In the case of a spherically symmetric electrically neutral body, which we have
been considering in this chapter, the answer is provided by Birkhoff's theorem:
The gravitational field outside a spherically symmetric body must be of the
Schwarzschild form, so all we can ever learn about the body is its mass. (Spherical
symmetry, of course, implies zero momentum and zero angular momentum.)
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Carter 3 3 has shown that when the gravitational field of an axially symmetric
collapsing body settles down to a stationary state, its exterior metric belongs to a
two-parameter family of solutions, such as the Kerr metrics (see Section 11.7) that
are completely specified by the total mass and angular momentum. It is widely
believed that the gravitational field of any electrically neutral collapsing body will
eventually approach the Kerr form.
As mentioned in the introduction to this chapter, interest in the phenomenon
of gravitational collapse was rekindled in the last decade by the discovery of
quasi-stellar sources, which appear to require some powerful new source of energy.
The maximum energy available from fusion of hydrogen into the most stable
nuclei, say iron, is only 8 MeV per nucleon, or less than 1 % of the rest-mass.
Matter-antimatter
annihilation could have 100% efficiency (apart from neutrino
energy losses), but this process can be important only if there is some abundant
natural source of antinucleons. Otherwise the only likely mechanism for conversion of mass into energy with high efficiency is gravitational collapse. 34
A cloud of dust that is collapsing as in the Oppenheimer-Snyder model will
obviously release no energy to the outside world. To extract the growing kinetic
energy of the falling particles, something must slow them on the way downeither a macroscopic "bounce" of the whole system, or particle-particle collisions
that heat the collapsing gas. Detailed calculations reveal a discouragingly low
efficiency for conversion of mass into available energy in the gravitational collapse
of an isolated body. 3 5 However, particles falling into a Kerr metric can reemerge
with a higher energy, acquired at the expense of the rotational energy of the
collapsing body. 36
Whether or not gravitational collapse has anything to do with quasi-stellar
sources, the question remains: What happens to a real cooling star whose mass is
above the Chandrasekhar
and Oppenheimer-Volkoff limits 1 In recent years
topological methods have been used by Penrose and Hawking to prove a number
of powerful theorems, 37 to the effect that under reasonable conditions (validity
of general relativity, positivity of energy, ubiquity of matter, causality) collapse
becomes inevitable once a trapped surface forms. A trapped surface is a closed
spacelike two-dimensional surface for which both the outgoing and the ingoing
families of future-directed null geodesics orthogonal to the surface are converging.
(For the Schwarzschild metric, the spheres with r and t constant are trapped
surfaces for r within the Sch,varzschild radius 2MG.) However, it is not known
whether a real massive star will actually develop a trapped surface, or merely
explode into fragments with small enough mass to form stable neutron stars or
white dwarfs.
If gravitational collapse is indeed the inevitable fate of massive bodies, then
we must expect that the uninrse is full of black holes, collapsing bodies whose
presence is betrayed only through their gravitational fields or through the energy
released when matter is drawn in. 38 Our best hope of observing gra,itational
collapse would be to find a binary star, one member an ordinary visible star. and
the other member a black hole. 39
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PART FOUR
FORMAL DEVELOPMENTS

"You could validly argue
that the minimum
formulation is neat, but
really no better than the
other formulation. However
move from this lecture
room to your bathtub and
observe your big toe in the
water. Your limbs no longer
appear straight because the
velocity of light in the
water differs from that in
air. The least-time principle
tells you how to formulate
behaviour under such
conditions and the
memorizing of Snell's law
about angles does not. Who
can doubt which is the
better scientific
explanation?"
Paul E.

Samuelson, Maximum
Principles in Analytical
Economics, Nobel Memorial
Lecture, December 11, 1970

12 THE ACTIONPRINCIPLE
There are a great many physical systems whose dynamic equations can be
derived from a "principle of least action," that is, from a statement that some
functional of the dynamical variables, the "action," is stationary with respect to
small variations of these variables. This formulation of the dynamic equations
has one great advantage: It allows us to establish an immediate connection
between symmetry principles and conservation laws.
The symmetry of the action that concerns us most in this book is general
covariance. In this section "·e shall develop a general definition of the energymomentum tensor for any material system, as a functional derivative of the action
for that system. The use of the action principle and general covariance will then
allow us to show that this tensor is indeed conserved.
To achieve a truly general formulation of general relativity in terms of an
action principle, it is necessary to uncover a question that has been carefully
buried until now: How can we incorporate the effects of gravitation into the field
theories of particles with half-integer spin? The answer requires the de'"elopment
of an approach to genera~ relativity, the "tetrad formalism," based directly on the
families of locally inertial frames that were our starting point in Chapter 3.
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Although the proof is more complicated, the energy-momentum
formalism is still symmetric and conserved.

I

tensor in this

The Matter Action: An Example

We shall begin by displaying one example of a physical system whose equations
of motion can be derived from a principle of stationary action. The system is a
collisionless plasma, consisting of particles n of mass mn and charge en, together
with the electromagnetic field Fµv(x) they produce. The equations of motion in an
arbitrary external gravitational field gµv are
(12.1.1)
(12.1.2)
(12.1.3)

(12.1.4)
[See Eqs. (5.2.9), (5.1.11), (5.2.6), (5.2.13), (5.2.7).J In order to satisfy (12.1.4),
we introduce a vector potential Aµ(x):
F

(x) = aAv(x)
µv
axµ

(12.1.5)

The independent dynamical variables may then be taken as Aµ(x) and x/(p),
where p is some quantity that simultaneously parameterizes all the space-time
trajectories of the various particles.
We tentatively take the action for this system as

-i-

+

Jd

Len
n

4

x g 112 (x)F µ)x)Fµv(x)

f

oo

-oo

dp ~x~(p) .Aµ(xn(p))
p

(12.1.6)

(The subscript M is to remind us that this is the action only for matter and
radiation, with gµv(x) taken as a prescribed external gravitational field.) It is
understood here that Fµv is given by Eq. (12.1.5), and the indices on Fµv are
raised with the contravariant metric tensor as usual.
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The principle of stationary action says that the action IM will not be changed
by an infinitesimal variation in the dynamical variables

xµ(p)

---+

xµ(p)

Aµ(x)

---+

Aµ(x)

+ bxµ(p)
+ <'5Aµ(x)

where

bxµ(p)

---+

for IPI ---+ oo
for lxA.I ---+ oo

0

c5Aµ(x) ---+ 0

if and only if xµ(p) and Aµ(x) obey the dynamical equations (12.1.1)-(12.1.3). To
check that this is correct, let us compute the change in IM produced by this
variation, without yet assuming that (12.1.1)-(12.1.3) are satisfied. We find that

~ m,

MM = {
X

cdp

[-gµ,(x,(p))

{2gµv(xn(p)) dx/(E_) d<'5xn
v(p)
dp
dp
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4

d x g

+

dx_f;p)
dxlJr

Len
n

f

1 2
' (x)Fµ'(x)

00

_ 00

2

+ (qgµv~x))
ax

x = Xn(P)

dx/(p)
dp

~n v(p) c5xnA.(p)}
dp

a!µ JA,(x)

+

dp {dc5x/(p) Aµ(xn(p))
dp

dx/(p) (aAµ~x))
dp
ax

bxnA.(p)
x = Xn(P)

dxf;p)
Mµ(x.(p))}

+
It is convenient at this point to change variables of integration

from p to the rn

defined by Eq. (12.1.2). This gives

u5:JM

=

1_""
Jood Tn
~ mn
2

n

_ 00

- Jd x g
4

+

Len
n

112

{2
gµA(
Xn)dxn: dc5x/ + agµv(xn)
A. dx,f__dx/
drn

(x)Fµ'(x)

drn

axn

drn drn

.s: A.}
uXn

a~M,(x)

Joodrn {~j_xn~Aµ(xn)
_ 00

drn

+

dx/ aAµ~__,Jc5x/
dr,, ax,,

+

dx/ <'5Aµ(xn)}
drn
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Evidently bl M vanishes for general variations bxn;. and bA v if and only if xn;. and
Av obey the dynamical equations (12.1.1) and (12.1.3), and we therefore conclude
that (12.1.6) does qualify as a suitable action for this system.

2

General Definition of Tµv

\Ve are going to define the energy-momentum
tensor for a material system
described by an action IM as the "functional derivative" of IM with respect to
gµv· That is, we imagine gµv(x) to be subject to an infinitesimal variation
gµv ~ gµv

+

bgµv

(12.2.1)

except that it is required to vanish as lx;.I~ oo.The action
with respect to this variation, because for the moment
we are regarding gµv(x) not as a dynamical variable like x/ or Aµ but as an external
field. Rather, ()]M will be some linear functional of the infinitesimal bgµv(x), and
therefore takes the form

where bgµv is arbitrary,

IM will not be stationary

JIM

f

= -!-

4

d x ,Jg(x) T"'(x)Jg,,(x)

The coefficient Tµv(x) is defined to be the energy-momentum tensor
A general proof that Tµv is a conserved symmetric tensor will
next section. However, let us first check that (12.2.2) gives the
momentum tensor for the collisionless plasma described by the
We are varying gµv with Aµ held fixed, so

(12.2.2)
of this system.
be given in the
correct energyaction (12.1.6).

bFµv = Fpab(gµpgva) = Fpagµp()gva+ Fpagva()gµp
To calculate bgva, we note that
0 = b(g;._KgK<I)
= gK<I()gAK
+ g;_K()gK<I

so
and therefore

bFµv = -FµKgv).bg;_K+ Fv).gµKbg;_K

Also, we showed in Section 4. 7 that
()g = ggAK
()gA's
A straightforward

JIM=!

calculation gives then

f m, roo
dp[ +!

f

g,,(x,(p)) dx{;-p) dx~;PT

d 4 xg 1 12(x){F/(x)F"'(x)

lf2dx~;p)dx~:(p)

- ig''(x)F,,(x)F"'(x))Jg,,(x)

Jg,,(x,(p))
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in agreement with the previously obtained energy-momentum
tensor, given by
Eqs. (5.3.5) and (5.3.7).
The definition (12.2.2) is closely analogous to a similar definition of the electric
current Jµ. We can break up the total matter action into a purely electromagnetic
term IE and another term I~ that describes the charged particles and their electromagnetic interactions
(12.2.3)
IM= IE+ I~
IE ca

I

-l

4

d xg

1 2
' (x)Fµ,(x)FP'(x)

(12.2.4)

Consider the effect on I~ of an infinitesimal variation in the vector potential
(12.2.5)
Since I~ is not the whole action, the change in IM due to this variation
does not vanish, but it is necessarily a linear functional of c5Aµ:

M'i.,_=

I

d 4 x ../g(x) JP(x)Mµ(x)

in Aµ

(12.2.6)

and the coefficient Jµ(x) is defined to be the electromagnetic current of the system.
For instance, for the collisionless plasma described by Eq. (12.1.6), the term I~
is given as the sum of the first and third terms in Eq. (12.1.6), and we immediately
find that

JJ'i.,_=

~ e,

r

dx/M,(x,)

00

This is of the form (12.2.6), with
2

JP(x) = g- '' (x)

~ e,

I

4

0 (x - x,)

dx/

in agreement with Eq. (5.2.13). The proof that (12.2.6) always yields a conserved
current Jµ(x) is given in the next section.

3

General Covariance and Energy-Momentum Conservation

If the action IM for a material system is a scalar, then the statement that
c5IM vanishes is generally covariant, and so also are the dynamical equations
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derived from this statement. For instance, a glance at the action (12.1.6) for a
collisionless plasma shows that this IM is a scalar, and this ensures the general
covariance of the dynamical equations (12.1.1)-(12.1.3) that follow from (12.1.6)
upon application of the principle of stationary action.
We shall therefore assume that IM is a scalar. This means that IM will be
unchanged if we simultaneously make the replacements

x/(p)

---+ x?(p)

However, x'µ is a mere variable of integration (as opposed to x/, which is a
dynamical variable) so we can change x'µ back to xµ without changing IM· We
conclude then that IM is unchanged by the replacements
x/(p)

---+ x?(P)

with d 4 x and a;axµ now left alone. If the original transformation
infinitesimal

xµ ---+ x'µ was

then the change in the dynamical ,~ariables is
bx/(p)

=

Bµ(xn(P))

t,Aµ(x)

=

~A

(x) acv(x) - aAµ(x) Bv(x)
v

axµ

axv

(12.3.1)
(This change in A or g is just the Lie derivative; see Section 10.9.) The important
point is that this is now an infinitesimal transformation of the dynamical variables
alone, not of the coordinates over which we integrate, so the principle of stationary

3 Energy-Momentum Conservation
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action tells us that when the dynamical equations for x/, Aµ, and so on, are
satisfied the change in these quantities produces no change in the matter action
IM· The only change in IM comes from the variation in the external field gµv' and
(12.2.2) gives for this change
uS:J
M

f

r Tµv [ g , -a,/
= - -1 d4 X ,Vg
2

µA axv

+

If IM is a scalar, then this must vanish; integrating

o=

8JM

=

asA
g, ~
AV axµ

A]
+ agµv
---f,
OXA

by parts gives then

fd [a:'(IY i(~;')
Jg1'µ']
4

T',) -

x ,,

and since sl(x) is arbitrary

or, recalling (4.7 .6):
(12.3.2)

Thus the energy-momentum tensor defined by Eq. (12.2.2) is conserved (in the covariant
sense) if and only if the matter action is a scalar. Also, with IM a scalar, (12.2.2)
shows immediately that Tµv is a symmetric tensor, so this definition of the energymomentum tensor has all the properties for which one could wish.
This proof, that general covariance implies energy-momentum conservation,
has an exact analog in the proof that gauge invariance implies charge conservation.
The change in the action I~ defined by (12.2.3) caused by an arbitrary gauge
transformation can arise only from the change in Aµ, since I~ is stationary with
respect to all other dynamical variables. A general infinitesimal gauge transformations will produce in Aµ the change (see Sections 4.11 and 10.2)
()A

µ

= as

axµ

Using this in (12.2.6), we see that I~ is gauge invariant

0 = ()]~ =
Integrating

f

d4 x

if and only if

/g Jµ axµ
~

by parts gives

or, since sis arbitrary

0
We see again how closely analogous are gauge invariance and general covariance.
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The Gravitational Action

So far,
that could
convenient
graYitation.)
total action

in this chapter the gravitational field gµv has been an external field
be prescribed at will. (Indeed, (12.2.2) usually provides the most
definition of the energy-momentum
tensor even in the absence of
We will now give gµv field equations of its own, by adding to the
J a purely gravitational term JG

J
JG=

-~

= JM + JG
1

~

16rcG

f

(12.4.1)

Jg(x) R(x) d 4x

(12.4.2)

Clearly JG is a scalar, so this would be a good candidate for a theory of gravitation
even if we had no experience with gravitational phenomena. We shall now show
that the application to J of the principle of stationary action does in fact yield
Einstein's theory.
The curvature scalar R is defined as gµvRµv' so a variation bgµv in the metric
produces in the integrand of (12.4.2) a change
b( Jg R)

= Jg Rµvbgµv + Rb Jg + Jg gµvbRµv

According to Eq. (10.9.2), the change in the Ricci tensor is

bRµv =

(Jr;;Jv - (Jr;J;l

being defined as if br;v were a tensor (as, in fact, it is).

the covariant derivatives

Thus the last term in b( Jg R) is

Jg gµvbRµv = Jg[(gµvbr;l);v - (gµvbriV);A.]
or, using (4.7.7),

Jg gµvbR = }_ ( Jg gµvbP\) - _i}_( Jg- gµvbrl )
µv
axv
µ
axA.
µv
This term therefore drops out when

6 Jg =

1 Jg

\\'e

integrate over all space. Also,

gµvbgµv

so the change in the action (12.4.2) is
b]G

= ~1-

16n:G

f

Jg [Rµv - !gµvR]bgµv d4x

(12.4.3)

Combining (12.4.3) with (12.2.2), we see that the total action I is stationary
respect to arbitrary variations in gµ v if and only if

Rµv - tgµv R

+

8nGTµv

which, of course, is the Einstein field equation.

O

with
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[As another application of (12.4.3), we may use it to derive the contracted
Bianchi identity. Since I G is a scalar it must be stationary with respect to the
variation (12.3.1) in gµv· Repeating the reasoning that led before to Eq. (12.3.2),
we now find that

[Rv;, - -!-bv;,RJ;v= 0
which we recognize as the contracted Bianchi identity (6.8.3).]
This formalism suggests that Einstein's theory might be modified by adding
to R in Eq. (12.4.2) terms proportional to R 2 , R3, etc. As discussed in Section 7.1,
such terms would only show up on a sufficiently small space-time scale.

5

The Tetrad Formalism*

Until now, we have followed only one approach in determining the effects of
gravitation on general physical systems. Given the special-relativistic equations
that govern the system in the absence of gravitation, we replace all Lorentz
with objects
that behave like tensors (or tensor densities) under
tensors Tp:::
general coordinate transformations. Also, we replace all derivatives 8/8x(Xwith
covariant derivatives, and replace r,(Xpeverywhere with gµv· The equations of
motion are then generally covariant. (See Chapter 5.)
This method actually works only for objects that behave like tensors under
Lorentz transformation, and not for the spinor fields discussed in Section 2.12.
(Mathematically, this is because the tensor representations of the group GL(4) of
general linear 4 x 4 matrices behave like tensors under the subgroup of Lorentz
transformations, but there are no representations of GL(4), or even "representations up to a sign," which behave like spinors under the Lorentz subgroup.) How
then can we incorporate spinors into general relativity?
The answer lies in a different approach to the problem of determining the
effects of gravitation on physical systems, an approach that is rather interesting
in its own right, quite apart from the problem of dealing with spinors.
To start, let us take advantage of the Principle of Equivalence, and at every
point X erect a set of coordinates ~x(Xthat are locally inertial at X. (Of course, it
will not be possible to erect any single coordinate system that is locally inertial
everywhere, unless the space-time continuum is "flat.") As shown in Sections 3.2
and 3.3, the metric in any general noninertial coordinate system is then

T~:::

(12.5.1)
where
(l~.5.2)

* This

section lies somewhat
reading.

out of the book's main line of development,

and may be omitted

in a first
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Note that we fix the locally inertial coordinates~~ once and for all at each physical
point X, so when we change our general noninertial coordinates from xµ to x'µ, the
partial derivatives V\ change according to the rule
(12.5.3)
Thus, we are to think of va µ as forming four covariant vector fields, not as a single
tensor: This set of four vectors is known as a tetrad, or vierbein.
Now, given any contravariant vector field Aµ(x), we can use the tetrad to
refer its components at x to the coordinate system ~x a locally inertial at x:
(12.5.4)
We are contracting a contravariant vector Aµ with four covariant vectors V\, so
this has the effect of replacing the single four-vector Aµ with the four scalars
*A a. We can do the same with covariant vector fields, and indeed with general
tensor fields :

*Aa _ V/Aµ
(12.5.5)

*Bap

vaµ Vp"BµV' etc.

Here Vp"is just the tetrad (12.5.2), but with a-index lowered with the Minkowski
tensor and µ-index raised with the metric tensor:

Vpv

=1Japgµ"V\

(12.5.6)

Note that according to Eq. (12.5.1) this is just the inverse of the tetrad

b\

=

V/VPV

(12.5.7)

and hence also
(12.5.8)
The scalar components of the metric tensor are then simply
(12.5.9)
Now that we have shown how to make any tensor field into a set of scalars,
we can forget the original tensors Vµ, Tµv, and so on, with which we started, and
consider how we would construct an action if we worked from the beginning with
the scalars * VCX,*Tap, and so on. In this way, a spinor field, like Dirac's electron
field, can be brought into our formalism in precisely the same way as any other
field, and its peculiar Lorentz transformation
properties cause no particular
trouble. There are now two invariance principles which must be met in constructing a suitable matter action IM:
(A) The action must be generally covariant, with all fields treated as scalars,
except for the tetrad itself.
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(B) The Principle of Equivalence requires that special relativity should apply
in locally inertial frames, and in particular, that it should make no difference which
locally inertial frame we choose at each point. Thus since our scalar field components * V':X,*Tap, and so on, are defined with respect to an arbitrarily chosen
locally inertial coordinate system, the field equations and the action must be
invariant with respect to a redefinition of these locally inertial coordinate systems
at each point, or in other words, with respect to Lorentz transformations A ap(x)
that can depend on position in space-time:
*A!T.(x)---+Aap(x)*AP(x)
*T ap(x)

---+ Aa Y(x)A/(x)*T

yc5(x),etc.

where
1JapA\ (x) AP15( x)

= 1Jyc5

(12.5.10)

The tetrad (12.5.2) changes according to the same rule as *A a:
(12.5.11)
and in general an arbitrary field *f n(x) will change according to the rule:
*fn(x)

---+

Lm [D(A(x))Jnm *fm(x)

(12.5.12)

where D(A) is a matrix representation of the Lorentz group (or at least of the
infinitesimal Lorentz group), of the sort discussed in Section 2.12.
These two invariance principles lead to a dual classification of physical
quantities. A coordinate scalar or coordinate tensor transforms as a scalar or a
tensor under changes in the coordinate system. A Lorentz scalar or Lorentz tensor
or Lorentz spinor transforms according to a rule like (12.5.12), with D(A) the
identity or a tensor representation or a spinor representation of the infinitesimal
Lorentz group, under changes in the choice of the locally inertial coordinate frame.
For instance, a field such as (12.5.4) is a coordinate scalar and a Lorentz vector,
the Dirac field of the electron is a coordinate scalar and a Lorentz spinor, and the
µ is a coordinate vector and a Lorentz vector. To be physically acceptable,
tetrad V!T.
the matter action IM must be both a coordinate scalar and a Lorentz scalar.
At this point, the reader may be becoming uneasy. How is the gravitational
field going to get into this sort of theory, when the coordinate-scalar components
(12.5.9) of the metric tensor are just the constants 1J!T.p?
The answer is that gravitational tensor fields appear in the action because, and only because, of the necessity
of introducing derivatives into the theory. If it made sense to construct an action
IM solely from fields, and not their derivatives, then it ,rnuld only be necessary to
choose some arbitrary Lorentz-invariant
function !i'(*tf,,(x)) of various fields
*f n(x) (but not the tetrad), call them all coordinate scalars, and take the action as

IM -

I

4

d x ../ g(x) :l'(*ifi(x))
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This would then automatically
be a coordinate scalar and a Lorentz scalar.
However, the examples discussed in the previous sections of this chapter show that
any physically sensible action must involve derivatives of physical quantities as
well as the quantities themselves. The tetrad field must enter into the action in
such a way as to keep it a coordinate scalar and a Lorentz scalar despite the
presence of derivatives.
An ordinary derivative is of course a coordinate vector, in the sense that under
a coordinate transformation x - x', it transforms according to the rule

a

a

axv a
ax'µ axv

If all the fields appearing in the action were coordinate scalars, there would be no
contra variant indices with which to contract the covariant index µ; hence, in
order to make the action a coordinate scalar, it is necessary to introduce the
tetrad field, and incorporate derivatives into the action in the form
(12.5.13)
However, although this is a coordinate scalar, it does not have simple transformation properties under position-dependent
Lorentz transformations.
Acting on a
general field *i/1with the Lorentz transformation rule (12.5.12), the coordinatescalar derivative has the transformation rule
V/(x)

J_

axµ

*i/J(x) -

A/(x)V/(x)

J_

A/(x) V/(x)

{D(A(x))

axµ

{D(A(x))*i/J(x)}

J_
*i/J(x) +
axµ

[J_
oxµ

D(A(x))J *t/J(x)}
(12.5.14)

However, what we need is to incorporate derivatives into the action in the
form of an operator ~ a that is not only a coordinate scalar, but also, unlike
(12.5.13), is a Lorentz vector, in the sense that for a position-dependent
Lorentz
transformation A ap(x),
~a*i/J(x) -

A/(x)D(A(x))~p*i/J(x)

(12.5.15)

Any action, which depends only on various fields *i/1and on their "derivatives"
then automatically be independent of the choice of locally inertial
frames if it is invariant under ordinary constant Lorentz transformations.
Inspection of Eq. (12.5.14) shows that we can construct a coordinate-scalar
Lorentz vector derivative 1 ~ a of the form

~ a *ijJ, will

(12.5.16)
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where

r

µ

is a matrix with the Lorentz transformation
rµ(x) ---+ D(A(x))rµ(x)D-

1

rule

(A(x))

- [-i_
axµ
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D(A(x))J

n-

1

(12.5.17)

(A(x))

The inhomogeneous term in (12.5.17) will then cancel the second term in (12.5.14),
giving£& a the desired transformation property (12.5.15).
In order to determine the structure of the matrix r µ(x), it will be sufficient to
consider Lorentz transformations
that are infinitesimally close to the identity.
Such transformations must be of the form (2.12.5), (2.12.6):
(12.5.18)
with
Wap(x) = -Wpa(x)

(12.5.19)

In this case, the matrix D has the form (2.12.7):
(12.5.20)
where a ap are a set of constant matrices that are antisymmetric

in

r:xand

/3
(12.5.21)

and that satisfy the commutation

relations (2.12.12):
(12.5.22)

The condition (12.5.17) tells us that under the infinitesimal Lorentz transformation
(12.5.18), the matrix rµ(x) transforms according to
rµ(x) ---+ rµ(x)
- l.a
2

Note that V\(x)

+

JwaP(x)[aap, rµ(x)]

__!}__
waP(x)
apaxµ

(12.5.23)

transforms into
V\(x)

---+

V\(x)

+

wap(x) VPv(x)

and therefore, using (12.5.8)
V/(x)

a

~ Va)x)---+

axµ

V/(x)

+

a

~ Vav(x)

OXµ

w/(x) V y"(x) __!}__
V av(x)
axµ

+

w/(x) V/(x)

__!}__
V yv(x)

axµ
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Multiplying this with aaP and using the commutation rules (12.5.22), we find that
the transformation condition (12.5.23) is satisfied by the matrix
(12.5.24)
To summarize: The effects of gravitation on any physical system can be taken into
account by writing down the matter action or the field equations that hold in
special relativity, and then replacing all derivatives o/oxawith the "covariant"
deri va ti ves
IM
;;;LJ !1.

O
= TTµOX~
+
(1.

1

l(J

pyyvyµy
p

!1.

(12.5.25)

y \I ; µ

This prescription yields a matter action or field equations that are invariant under
general coordinate transformations, with V / regarded as a four-vector and with
all other fields regarded as scalars, and that also do not depend on how we choose
locally inertial frames in defining the tetrad.
How are we to define the energy-momentum tensor in this formalism? The
variation [JV/ in the tetrad field will produce in the matter action a change
(12.5.26)
where U\ is a coordinate vector and a Lorentz vector. Let us tentatively
the energy-momentum tensor by

define

(12.5.27)
As required, this is manifestly a coordinate tensor and a Lorentz scalar. To verify
that (12.5.27) is a suitable energy-momentum tensor, we must also check that it is
symmetric
(12.5.28)
and that it is conserved
(12.5.29)
The symmetry property of the energy-momentum tensor is not at all obvious
in the tetrad formalism, but must be derived from the invariance of the matter
action under the infinitesimal Lorentz transformations

with

These transformations will produce small changes in all the dynamic variables,
but the matter action IM is supposed to be stationary with respect to variations in
each of these variables except the tetrad, which enters in IM as an external field.
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Hence we only need to take account of the change (12.5.11) in the tetrad field

= co/(x)V/(x)

bV/(x)

(12.5.30)

Using (12.5.30) in (12.5.26), we find that the invariance of the matter action under
position-dependent Lorentz transformations requires that
0 -

f

4

d x

.j g(x)

U"µ(x) VP•(x)w.p(x)

But coap(x) is arbitrary, except for the antisymmetry
coefficient of Wap(x) must be symmetric:
ua VPµ
µ

=

condition (12.5.19), so the

UP vaµ
µ

Multiplying this equation with V PvVal' and using (12.5. 7), we find that

= UPlVpv

U\Vd

(12.5.31)

which is the same as the expected symmetry condition (12.5.28).
To show that the energy-momentum tensor defined by Eq. (12.5.27) is conserved, we must use the invariance of the matter action under infinitesimal
coordinate transformations:
x'µ

=

xµ

+

sµ(x)

with lsµIvery small. Such transformations alter the tetrad field by an infinitesimal
amount
b v /(x)
v:µ(x) - v aµ(x)

=

v /(x)

osµ(x) - av /(x)
axv
OXA

[Compare Eq. (12.3.1).] Also, all other coordinate-scalar
amounts

s).(x)

(12.5.32)

fields if;(x) change by the

but again, the matter action IM is stationary with respect to \-ariations in these
fields, so it is only the variation in the tetrad field that matters here. Using (12.5.32)
in (12.5.26), we find that the invariance of the matter action IM under general
coordinate transformations requires that

0 =

f

d4x

r ua µ {
'\,/g

But s\x) is arbitrary, so after integrating
e;.(x) equal to zero, and find

va v

asµ ;'.'.\ v

ux

av/
")
ex·

e).}

by parts \\·e can set the coefficient of
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Using Eqs. (12.5.27) and (12.5.8) let us write this as
(12.5.33)
According to (12.5.1), the metric tensor is related to the tetrad by
and therefore

Since Tµv is symmetric, Eq. (12.5.33) may now be written

a

0 = -

-

( .Jg T\)

axv

;-

ogµv

+ 1 '\/g T µv ~A
OX

(12.5.34)

But Eqs. (3.3.1) and (4.7.6) give

so (12.5.34) is the same as the usual conservation law (12.5.29).
Our definition (12.5.27) of the energy-momentum tensor is thus completely
satisfactory. Note, however, that if the matter action were not invariant under
position-dependent
Lorentz transformations,
then not only would Tµv not be
symmetric, but in consequence. it also would not be conserved.
The total action for matter and gravitation is again of the form

with I G of the form (12.4.2). A variation in the tetrad will produce in the metric a
change given by (12.5.1) as

bgµv

T'\b

r o:v+

- fgµi.

V\b Vo:µ

r:xv + gVA. V\Jc5V/

so (12.4.3) gives the change in the gravitational

action as
(12.5.35)

The total action must be stationary with respect to variations
(12.5.26) and (12.5.35) yield the field equation

in the tetrad,

so
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Contracting this with Vav and using (12.5.1) and (12.5.27) then yields the familiar
Einstein field equation
(12.5.36)
These equations serve to determine only gµv, leaving the tetrad determined only
up to a Lorentz transformation
(12.5.11). However, the invariance of the matter
action under such position-dependent
Lorentz transformations
ensures that all
tetrads associated with a given metric have the same physical effects.
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"Symmetry, as wide or as
narrow as you may define
it, is one idea by which man
through the ages has tried
to comprehend and create
order, beauty, and
perfection." Hermann Weyl,
Symmetry

13 SYMMETRIC
SPACES

Euclid implicitly assumed that metric relations are unaffected by translations
or rotations. Real gravitational fields do not usually have such a high degree of
symmetry, but they often admit some group of approximate symmetry transformations, and when they do, we can use this information to help solve the
Einstein equations, or even to do without a solution. I shall give only a very
brief introduction to the elaborate mathematical theory of symmetric spaces,
with special attention to the maximally symmetric spaces that are of special
interest in cosmology.
The initial difficulty here is: How can we use some supposed symmetry of a
metric space to gain information about the metric, when we need to know the
metric before we can establish a coordinate system in which to define the
symmetry? In order to avoid this impasse, we shall have to learn ways of describing symmetries in a covariant language, which does not depend on any particular
choice of coordinate system. Once this language is established, it becomes a matter
of mathematical manipulation to determine those properties of a metric that
follow from its symmetries.

I

Killing Vectors

A metric gµv(x) is said to be form-invariant under a given coordinate transformation x ~ x', when the transformed metric g;)x') is the same function of its
argument x'µ as the original metric gµv(x) was of its argument xµ, that is,
g;v(Y) = gµv(Y)

for all Y

(13.1.1)
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[This is different from the condition for a scalar, which is that S'(x')
At any given point the transformed metric is given by the relation
gµ,v(x')

OXP OXq

S(x).]

g (x)

= ox'µ ox'v pu

or equivalently

When (13.1.1) is valid, we can replace g~u(x') with gpu(x') and so obtain the
fundamental requirement for a form invariance of the metric:
(13.1.2)
Any transformation x ~ x' that satisfies (13.1.2) is called an isometry.
In general, Eq. (13.1.2) is a very complicated restriction on the function
x'µ(x). It can be greatly simplified by descending to the special case of an infinitesimal coordinate transformation:
with
To first order in

B,

lei ~

1

(13.1.3)

Eq. (13.1.2) now reads
(13.1.4)

This can be rewritten
<;q= gµu<;µ:

in terms

of derivatives

of the covariant

components

or, more compactly,
(13.1.5)
Any four-vector field i;u(x) that satisfies Eq. (13.1.5) will be said to form a Killing
vector 1 of the metric gµv(x). The problem of determining all infinitesimal isometries
of a given metric is now reduced to the problem of determining all Killing vectors
of the metric. Any linear combination of Killing vectors (with constant coefficients)
is a Killing vector, so it is the space of vector fields spanned by the Killing vectors
that really determines the infinitesimal isometries of a metric.
The Killing condition (13.1.5) is much more restrictive than it looks, for it
allows us to determine the whole function <;µ(x)from given values of i;u and i;u;p

1

Killing Vectors

at some point X. To see this, we need only recall our formula
commutator of two covariant derivatives,
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(6.5.1) for the

(13.1.6)
and the cyclic sum rule (6.6.5) for the curvature tensor,
(13.1.7)
By adding (13.1.6) and its two cyclic permutations,
must satisfy the relation

0

=

~u;p;µ

-

~u;µ;p

+ ~µ;u;p

-

~µ;p;u

+

we find that any vector

~p;µ;u

-

~p;u;µ

~µ

(13.1.8)

For a Killing vector, (13.1.5) and (13.1.8) give

0

=

~u;p;µ

-

~u;µ;p

-

~µ;p;u

and thus (13.1.6) becomes
(13.1.9)
Hence, given ~i and ~i;v at some point X, we can determine the second derivatives
of ~i(x) at X from Eq. (13.1.9), and we can find successively higher derivatives of
~i at X by taking derivatives
of Eq. (13.1.9). All the derivatives of ~i at X will
thus be determined as linear combinations of ~i(X) and ~i;v(X). The function ~i(x)
can then (when it exists) be constructed as a Taylor series in xAI - xi within
some finite neighborhood of X, and will, again be linear in the initial values ~i(X),
~i;v(X). Thus any particular Killing vector ~P n(x) of the metric gµv(x) can be
expressed as
(13.1.10)
where APi and BPiv are functions that of course depend on the metric and on X,
but do not depend on the initial Yalues ~i(..X) and ~i;v(X), and hence are the same
for all Killing vectors. Each Killing vector ~P(x) of a given metric is uniquely
specified by the values of ~P(X) and ~p;u(X) at any particular point X.
A set of Killing vectors ~P n(x) is said to be independent if they do not satisfy
any linear relations of the form
(13.1.11)
with constant coefficients en. Equation (13.1.10) tells us that there can be at most
N(N + 1)/2 independent Killing vectors in N dim~n.sions. For consider any M
Killing vectors ~/(x). For each n, there are N quantities ~/(X) and N(N - 1)/2
independent quantities ~;;v(X) [recall Eq. (13.1.5)], so we can think of the quantities ~/(X) and ~;;v(X) as the components of M vectors in an N(N + 1)/2
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dimensional space. If M > N(N + 1)/2, then these M vectors cannot be linearly
independent, so they must satisfy relations of the form

L Cn~p"(X)
n

=

L Cn~;;v(X) =

0

n

Equation (13.1.10) then tells us that the Killing vectors ~/(x) satisfy the relations
(13.1.11) everywhere, and are therefore not independent Killing vectors.
This result is significant only because we defined independent Killing vectors
as vectors that are not subject to any linear relations with constant coefficients.
At some given point X in an N-dimensional space, any set of more than N Killing
vectors will of course be subject to one or more linear relations such as (13.1.11).
However, the coefficients en in these linear relations need not be constant in xµ.
The above theorem says that any set of more than N(N + 1)/2 Killing vectors
will be subject to linear relations with constant coefficients.
A metric space is said to be homogeneous if there exist infinitesimal isometries
(13.1.3) that carry any given point X into any other point in its immediate
neighborhood. That is, the metric must admit Killing vectors that at any given
point take all possible values. In particular, in an N-dimensional space we can
choose a set of N Killing vectors~;. (µ>(x;X) with

~;.<µ)(X;X) =

[>/

ci

These are evidently independent, because any relation of the form
v (µ\x; X) = 0
would at x = X imply that all C;. vanish.
A metric space is said to be isotropic about a given point X if there exist
infinitesimal isometries (13.1.3) that leave the point X fixed, so that ~-"(X) = 0,
and for which the first derivatives ~J.;v(X) take all possible values, subject only to
the antisymmetry condition (13.1.5). In particular, in N dimensions we can choose
a set of N(N - 1)/2 Killing vectors ~('.tv)(x;X) with

Uµv>(x; X)
~.,_<µv)(X;
X)

~;.,;p(µv>(X;
X)

= -r,_<vµ)(x; X)
=0
= [/P

~;.<µv)(x;X)J

uX

These are independent,

= [>/[>/ - [>/[>/

x=X

because any relation of the form cµvtr>(x; X) = 0 with

cµv = -cvµ would at X imply that C;.p- cp;.,= 2c;.p = 0.
We shall also have to deal with spaces that are isotropic about every point.
In this case there are Killing vectors ~Y'"\x; X) and ~<;:">(x;
X + dX) that satisfy
the above initial conditions at X and at X + dX, respectively. Any linear comX)/oXP will also be a
bination of these will be a Killing vector, and so a~<;:">(x;
Killing vector of the metric. In order to evaluate this Killing vector at x = X
we need only recall that ~<;:")(X; X) vanishes, and therefore

0

= axoP ~?"\X;

+ [o~}µ")(:;

X) = [oUµv>(:; X)J
OX

x=X

oX

X)J
x=X

1
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This gives

~;;
(µv)(x·
'
[ U'.'.lXPS,1,

X)J

=

-<)

µ<)v
,1, p

+

<) µ<)v
p

;.

x=X

It is now obvious that we can construct a Killing vector ~,1,(x)that takes any
arbitrary value a,1,at x = X; we need only take

~

(x)

,1,

__i__~
.i;(pv)(x· X)
N - 1 i)XP S,1, '

= _!!y_

Hence any space that is isotropic about every point is also homogeneous.
A metric that admits the maximum number N(N + 1)/2 of Killing vectors is
said to be maximally symmetric. In particular, a space that is both homogeneous
and isotropic about some given point X will admit the N(N + 1)/2 Killing vectors
~(t(x; X) and ~rv)(x; X). These Killing vectors are obviously independent, for if
they satisfy a linear relation
0 = ci}µ\x;

+

X)

cµvUµv)(x; X)

then differentiating with respect to xP and setting x = X gives C,1,p= 0, and
setting x = X then gives C,1,= 0. Thus a homogeneous space that is isotropic about
some point is maximally symmetric. It then also follows that any space that is
isotropic about every point is maximally symmetric.
We can also prove the converse, that a maximally symmetric space is necessarily
homogeneous and isotropic about all points. If there are N(N + 1)/2 independent
Killing vectors ~/(x), then we can think of the quantities ~/(X), ~,1,;/(X) as
forming a square matrix, with N(N + 1)/2 rows labeled by n, and N(N + 1)/2
columns labeled by the N values of p and the N(N - 1)/2 values of A and v with
A > v. Furthermore, this matrix must have a nonvanishing determinant, because
any relation of the form

L cn~p"(X)

=

n

L Cn~,1,;/(X) =

0

n

would with (13.1.10) imply that Ln c11~/(x) vanishes, contrary to our assumption
that these Killing vectors are independent. It must therefore be possible, for any
"row vector" with "components" aµ and bµv = -bvµ, to find a solution of the
equations

L dn~µ;/(X)

= bµv

fl

Hence we can find a Killing vector ~µ(x) for which ~µ(X) takes the value aµ and
~µ;v(X) takes the value bµv, by choosing

~µ(x) =

L dn~µn(x)
n
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But aµ is arbitrary, so the space is homogeneous, and bµv is arbitrary (except that
bµv = -bv), so the space is isotropic about X.
As an example of a maximally symmetric space, consider an N-dimensional
flat space, with vanishing curvature tensor. We can then choose Cartesian coordinates with a constant metric and vanishing affine connection. In this coordinate
system, Eq. (13.1.9) reads

The solution is
~µ(x)

=

+

aµ

bµvxv

with aµ and bµv constant. This satisfies the Killing vector condition (13.1.5) if and
only if

We can thus choose a set of N(N

+

1)/2 Killing vectors as follows:

=bµv
~1vl\x) =b/xl
~~v)(x)

- b/xv

and the general Killing vector is
~µ(x) = av~~v)(x)

+

bvl~~vl)(x)

The N vectors ~~v)(x) represent translations, whereas the N(N - 1)/2 vectors
~~vl) represent infinitesimal rotations (or, for a Minkowski space, Lorentz transformations). Thus any flat metric admits N(N + 1)/2 independent Killing vectors,
and is therefore maximally symmetric.
Of course, not all metrics admit the maximum number of Killing vectors.
Whether (13.1.9) is soluble for a given set of initial data ~l(X), (i.;p(X) depends
on the integrability of this equation, which in turn depends on the metric. One
integrability condition we shall use below follows from the general formula for
commutators of covariant derivati,·es of tensors:

Equation

(13.1.9) will satisfy this condition if and only if

R!piJ.;v

- R~:p/).;a

=

+

(R!pµ;v - R~pµ;a)~A

-R;av~J.;µ - Riaip;l

or, using (13.1.5),
[ -R:uJ>;

+

Riav[); - R!pµ[)~ + R~pµb;]~A;K= [R!pµ;v - R~pµ;aJ~A (13.1.12)

These conditions are of course empty for a flat space, but in general they will
impose linear relations among the ~l and ~l;K at any given point. Alternatively, if

2
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we know something about the Killing vectors admitted by an unknown metric,
then we can use (13.1.12) to learn something about its curvature tensor. In this
way, we shall be able in the following sections to deduce the form of a maximally
symmetric metric from its isometries.
It should be emphasized that the existence of a definite number of independent
Killing vectors does not depend on a particular choice of coordinate system. If
~µ(x) is a Killing vector of a metric gµv(x), then by performing a coordinate transformation xµ ----+-x'µ we obtain a metric

and, since (13.1.5) is generally covariant,

this obviously has a Killing vector

If M Killing vectors ~/(x) are independent, then so are the M Killing vectors
~/'(x'), for any linear relation among the C' would imply a linear relation among
the ~n. Thus the maximal symmetry of a given space is an inner property, not
depending on how we choose the coordinate system. In particular, it follows that
any space with vanishing curvature tensor is maximally symmetric; the converse,
however, is not true. It is also easy to see that the homogeneity or isotropy of a
given space is independent of the choice of coordinates. As far as these simple
symmetries are concerned, we have accomplished the task laid out in the introduction to this chapter, that of describing symmetries of the metric in a generally
covariant language.

2

Maximally Symmetric Spaces: Uniqueness

We now show that the maximally symmetric spaces are uniquely specified by
a "curvature constant" K, and by the numbers of eigenvalues of the metric that
are positive or negative. That is, giyen two maximally symmetric metrics with the same
Kand the same numbers of eigenvalues of each sign, it will always be possible to find a
coordinate transformation that carries one metric into the other. Armed with this
theorem, we shall be able in the next section to carry out an ex~austive study of
maximally symmetric spaces by simply constructing such metrics in one convenient coordinate system.
We showed in the last section that at any given point x in a maximally
symmetric space, we can find Killing vectors for which ~l(x) vanishes and for
which ~l;K(x) is an arbitrary antisymmetric matrix. It follows then that the co-
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efficient of ~l;K(x) m Eq. (13.1.12) must have a vanishing
that is,

- R;uv():

+

antisymmetric

part,

Riu/); - R!pµ()~ + R~pµ():

= - R;av()i + R:av(); - R:pµ()~ + R~pµ()!

(13.2.1)

We also showed that at any given point x in a maximally symmetric space, there
exist Killing vectors for which ~1 (x) takes any values we like, so (13.1.12) and
(13.2.1) require that
(13.2.2)
We actually only need to use (13.2.1), because we have shown in the last section
that a space that is isotropic about every point, and hence satisfies (13.2.1), must
also be homogeneous, and hence must also satisfy (13.2.2).
Our first step in the proof is to use Eq. (13.2.1) to derive a formula for the
curvature tensor. Contracting K withµ yields

-NR;uv

+

R;av - R!pv

+

R~pu = -R;uv

+

Rui~ - Rvp()!

(Recall that R:uv vanishes, - R:PK is the Ricci tensor Rup• and in N dimensions,
N.) Using the cyclic sum rule (6.6.5) and the antisymmetry of R!pv• we find

[>~ =

(13.2.3)
But this must be antisymmetric

in A and p, so

Contracting A with v, we find

Rup - NRup
The Ricci tensor thus takes the form
(13.2.4)
Inserting

this in (13.2.3) gives our formula for the curvature

tensor
(13.2.5)

This formula satisfies (13.2.1), so there is nothing further
condition.
In a space that is isotropic about every point, Eqs.
hold everywhere, and we can use the Bianchi identities
the dependence of the curvature scalar R\ on position.
we have

to be learned from that
(13.2.4) and (13.2.5) will
to say something about
Using (13.2.4) in (6.8.4),

2 Maximally
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or
(13.2.6)
Hence any space of three or more dimensions, in which (13.2.4) holds everywhere,
'>rill have R\ constant. It is convenient to introduce a curvature constant K in
place of R 1 ;.., with

R\

= -N(N

- l)K

Using this in (13.2.4) gives the Ricci tensor and the Riemann-Christoffel
here as

-(N

(13.2.7)
tensor

- l)Kgup

(13.2.8)

K{gupY;..v- YvpY;..u}

(13.2.9)

In differential geometry a space with these properties is called a space of constant
curvature.
Incidentally, we showed in Section 6.7 that the curvature tensor in two
dimensions is always of the form (13.2.5), so it is not surprising that in this case
(13.2.6) does not allow us to draw any conclusions about the constancy of R 1 ;..·
However, by using (13.2.2) one can show that the quantity K in (13.2.9) is also
constant for maximally symmetric spaces of dimensionality N = 2.
Now suppose that we are given two metrics Yµv(x) and g~v(x'), both having
the same numbers of positive and negative eigenvalues, and both satisfying the
condition (13.2.9) for a maximally symmetric space, that is,
R;..puv= K(gupYlv - YvpY;..u)

(13.2.10)

R~pav = K(g~pY~v - g~pY~a)

(13.2.11)

with the same curvature constant K. We shall show that Yµv(x) and g~v(x') must
be equivalent, in the sense that there is a transformation x --* x' that converts
Yµv(x) into g~)x'), that is, for which
(13.2.12)
We shall prove this by actually constructing x'µ(x) as a power series in xµ.
First, note that the equality in the numbers of positive and negative eigenvalues
of Yµv and g~v means that we can find a nonsingular matrix dµP for which
(13.2.13)
(The argument here is the same as in Section 6.4.) Thus we can satisfy (13.2.12)
to zero order in x with
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Now we proceed by mathematical induction. Suppose that we succeed in satisfying
(13.2.12) to order n - 1 in xµ with a polynomial
(13.2.14)
We want to add a term of order n + 1 in xµ so that (13.2.12) holds to order n.
This condition will be satisfied if the derivative of (13.2.12) holds in order n - 1.
that is, if

in order x" -

1

This will be satisfied if (and, in fact, only if)

-

a .,µ a ,v a "'
~ ~ ~ ' (x')['"1 (x')
8xP axrr CXJ.. gVI]
µK

in order x" -

1

This only needs to hold in order n - 1 in xµ, so we can use (13.2.12), which was
assumed to hold to this order, to convert it into an equivalent requirement
in order x" -

1

(13.2.15)
We can use (13.2.14), which is correct to order x", to calculate the term on the
right-hand side of order x"- 1 . Let us write the result as

8x'µ r1 (x) - q_x'v8x'" I''µ(x')]
[ ax" p
CXp ax). VK

order n - 1

(13.2.16)
the coefficients c~P... depending in a complicated way on the functions gµv(x)
and g~v(x') and on the previously determined coefficients
•••
Pm· Then (13.2.15)
1
will be satisfied in order n - 1 if we add to (13.2.14) a term

a;

[x'µ(x)Jorder

n+1

(13.2.17)
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provided that the coefficient c~pui . .. un- i is totally symmetric in all its lower
indices. These coefficients are obviously symmetric under interchange of A and p
or among the am indices, so the only condition that needs to be satisfied is that
they are symmetric between A and any am, or equivalently, that the derivative of
(13.2.16) with respect to xu should be symmetric between A and a:

in order x" -

2

(13.2.18)
Since (13.2.12) is assumed to hold to order x"-1, its derivative, Eq. (13.2.15), will
hold to order x"- 2 , so we can use (13.2.12) and (13.2.15) to rewrite (13.2.18) as
the equivalent requirement
ax'µ
-R"
ax"

(x) PAIJ -

ax'V ax'" ax'O"
---R'µ
(x')
axP ax). ax'l
VKU

in order x" -

2

(13.2.19)

Now for the first time we use Eqs. (13.2.10) and (13.2.11), which allow (13.2.19)
to be replaced with the equivalent requirement

in order x" -

2

(13.2.20)
This condition is satisfied, because (13.2.12) was assumed to hold to order x"- 1 .
To recapitulate, this implies that (13.2.19) holds in order x"- 2 , which implies that
are
(13.2.18) holds in order x"- 2 , which implies that the coefficients c1pu,···um
totally symmetric in their lower indices, which implies that (13.2.17) satisfies
(13.2.15), which implies that by adding (13.2.17) to (13.2.14) we can satisfy (13.2.12)
to order x". Thus, if (13.2.12) can be satisfied to order x"- 1 by a polynomial x'(x)
of order n, it can be satisfied to order x" by a polynomial x'(x) of order n + 1,
and therefore a function x'(x) satisfying (13.2.12) exactly can be built up as a
power series, as was to be proven.

3

Maximally Symmetric Spaces: Construction

Maximally symmetric spaces are essentially unique. so we can learn all about
them by constructing examples with arbitrary curvature K in any way we like.
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This is one rather obvious way to carry out this construction. (See Figure 13.1.)
Consider a flat (N + 1)-dimensional space, with metric given by

- dt

2

-= gAB dxA dxB

= Cµv dxµ dxv + K-l dz 2

(13.3.1)

where Cµv is a constant N x N matrix and K is some constant. We can embed a
non-Euclidean N-dimensionafspace
in this larger space by restricting the variables
xµ and z to the surface of a sphere (or pseudosphere) :
(13.3.2)
x -=O

Ixi=

I xi=

1

1

x=O

Figure 13.1 Representation
plane. Note that two points
given coordinates xi.

of points on a sphere by projection onto the equatorial
on the sphere correspond to each projected point with

On this surface, dz 2 is given by

dz 2
K 2 (Cµ,,xµ dxv) 2
(1 -

KCµvxµxv)

and therefore (13.3.1) gives
(13.3.3)

3 Maximally Symmetric Spaces: Construction

387

The metric is then

(13.3.4)

A flat space appears here as the special case K = 0.
This construction makes it obvious that (13.3.4) admits an (N(N + 1)/2)parameter group of isometries, for both the (N + 1)-dimensional line element
(13.3.1) and the "embedding" condition (13.3.2) are manifestly invariant under
rigid "rotations" of the (N + 1)-dimensional space, that is, under the transformations
(13.3.5)
(13.3.6)
where the

RAB

are constants,

with

+ x- 1R\R\ = CP<f
CµvRµPR\ + K- 1R\R\
= 0
1
2
c µvRµz RVz + x- (RZz ) = x- 1

(13.3.7)

cµvRµpR\

It is convenient
(13.3.7)-(13.3.9):
(A)

to distinguish

(13.3.8)
(13.3.9)

two classes of simple transformations

Rµv = f1llµv

1

satisfying

(13.3.10)

where fJllµv is any N x N matrix with
cµvf111\f1llv(f
= CP<f

These are just rigid "rotations"

(13.3.11)

about the origin:

(13.3.12)
(B)

= <)µv

R\

where aµ is arbitrary

-

bKCvpapaµ

(13.3.14)

except that Rz z must be real, that is,
KCpaapaa ~ 1

(13.3.15)

and

b

=

1

(1 - KCpaapaa)112

(13.3.16)

KCpaaPa<f

These are "quasitranslations,"
x'µ = xµ

In particular,

+

with
1 12
aµ[(l - KCpaxPx<1)

these transformations

-

take the origin xµ

bKCpaxpaa]
=

0 into aµ.

(13.3.17)
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The existence of isometries (13.3.17) that take the origin into any point (at
least within a finite region) means that this space is homogeneous; any point is
geometrically like any other point. (Our coordinate system hides this property,
just as a polar projection map of the earth hides the fact that the curvature of
the earth is about the same in Massachusetts as at the North Pole.) Also, the
existence of isometries (13.3.10) that include all rigid "rotations" about the
origin means that this space is isotropic about the origin. Since the metric is
homogeneous, and isotropic about the origin, it is isotropic about every point, and
maximally symmetric.
We can construct the Killing vectors for this metric by letting the finite
transformations (13.2.5), (13.2.6) approach the unit transformation. First, consider
the transformations (A), and let

cw/JPP + cpµnµ(I =

o

(13.3.18)

Comparing with (13.1.3), the corresponding Killing vectors are
(13.3.19)
Next, consider the transformations

(B), and let

Comparing with (13.1.3), the corresponding Killing vectors are
(13.3.20)
The reader may check that (13.3.19) and (13.3.20) do satisfy the Killing conditions (13.1.5). There are N(N - 1)/2 independent parameters gµ v [that is, N 2
elements gµ v• subject to the N(N + 1)/2 conditions (13.3.18)] and N parameters
r1.P,so this metric admits N(N + 1)/2 independent Killing vectors, verifying
maximal symmetry.
The geodesics of this metric take a remarkably simple form. From (13.3.4)
we can readily calculate that the affine connection is
(13.3.21)
so the differential equation for a geodesic is

0
The solutions are thus linear combinations

.J

.J

of sin (r

(13.3.22)

.Jx) and

cos (r

.JK)for

K > 0, or of sinh (r -K) and cosh (r -K) for K < 0.
We can uncover the inner properties of this space by calculating the curvature
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tensor; a straightforward computation using Eqs. (6.6.2) and (13.2.21) gives the
Riemann-Christoffel tensor for the metric (13.3.4) as
R,cvprr= K[CK(ICVp- c"PCV(I]

+
(where Xv

2

K [1 - KCµ;.Xµxlr

1

[CK(IXVXP
- c"PXVX(I+ cvpXKX(I- Cvrrxpx,c]

= CvµXµ), or

in agreement
and (13.3.2)
Since K
convert the
Eq. (13.3.3)

with Eq. (13.2.9). Hence the constant K introduced in Eqs. (13.3.1)
is the same as the curvature constant introduced in the last section.
is an invariant parameter, we cannot by a coordinate transformation
metric (13.3.4) into a similar metric with a different K. In contrast,
makes it obvious that by a linear transformation

we can convert the metric (13.3.4) into a similar metric with the same K and
with cµv changed into

Our discussion in Section 3.6 shows that in this way Cµv can be changed into any
real symmetric matrix we like, as long as we do not change the numbers of its
positive and negative eigenvalues. Also, the numbers of eigenvalues of each sign
of the matrix Cµv are the same as for the matrix gµv at the point x = 0, and hence
the same everywhere, since all points are equivalent.
An N-dimensional metric that allows the introduction of locally Euclidean
(as opposed, say, to Minkowskian) coordinate systems will have all its eigenvalues
positive, so for K =I=0 we can take Cµv as IKl- 1 times the unit matrix, in which
case (13.3.3) becomes

ds2 =

x-1 [ax2+ (x.dx)2]
1 - x2

for K > 0

(13.3.23)

or

ds2

=

1x,-1[ax2- (x.dx)2]
2
1

ForK

+

for K < 0

(13.3.24)

x

0, we take Cµv as just the unit matrix, and (13.3.3) gives
ds 2 = dx 2

for K = 0

(13.3.25)

(We are using an obvious N-dimensional vector notation. Also, we have replaced
- d1:2 with a proper length ds 2 , because for the moment we are doing geometry
rather than physics.) Let us explore the global properties of these spaces.
For K > 0, our most convenient approach is to go back to the interpretation
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of (13.3.23) as the metric of the curved space embedded by Eq. (13.3.2) in the
flat space (13.3.1); that is, (13.3.23) describes the surface
x2

+

z2 = 1

(13.3.26)

in the fl.at space with
(13.3.27)

x-

1 2
Obviously this metric simply describes the surface of a sphere of radius
1 in
an (N + 1)-dimensional Euclidean space. (To make the coordinates x and z
truly Euclidean, we should define x' = x- 1 12 x and z' = x- 1 12 z, in which case
1
.) Indeed, in two dimensions we can introduce
(13.3.26) reads x' 2 + z' 2 =
angular coordinates 8, <p by:

x-

X1

= sin 8 cos

<p

X2

= sin 8 sin

<p

and (13.3.27) then becomes the familiar line element on a sphere of radius

x-

1 2

1 :

(13.3.28)
In general, the range of the variables xis
x2

:::;;

1

However, each x actually corresponds to two points, corresponding to the two
roots of Eq. (13.3.26) for z. (For instance, in two dimensions the components of
x are the coordinates of points on a sphere projected on a tangent plane; in a
polar projection map of the earth, Boston will appear at the same point as San
Carlos de Bariloche, Argentina.) The volume of the N-dimensional space described
by (13.3.23) is therefore

= 2

V
N

A straightforward

i

x 2 ::; 1

.Jgdx

= 2K-Nf2

.. ·dx
1

N

i

x 2 ::; 1

dx1 .. ·dxN
[l - X 2] 1/ 2

calculation gives

2n(N+ 1)/2
-----K-N/2
r((N + 1)/2)

(13.3.29)

For instance, V 1 = 2nK- 1 12 , which is just the perimeter of a circle of radius
x- 1 12, and V 2 = 4nK- 1 , which is just the area of a sphere with radius x- 1 12.
A three-dimensional space of constant positive curvature has the volume

V3 = 2n2x-312
We can also calculate the circumference of such spaces, using for the geodesics
the solutions of Eq. (13.3.22), which now reads

d2 x

-

ds 2

+

Kx

= 0

(13.3.30)
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The solutions that pass through the point x = 0 are

= e sin(sK

x

1 2

(13.3.31)

1 )

where, in order to satisfy (13.3.23),

e2 = 1

(13.3.32)

As we go out along a geodesic from the "North pole" x = 0, we reach the "equator"
nx- 1 12 ;2, we reach the "South pole" x =Oats=
nx- 1 12 , we
x =eats=
1 2
reach the opposite point x = -e of the "equator" at s = 3nK- 1 ;2, and we
return to our starting point at s = 2nx- 1 12 . Thus the distance from any point
around the whole space and back to itself along a geodesic is

L = 2nx-

1 12

(13.3.33)

for spaces of constant positive curvature and arbitrary dimensionality. This
calculation shows very clearly that the space described by (13.3.23) is finite, but
it is not bounded; when we come to the apparent singularity at x 2 = 1, we continue right through, but with z given by the root of Eq. (13.3.26) of opposite sign.
For K < 0 the metric (13.3.24) does not even have an apparent singularity,
and there is nothing to restrict the coordinates x to any finite range. This can be
seen even more definitely by calculating the geodesics, which are now given by
Eqs. (13.3.30) and (13.3.24) as
x

1 2

e sinh (s(-K)

1 )

e2 = 1

(13.3.34)
(13.3.35)

We can obviously go out along this geodesic an unlimited distance from the
origin. For N = 2, this space is just that discovered by Gauss, B6lyai, and
Lobachevski. [See Section 1.1. In order to put the metric in the form (1.1.9)
of Klein's model, it is necessary to introduce a new set of coordinates x'i, defined
by x' = x(l + x 2 )- 1 12 .] We see from (13.3.1) and (13.3.2) that this geometry
describes the surface
-x2

+ z2

1

(13.3.36)

in a flat space, with
(13.3.37)
The minus sign in (13.3.37) means that this flat space is not Euclidean. It is therefore understandable that the Gauss-B6lyai-Lobachevski
geometry could not be
discovered until geometers had learned to think of curved surfaces, not as subspaces of an ordinary Euclidean space, but as spaces characterized by their own
inner metric relations.
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Finally, let us return to space-time, and consider the structure of a fourdimensional maximally symmetric metric with three positive and one negative
eigenvalue. In this case, we can set
(13.3.38)
and the metric is

- d1:2 = dx2 - dt2
For K > 0, we can introduce
flat, by setting

t =

coordinates

Jx[Kt

cosh(K

x = x' exp(K

1 2

1

1 2

i

t')

+

K(x. dx - t dt)2
1 - K(x 2 - t 2 )

(13.3.39)

in which the metric appears spatially

+ (1 +

Kt)

sinh(K

1 2

t')

i

t')J
(13.3.40)

Then (13.3.39) becomes

d1:2 = dt' 2 - exp(2K

1 2

1

t') dx' 2

(13.3.41)

We can also introduce coordinates in which the metric appears time-independent,
by setting

t" = t' -

~1~ ln
2x112

x" = x' exp(K

1 2

1

[l - Kx'

2

exp(2K

1 2

1

t')]

t')

(13.3.42)

Then (13.3.41) becomes

d1:2 = (1 - Kx"

2)

K(
d ")2
dt" 2 - dx" 2 - -~x~_· _x__
1 - Kx" 2
II

(13.3.43)

This metric was first discussed in this form by deSitter; 2 it will provide the basis
for our treatment of the steady state cosmology in Chapter 14.
Once again, it should be stressed that the maximally symmetric metric
(13.3.4), although derived by an apparently arbitrary procedure, actually represents the most general possible maximally symmetric metric, because the uniqueness theorem of the last section tells us that any other maximally symmetric
metric can be converted into the form (13.3.4) by a suitable coordinate transformation.

4

Tensors in a Maximally Symmetric Space

The assumption of maximal symmetry can be applied, not only to the metric
of a space, but to any tensor fields that inhabit the space. A tensor field Tµv· ..
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is said to be form-invariant under a transformation x ~ x' if T;v ... (x') is the
same function of its argument x'µ as Tµv· .. (x) was of its argument xµ, that is,
for ally
At any given point, the transformed
Tµv· .. (x)

so the form-invariance

(13.4.1)

tensor is given by the usual formula
ax'P ax'U

= -

-

axil axv

· · · T;u·

.. (x')

condition (13.4.1) reads
OX'P0X1 q
Tµv- . . (x) = · · · Tpu· .. (x')
axil axv

(13.4.2)

For an infinitesimal transformation

the condition (13.4.2) becomes, to first order in

B,

(That is, the Lie derivative of T llV • .• with respect toe vanishes; see Section 10.9.)
A tensor in a maximally symmetric space, which satisfies (13.4.3) for all N(N + 1)/2
independent Killing vectors r\x), will be called maximally form-invariant.
For a scalar S(x), Eq. (13.4.3) reads simply
e(x)

~ S(x) =

ax

0

(13.4.4)

If the scalar is maximally form-invariant, then r\x) can at any given point be
chosen to have any value we like, and (13.4.4) therefore requires that S be constant:

(13.4.5)
For any other maximally form-invariant tensor, it is convenient
choose a Killing vector r\x) that at a given point X satisfies

and for which the quantities

first to
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form an arbitrary

antisymmetric

1
\

•••

antisymmetric

(13.4.3) then reads, at x

X:

+ b~T/ ... + · · ·}

~a;,{<>:T

0 =
Since ~a;, is an arbitrary
in (J and T:

matrix. Equation

matrix, its coefficient must be symmetric

<>:T\... + b~T/ ... + · · · = <>:T\... + 6~T/ ... + · · ·
(13.4.6)
Since X was arbitrary, this must hold everywhere.
For a maximally form-invariant vector Aµ(x), Eq. (13.4.6) reads

Contracting

T

withµ,

we find that in N dimensions

so, except for the trivial case N

1, we must have
(13.4.7)
tensor Bµv of second rank, Eq. (13.4.6) reads

For a maximally form-invariant

Contracting

T

with µ gives

or, lowering the

(J

index,

(N - l)Bav
Subtracting

+

the same equation with v and

(13.4.8)

Bva = gavB/
(J

interchanged

yields

so as long as N =/=2, the tensor Bav must be symmetric:
(13.4.9)
(In two dimensions, Bav can have an antisymmetric part proportional tog- 112 Bav;
see Section 4.4.) Using (13.4.9) in (13.4.8) gives now for N z 3 (and for the
symmetric part of Bav for N = 2)
(13.4.10)
where

f

= ~B/
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To determine the dependence off on the coordinates,
in the form-invariance condition (13.4.3):

a~p
O = axµ fgpv

+

at 1
axJgµa

+~

39 5

we can use (13.4.10) back

i a
axi (jgµ)

But gµq,satisfies the Killing condition (13.1.4), so this becomes
;:l 8f
0 = gµvS axi

In a maximally symmetric space we can at any given point choose
value we like, and therefore

af =

e,to have

o

any

(13.4.11)

OXA

Thus the only maximally form-invariant tensor of second rank is the metric tensor,
times a possible constant.

5

Spaces with Maximally Symmetric Subspaces

In many cases of physical importance, the whole space (or space-time) is not
maximally symmetric, but it can be decomposed into maximally symmetric
subspaces. For instance, a spherically symmetric three-dimensional space can be
decomposed into a family of spherical surfaces centered on the origin, each of
which is described by a metric of the form (13.3.28). Also, in Chapter 14 we shall
deal with space-times in which the metric is spherically symmetric and homogeneous on each "plane" of constant time.
We shall see here that the maximal symmetry of a family of subspaces imposes
very strong constraints on the metric of the whole space. In order to state and
prove these results, let us first adopt a suitable coordinate system. If the whole
space has N dimensions and its maximally symmetric subspaces have M dimensions, then we can distinguish these subspaces from each other with N - M
coordinate labels va, and locate points within each subspace with M coordinates
ui. Some illustrations are given in Table 13.1.
Table 13.1

Examples of Spaces with Maximally Symmetric Subspaces
Example

Spherically symmetric space
Spherically symmetric space-time
Spherically symmetric and
homogeneous space-time

v-Coordina tes

r
r, t

u-Coordinates

(), (/J

e, <p
r, (),

(fJ
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We say that the subspaces with constant va are maximally symmetric if the
metric of the whole space is invariant under a group of infinitesimal transformations
(13.5.1)
(13.5.2)
with M(M + 1)/2 independent Killing vectors ~i. These are transformations
the general form (13.1.3), but with the special feature that the va are invariant,
that
0
~

(u, v)

= 0

of
so

(13.5.3)

Xote that, although these transformations affect only the u-variables, there is no
reason why the transformation rules cannot depend parametrically on the labels
va of the particular subspace being transformed. Also, our statement that there
are M(M + 1)/2 "independent" Killing vectors should be construed to mean that
there are M(M + 1)/2 Killing vectors that are not subject to any linear relations
with u-independent coefficients.
The general result that governs the structure of such spaces is contained in
the following theorem: It is always possible to choose the u-coordinates so that
the metric of the whole space is given by

(13.5.4)
where g0 b(v) andf(v) are functions of the v-coordinates alone, and gii(u) is a function
of the u-coordinates alone that is by itself the metric of an M-dimensional maximally symmetric space. (The summation convention is in force, with a, b, ...
running over the N - M labels of the v-coordinates, and i, j, k, l, ... running
over the M labels of the u-coordinates.)
To begin our proof, we set down the condition that (13.5.1) is an isometry of
the whole metric gµ)x). It is convenient to use this condition here in its original
form (13.1.4) rather than in the more elegant covariant form (13.1.5). Each index
µ, v, p ... in (13.1.4) now runs over the N - M coordinate labels of the v 0 and the
M coordinate labels of the ui, so (13.1.4) now yields three separate equations:
For p = i, a = j we have
- a~k(u, v)
(
)
0 .
gkj u, v
oul

v)
(
+ a~k(u,
-~--;--gki u,
1
ou

v

)

+

;:k(
l:,

u, v

) agij(u, v)
k au

(13.5.5)
for p

i,

a = a we have

O

=

ae(u, v)
. gka(U, V)
au 1

+

ae(u, v)
(
)
gik U, V
av 0

+ s;:k(U, V) agia(u,

v)

auk

(13.5.6)
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and for p

= a, a =
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b we have

(13.5.7)
Of these three equations, the first simply tells us that gii(u, v) must, for each
fixed set of va, be the metric of an M-dimensional space, with coordinates ui,
which admits the Killing vector ~i. We assume here that there are M(M + 1)/2
such independent Killing vectors, so this means that the submatrix giiu, v) is by
itself a maximally symmetric metric for each set of fixed va. According to the
arguments of Section 13.1, it also follows that at any given point u 0 we can find
Killing vectors e(u, v) for which ~k(Uo, v) and ~k; z(Uo, v) take arbitrary values,
subject only to the requirement that ~k; 1 = - ~ l;k· Thus the metric giiu, v) is for
each v both homogeneous in u and isotropic about any point.
The other two equations contain information about the other elements g ai
and gab, and also about the v-dependence of the Killing vectors. (This v-dependence
is not entirely arbitrary. For instance, it is true that by redefining the u-coordinates
we can always arrange that the metric gii(u, v) has v-independent Killing vectors
!i(u), but the Killing vectors ~\u, v) of the whole space will then in general be
linear combinations of the !i(u), with coefficients that can depend on the v-coordinates.) In order to disentangle the different information contained in (13.5.6)
and (13.5.7), it is extremely useful to choose a new set of coordinates u';(u, v) of
the maximally symmetric subspaces, so that g1a vanishes. Suppose for a moment
that we can find a function Uk(v; u 0 ) that satisfies the differential equation
fo(U,

v)

auk
~

ava

= -gia(U, v)

(13.5.8)

with the initial condition that
Uk(v 0 ;

u0 )

=u/

(13.5.9)

at some point v 0 a. The coordinates u'i, v'a are then defined by
u;

= Ui(v'; u')

(13.5.10)
(13.5.11)

In this coordinate system, the metric has

and thus (13.5.8) gives
(13.5.12)
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Thus we can construct u' -coordinates in which gia vanishes, if we can find solutions
of the differential equation (13.5.8) with arbitrary initial conditions (13.5.9).
We can rewrite (13.5.8) in the equivalent form
auk
ava

= -Fk (U v)
a

(13.5.13)

'

where

(13.5.14)
and gii is the matrix reciprocal to gij, that is,
5-i

-ij

g gjk = Uk

(13.5.15)

(The bar is to remind us that the ij-element gii of the matrix reciprocal to gii is
not the same as the ij-element gii of the matrix gµv reciprocal to gµv·) When there
is only one v-coordinate, as will be the case in our chapters on cosmology, it is
obvious that (13.5.13) can be solved with a1bitrary initial conditions. In the
general case, we shall have to do some work to prove that (13.5.13) is integrable.
Our method is the same as in Section 13.2; we try to solve (13.5.13) in a neighborhood of v 0 with a power series in v - v 0 :
Uk =

f

_!__,cka1.

.. a)v - Vo)a1... (v - Vo)a"

(13.5.16)

n=O rz,,

(13.5.9) are satisfied if we choose the n

Clearly the initial conditions
efficient as

ck

= 0 co-

= Uok

and Eq. (13.5.13) is satisfied to zero order in v - v 0 if we choose
cka = -Fk a(uo, Vo)
Now, proceeding by mathematical induction, suppose that we are able to choose
the terms in (13.5.16) up to order (v - v 0 t so that (13.5.13) is satisfied to order
(v - Vor- 1. Then we can use these terms to calculate the term in Fk a(U, v) of
order (v - v 0 t. Let us write this term as
[Fka( U(v; Uo), v)Jordern

=

__!-_
J;b 1

Jl

••

!

•

bJv - Vo)b1 · · · (v - Vo)b"
v 0 t if we choose the term in U

Then (13.5.16) will satisfy (13.5.13) to order (v
of order n + 1 as
[Uk(v; Uo}Jn+1 = ~-(n

1

+

1) !

J;b ... b (v - vot(v
1

- Vo)b1. .. (v - Vo)b"

n

providing that f is symmetric in all its subscripts. Since J!b1. .. b" can obviously be
chosen symmetric in the b's, it is sufficient to require that it should also be symmetric between a and any b, or equivalently that
~ Fk a( U(v;
[ av

u v)J
0 ),

ordern-1
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should be symmetric in a and b. But U is assumed to satisfy (13.5.13) to order
1
(v - v 0
, so this condition is satisfied if

t-

[

aFk a(u, v) F 1 (
)
l
bu, v
au

+

aFk a(u, v)J
b
av
u=U(v;uo)

is symmetric in a and b. We thus conclude that (13.5.13) is integrable if

(13.5.17)
for all u, v.
In order tb prove that (13.5.17) is indeed satisfied, we return to the Killing
vector condition (13.5.6). Multiplying with gil, we have

1
a~ = - -il a~m
- -il~k agia
ava
g aui gma g
auk
Also, multiplying

(13.5.5) with git · gim gives
1

-il a~m + -jm a~ = -~k-il-im agii
g au i
g aui
g g auk

so

Recalling (13.5.14), we can write this as

a~ = Fi ~ _ ~kaF\
a aui
auk
ava
1

(13.5.18)

Now differentiate with respect to vb; this gives

or, using (13.5.18) on the right-hand

__IT__
=
avb ava

side,

Fi F; ~
Fi aF\ a~1 - Fi cF1b a~k - Fi a2F1b .,.k
ab
· .+
a 1·
·
a k
·
a k 1.<;
au 1 au 1
au au 1
cu au 1
au ou
+ aFia a~1 _ Fi aF 1a
+ oFkb cF 1a ~; _ a 2F 1a
avb aui
b auk aui
aui auk
avb auk

ae

e
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Spaces

But this must be symmetric between a and b, so

(13.5.19)
We have already remarked that our assumption that there are M(M + 1)/2
independent Killing vectors allows us at any given point to find Killing vectors
for which
vanishes and for which c\;j = gkl a;;r;aui
is an arbitrary antisymmetric
matrix. In particular, we can at any given point choose
so that

e

t

~k

Hence multiplying

= 0

(13.4.19) with

gk 1

and setting k = n =I=m, we find that

which is just the desired relation (13.5.17). The coefficient oft in (13.5.19) must
also vanish, but we do not need this information here.
To return now to the main line of our proof: Having proved (13.5.17), ,ve
know that (13.5.13) is integrable, so we can construct the coordinates uri, v'a
defined by (13.5.10) and (13.5.11), in which the metric components g;a vanish.
Let us do so, and drop the primes, so that now
(13.5.20)
The Killing vector conditions (13.5.6), (13.5.7) now read
(13.5.21)

(13.5.22)
Since

gik

is nonsingular,

it follows from (13.5.21) that
(13.5.23)
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Also, we have noted that at each point we can find Killing vectors for which c;k
takes any arbitrary value, so the coefficient of
in (13.5.22) must vanish:

e

(13.5.24)
It only remains to show that gij(u, v) is v-independent, except for a possible
factor f(v). We use the fact that for any fixed 1J0 there are M(M + 1)/2 independent
Killing vectors of gij(u, v0 ) that, according to (13.5.23), are also Killing vectors
of gij(u, v) for any v. Each one of these Killing vectors (i(u) will then satisfy
(13.5.5) at v = v 0 and for general v:

We can interpret these two equations as saying that gij(u, v) is a maximally forminvariant tensor [in the sense of Eq. (13.4.3)] in the maximally symmetric space
with metric gii(u, v 0 ). It follows then, according to Eqs. (13.4.10) and (13.4.11),
that the tensor gij(u, v) is proportional to the metric gij(u, v 0 ), with au-independent
coefficient:

The valve of v0 can be fixed in any way we like, so we can suppress the label v0 ,
and write this as
(13.5.25)
with
f(v)

Putting

together

=f(v,

(13.5.26)

Vo)

(13.5.20), (13.5.24), and (13.5.25) now shows that the metric

gµ)u, v) does have the form given by (13.5.4), and (13.5.26) and (13.5.5) with
v = v 0 show that {jij(u) is a maximally symmetric metric, as was to be proved.

This theorem could also have been proved under the apparently weaker
assumption, that the whole space can be decomposed into subspaces that are
isotropic about every point. This assumption means that any point u 0 , v we ,can
find Killing vectors of the whole space with (a
0, for ,vhich
vanishes at
u 0 , v, and for which (i;k at u 0 , v is an arbitrary antisymmetric matrix. In particular, we can find M(M - 1)/2 Killing vectors tlm)(u, v; u 0 ) with

=

t
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for which

We can then define
;;µ(l)(u
S

and the arguments
space, with

,

v. u )
,
0

=a--a

ms;;µ(lm)(u ,
Uo

v. u

,

0

)

of Section 13.1 show that these are Killing vectors of the whole

and with
1
(N - 1)

·rP(u
0 v)
'

The existence of the M(M + 1)/2 independent Killing vectors c;µ(lm) and c;µ(I)
shows that the space does have maximally symmetric subspaces after all.
In all cases of practical importance, the maximally symmetric subspaces are
spaces, as opposed to space-times, so all eigenvalues of the submatrix gii are
positive. In this case, we can use (13.3.23), (13.3.24), or (13.3.25) to evaluate
fh; dui dui, and (13.5.3) then gives

- d1:2 = gab(v) dva dvb

+ f(v)

{du2

+

_k(_u_·_d_u)_2}
1 - ku 2

(13.5.27)

where f(v) is positive and
if max. sym. subsp. has K > 0
if max. sym. subsp. has K < 0

(13.5.28)

if max. sym. subsp. has K = 0
[We have absorbed the curvature constant !Kl- 1 appearing in (13.3.23) and
(13.3.24) into the function f(v).] Let us now use this formula to treat the special
cases listed in Table 13.1:
(A) Spherically Symmetric Space. Suppose that the dimensionality of the
whole space is N = 3, that all eigenvalues of its metric are positive, and that it has
maximally symmetric two-dimensional subspaces with positive curvature. Then
there is one v-coordinate, which we can call r, and two u-coordinates, which we
cp defined by
can replace with angles

e,

Ul

= sin 8 cos cp

U

2

= sin 8 sin cp

(13.5.29)
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Eq. (13.5.27), with k = 1, then gives

+ f(r)

ds 2 = g(r) dr 2

{d8 2

+

e d<p

sin 2

2

(13.5.30)

}

with f(r) and g(r) positive functions of r.
(B) Spherically Symmetric Space-Time.
Suppose that the dimensionality of
the whole space-time is N = 4, that three of the eigenvalues of its metric are
positive and one is negative, and that it has maximally symmetric two-dimensional
subspaces whose metric has positive eigenvalues and positive curvature. Then
there are two v-coordinates, which we can call r and t, and two u-coordinates,
which can be replaced with 8 and <pas in (13.5.29). Eq. (13.5.27), with k = 1,
then gives

- dr 2 = gtt(r, t) dt 2

+ f(r,

+

t) {d8 2

+

2g,t(r, t) dr dt

+

sin 2

e d<p

2

g,,(r, t) dr 2
(13.5.31)

}

where f(r, t) is a positive function and gij(r, t) is a 2 x 2 matrix \Yith one positive
and one negative eigenvalue.
(C) Spherically Symmetric Homogeneous Space-Time. Suppose that the dimensionality of the whole space-time is N = 4, that three of the eigenYalues of its
metric are positive and one is negative, and that it has maximally symmetric threedimensional subspaces whose metric has positive eigenvalues and arbitrary curvature. Then there is one v-coordinate and three u-coordinates, and ( 13.5.2i) gives

- dr 2 = g(v) dv 2

+ f(v)

{

du 2

+

2

k(u
· du) }
~~~
1 - ku 2

where f(v) is a positive function and g(v) is a negative
convenient to define new coordinates t, v, 0, <pby

f-

1 2

g(v)) 1 dv

function

of

i·.

It is very

=t

u1 - r sine cos <p
u2

-

r sine sin <p

u3 - r cos O

We then have

dr 2 = dt 2

=)

-

R 2 (t) {-~

1 -

kr 2

+

r 2 d8 2

+

r 2 sin 2 8 d<p2 }

(13.5.32)

where R(t)
f(v).
The first two examples show how it is possible to capture the essence of
spherical symmetry by giving a qualitative description of a space or space-time
in terms of dimensionalities, signs of eigenvalues and curvatures, and the maximal
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symmetry of its subspaces. The metrics (13.5.30) and (13.5.31) are just what we
would have expected on more elementary grounds; indeed, (13.5.31) was our
starting point in Section 11. 7.
On the other hand, our third example leads to a result that could not easily
have been anticipated. It is true that Eq. (13.5.32) was already derived in Section
11.9 as the metric inside a spherically symmetric collapsing star of uniform density
and zero pressure. The beautiful new thing we have learned in this chapter is that
this metric can be derived solely from the assumption of homogeneity and
isotropy, with no use of the Einstein field equations.
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PARTFIVE

COSMOLOGY

"We wonder, Oh, we wonder,
what on earth the world
may be?"
W. S. Gilbert, The Mikado

14 COSMOGRAPHY

Modern science began with the discovery that the earth is not at the center of
the universe. Antianthropocentrism
has become incorporated into the scientific
mentality, and no one now would seriously suggest that the earth, or the solar
system, or our galaxy, or our local group of galaxies, occupies any specially
favored position in the cosmos. Rather, our intuition now runs in precisely the
opposite direction. A large portion of modern cosmological theory is built on the
Cosmological Principle, the hypothesis that all positions in the universe are
essentially equivalent. Of course, the homogeneity of the universe has to be understood in the same sense as the homogeneity of a gas: It does not apply to the
universe in detail, but only to a "smeared-out"
universe averaged over cells of
diameter 10 8 to 10 9 light years, ·which are large enough to include many clusters of
galaxies. Also, it appears that the universe is spherically symmetric about us, so
included in the Cosmological Principle is the assumption that the "smeared"
universe is isotropic about every point.
The question still remains, whether the universe is spherically symmetric and
homogeneous at all times, or merely over some temporary present phase of its
history. There has been an interesting suggestion, to be discussed in Section 15.11.
that the universe may have been highly anisotropic during some dense early phase,
but that the anisotropies have since been largely smoothed out through the action
of neutrino viscosity and other dissipative effects. Hmrnver, even in such theories,
the universe has been highly isotropic and homogeneous over all of that part of its
history which is directly accessible to astronomical observation.
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This chapter will outline and apply a mathematical framework for the description of the universe, based entirely on the Cosmological Principle, and on those
parts of general relativity that follow directly from the Principle of Equivalence.
(This includes Chapters 2 to 6 and Chapter 13.) I shall first show that the Cosmological Principle allows the specification of the cosmic metric entirely in terms
of a "radius" R(t) and a trichotomic constant k [as in Eq. (13.5.32)] and we shall
then see how astronomical observations can be interpreted as measurements of
R(t) and k.
This inherently kinematic approach, pioneered in the 1930's by H. P.
Robertson 1 and A. G. Walker, 2 is incomplete, in that it does not provide an
a priori prediction of the function R(t). To calculate R(t) we need to make some
assumption about the material content of the universe, and then derive the
Robertson-Walker metric as a solution of the Einstein field equations, as first done
by Alexandre Friedmann 3 in 1922. Our discussion of the contents of the universe,
and the use of the Einstein field equations, will be postponed until the next chapter,
on cosmology.
Why make this distinction between cosmography and cosmology? The reason
is simply that we do not know the equation of state of the matter and radiation of
the universe throughout its history, and even if we did, we could not be sure that
the Einstein equations really hold over cosmic times and distances. A modification
of the field equations or the equation of state, such as the introduction of a BransDicke field, a cosmological constant, or a large population of neutrinos or gravitons,
would affect the function R(t) and invalidate the simplest Friedmann solution, but
it would not require us to make any change in the descriptive framework assembled
in this chapter.
There remains the possibility that the universe is not homogeneous and isotropic
after all. It might be homogeneous but not isotropic, as in the model of K. Godel. 4
Hmvever, the cosmic microwave radiation discussed in Chapter 15 appears to be
highly isotropic. (The universe cannot be isotropic about every point without also
being homogeneous, as shown in the last chapter.) A more radical notion is that
there is no "smeared" universe at all, but only clusters of galaxies, and clusters of
clusters, and clusters of clusters of clusters, and so on, as in the hierarchical model
proposed in 1908 by C. V. I. Charlier. 5 Empirical arguments for such superclustering have been offered by G. de Vaucouleurs, 6 but the work of F. Zwicky, 7
G. 0. Abell, 8 and J. H. Oort 9 indicates that the hierarchy stops at clusters of
galaxies or at most clusters of clusters of galaxies, and shows no evidence of
inhomogeneities of larger scale.
The real reason, though, for our adherence here to the Cosmological Principle
is not that it is surely correct, but rather, that it allows us to make use of the
extremely limited data provided to cosmology by observational astronomy. If we
make any weaker assumptions, as in the anisotropic or hierarchical models, then
the metric would contain so many undetermined functions (whether or not we use
the field equations) that the data would be hopelessly inadequate to determine
the metric. On the other hand, by adopting the rather restrictive mathematical
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framework described in this chapter, we have a real chance of confronting theory
with observation. If the data will not fit into this framework, we shall be able to
conclude that either the Cosmological Principle or the Principle of Equivalence is
wrong. Nothing could be more interesting.

I

The Cosmological Principle

The Cosmological Principle is the hypothesis that the universe is spatially
homogeneous and isotropic. Before applying this principle, we shall have to
formulate our intuitive ideas of homogeneity and isotropy in precise mathematical
terms.
First, let us fix our attention on one particular space-time coordinate system,
of the sort that might be used by terrestrial cosmographers. Spatial coordinates xi
can be constructed with origin xi = 0 at the center of the Milky Way, with
coordinate directions fixed by the line of sight from the Milky Way to some
typical distant galaxies, and with a scale of distances defined by the apparent
luminosities of distant galaxies, or other suitable objects, as seen from the Milky
Way. To define a time coordinate, it is convenient to use the evolving universe itself
as a clock. It is believed that several cosmic scalar fields, such as the proper energy
density p, or the black-body radiation temperature
TY (see Chapter 15) are
everywhere decreasing monotonically; choose any one of these, say a scalar S, and
let the time of any event be any definite decreasing function t(S) of the chosen
scalar, when and where the event occurs. (We shall have to reopen the question of
how to define the time when we consider a steady state universe, in Section 14.8.)
The coordinates x, t so defined will be called the cosmic standard coordinate system.
The Cosmological Principle can be formulated as a statement about the
existence of equivalent coordinate systems. Suppose that we use the cosmic
standard coordinate system to carry out astronomical observations, determining
(never mind how!) the metric tensor gµv, the energy-momentum tensor Tµv' and all
other cosmic fields, as functions of the cosmic standard coordinates xµ. A different
set of space-time coordinates x'µ may be considered equivalent to the cosmic
standard cQ.ordinates, if the whole history of the universe appears the same in the
x'µ coordinate system as in the cosmic standard coordinate system. This requires
that every cosmic field g~v(x'), T~v(x'), and so on, must be the same function of the
x'µ as the corresponding quantities gµv(x), T µv(x), and so on, are of the standard
coordinates xµ. That is, at any coordinate pointyµ, we must have
(14.1.1)
etc.

(IJ.1.2)

In the language of the last chapter, Eq. (14.1.1) says that the coordinate transformation x ~ x' must be an isometry, and (14.1.2) says that Tµv' and so on. must
be form-invariant under this transformation.
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In particular, Eq. (14.1.2) will have to hold for the scalar S used to define our
cosmic standard time t. Since Sis by definition a function only oft, and a scalar,
Eq. (14.1.2) for S reads, at y = x',
S(t')

=

S'(x')

=S(x)

S(t)

and so

t' = t

(14.1.3)

All coordinate systems that are equivalent to the cosmic standard system
necessarily use cosmic standard time.
The assumption of spatial isotropy can now be formulated as the requirement
that there exists a family of coordinate systems x'µ(x; 8), depending on three
independent parameters 8 1 , 8 2 , 83, which are equivalent to the cosmic standard
coordinates, and which have the same origin, that is,
(14.1.4)

en

as Euler angles that specify
We can intuitively think of the three parameters
the orientation of the x'i coordinate axes relative to the xi coordinate axes, but it
is unnecessary to be so specific; the important thing is that there be three independent parameters. (In formulating this assumption, we have tacitly assumed
that the privileged Lorentz frame in which the universe appears isotropic happens
to coincide more or less with our own galaxy.)
It is a little trickier to formulate the assumption of homogeneity. Clearly,
homogeneity does not mean that any object can be chosen as the origin of a
coordinate system equivalent to our cosmic standard coordinates-after
all, the
universe looks different to an observer moving away from the Milky Way at half
the speed of light than it does to us! The most we can expect is that every point xµ
in space-time is on some ·'fundamental trajectory" xi = Xi(t), ·which can serve
as the origin of a coordinate system x'µ equivalent to the cosmic standard system.
(This is closely related to a postulate called Weyl's principle, used in some formulations of cosmology.) The Milky v\'ay appears to be a rather ordinary galaxy, more
or less at rest with respect to its nearest neighbors, so we can expect that the
fundamental trajectories X(t) are pretty well defined by the motions of typical
members of the cosmic gas of galaxies, but this is by no means an essential part of
the assumption of homogeneity. The important point is that, since the X(t) at
any time t fill up all space, they are determined by three independent parameters
ai, which can be taken, for instance, as the values ai
Xi(T) of Xi(t) at some
particular time t = T. Thus homogeneity means that there is a three-parameter
set of coordinates x'µ(x; a), which are equivalent to the cosmic standard coordinates xµ, and which have origin on the trajectory xi
Xi(t; a), that is,

=

x,i(X(t: a), t; a) = 0

To be more precise the X(t; a) are the trajectories
whom the universe appears isotropic.

(14.1.5)
of the privileged observers to
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Putting this together, we see that the Cosmological Principle entails the
existence of two independent three-parameter families of coordinate transformations x ~ x', x ~ x', which are isometries in the sense of Eq. (14.1.1), and which
according to Eq. (14.1.3), leave the time coordinate invariant. The universe
therefore satisfies the requirements assumed in Section 13.5 for a four-dimensional
space with three-dimensional maximally symmetric subspaces t = const.
(To see this in detail, we can descend to the case of infinitesimal transformations, letting Bi and ai approach zero. There are then six "Killing vectors" ':t(x)
and !J(x), defined by
'~(x)

=ax'i(x}

~~(x)

=8x'i(x ~ a)I

8)1
ae1 o=o
8aJ

f;(x)

a=O

0

(14.1.6)

=0

(14.1.7)

It is only necessary to show that these six vectors are independent.
they satisfy a linear relation

L ci(t),~(x)

+

j

L c)(t)~)(x)

Suppose that

(14.1.8)

0

j

At the origin, Eqs. (14.1.4) and (14.1.5) give
(14.1.9)

'~(O, t) = 0
~~(O,t) = - aXi(t,_ a) I
8aJ

so at xi

(14.1.10)

a=O

= 0, Eq. (14.1.8) gives

Since the ai are independent

parameters,

this requires that
(14.1.11)

Going back to (14.1.8) and (14.1.6), we then have

and since the Bi are independent

parameters,

this requires that
(14-.1.12)

Thus there are six independent Killing vectors with C
number possible (see Section 13.1) in three dimensions.)

= 0, the maximum
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In summary, the Cosmological Principle can be formulated in the language of
Chapter 13, as follows:
(i) The hypersurfaces with constant cosmic standard time are maximally
symmetric subspaces of the whole of space-time.
(ii) Not only the metric gµv, but all cosmic tensors such as Tµv, are forminYariant with respect to the isometries of these subspaces.

2

The Robertson-Walker

Metric

The formulation of the Cosmological Principle given in the last section allows
us to apply the results of Section 13.5 for spaces with maximally symmetric
subspaces. We see immediately that it must be possible to choose coordinates
r, 8, ¢, t, for which the metric takes the form given in Eq. (13.5.32):
2

d,: 2 = dt 2

-

R 2 (t)

dr
{ 1 - kr 2

+

r 2 d8 2

+

r 2 sin 2 8 d¢

2}

(14.2.1)

where R(t) is an unknown function of time, and k is a constant, which by a suitable
choice of units for r can be chosen to have the value + 1, 0, or -1. (These are not
necessarily the same as the cosmic standard coordinates introduced in the last
section, although tin Eq. (14.2.1) is the cosmic standard time, or a function of it.)
The metric (14.2.1) is known in cosmology as the Robertson-Walker metric.
It is interesting to consider the geometrical properties of the three-dimensional
spaces of constant t. These have metric
3

R2(t)

(14.2.2)

g,, = 1 - kr 2
with 3 gµv vanishing forµ =I=v. Comparing with (13.3.23)-(13.3.25)
three-dimensional curvature scalar is

shows that the

(14.2.3)
For k = - 1 or k = 0 the space is infinite, while for k = + 1 it is finite (though
unbounded), with proper circumference given by Eq. (13.3.33) as
3

L

=

2nR(t)

(14.2.4)

and proper volume given by Eq. (13.3.29) as
3

V

= 2n 2 R 3 (t)

(14.2.5)

For k = + 1 the spatial universe can be regarded as the surface of a sphere of
radius R(t) in four-dimensional Euclidean space (see Section 13.3), and R(t) can
justly be called the "radius of the universe." For k = -1 and k = 0 no such

2
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interpretation is possible, but R(t) still sets the scale of the geometry of space. so
R(t) will in all cases be called the cosrnic scale factor.
The construction in Section 13.5 of the coordinates r, 8, cp,twas carried out in
such a way that the coordinate transformations, which leave the four-dimensional
metric (14.2.1) form-invariant,
are just the purely spatial transformations
that
leave (14.2.2) form-invariant. These include the rigid rotations

(i, j = 1, 2, 3)

(14.2.6)

where R is an arbitrary orthogonal matrix (and as usual x 1 = r sin 8 cos cf>,
x 2 :::::: rein 8 sin cf>,x 3 = r cos 8), together with "quasitranslations,"
given by
setting KO equal to k times the unit matrix in Eq. (13.3.17):

x'= x+ a

{(l - kx

2 112
)

-

fl - (l -

ka (xa/)}
2 112
)
]

(14.2.7)

where a is an arbitrary three-vector.
The transformation
(14.2.7) carries the ongm into the point a, so we can
conclude that any fixed point can serve as the origin of a system of coordinates
equivalent to the coordinate system of Eq. (14.2.1 ). That is, the "fundamental
trajectories" of observers, to whom the universe looks the same as it does to us,
are just X(t; a) = a. We have already noted in the last section that the fundamental trajectories ought to be close to the paths of "typical" galaxies, so we can
tentatively conclude that the spatial coordinates r, 8, cf>form a cornoving systern,
in the sense that typical galaxies have constant spatial coordinates r, 8, cf>.One can
imagine the comoving coordinate mesh to be like lines painted on the surface of a
balloon, on which dots represent typical galaxies. As the balloon is inflated or
deflated the dots will move, but the lines will move with them, so each dot will
keep the same coordinates.
It is important to note that the fundamental
trajectories x = canst are
geodesics, because Eq. (14.2.1) gives
(14.2.8)
Thus the statement that a galaxy has constant r, 8, cf>is perfectly consistent with
the supposition that galaxies are in free fall. Note also that the time coordinate tin
(14.2.1) is not only a possible "cosmic standard" time in the sense of the last
section; it is also the proper time told by a clock at rest in any typical freely
falling galaxy. The coordinates x, tare thus co-moving in precisely the same sense
as the "Gaussian normal" coordinates introduced in Section 11.8.
We can obtain a deeper insight into the behavior of matter in a RobertsonWalker universe by applying the Cosmological Principle to the tensors that describe
the average state of cosmic matter, such as the energy-momentum tensor Tµ\ and
the current JGµ of galaxies. (JGµ is defined exactly like the electric current {5.2.13),
but the sum runs over galaxies instead of particles, and a factor 1 replaces ew)
All such tensors are required to be form-invariant [in the sense of Section 13.4 or
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Eq. (14.1.2)] with respect to those coordinate transformations,
such as (14.2.6)
and (14.2.7), which leave the metric (14.2.1) form-invariant.
These "isometries"
are purely spatial, so they transform J Gt and Ttt as three-scalars; J Gi and Tit as
three-vectors;
and Tii as a three-tensor. According to the theorems proved in
Section 13.4, this then requires that

J Gt = nG(t)

(14.2.9)

and
Ttt

= p(t)

(14.2.10)

where nG, p, and p are unknown quantities that may depend on t, but not on r, (},
or ¢. These results can be written more elegantly as
(14.2.11)
(14.2.12)
where Uµ is a "velocity four-vector"

=1
uj =o

ut

(14.2.13)
(14.2.14)

Equation (14.2.14) shows that the contents of the universe are, on the average, at rest
in the coordinate system r, 8, ¢, as expected. In addition, comparison of Eq. (14.2.12)
with Eq. (5.4.2) shows that the energy-momentum tensor of the universe necessarily
takes the same form as for a perfect fluid.
It will be useful to have on hand the differential equations for nG(t), p(t), and
p(t) that are provided by conserYation principles. If galaxies are neither created
nor destroyed, then JGµ obeys the conservation equation (5.2.14):

0

= (J µ). = gG

,µ

1/2

_c (glf2J

CXµ

The metric (14.2.1) has a determinant
g

µ)
G

1/2

!}_(glf2n )
8t ,
G

(14.2.15)

-g given by

= R 6 (t)r 4 (1 - kr 2 )-

and therefore the conservation

= g-

1

sin 2 8

(14.2.16)

of galaxies yields the relation

nG(t)R 3 (t) = constant

(14.2.17)

(Note that nG is the number density per unit proper volume, and therefore increases
or decreases according as the unfrerse shrinks or expands, while nGR 3 is the
number density per unit coordinate ,~olume, and therefore remains constant in a
comoving coordinate system.) The energy-momentum
tensor (14.2.12) obeys the
conservation equation (5.4.3):

0

= Tµv; v
8p gµv
axv

+ g-112 J_

axv

[g112(p

+ p)UµUv] + r~;.(P +

p)Uvui

(14.2.18)
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Using Eqs. (14.2.8) and (14.2.14), we find that this equation is trivially satisfied
forµ = r,
¢, while forµ = tit reads

e,

R 3 (t) dp(t)
dt

=

r!__{R 3 (t)[p(t)

+ p(t)]}

(14.2.19)

dt

For instance, if the pressure of cosmic matter is negligible then (14.2.19) gives a
result analogous to Eq. (14.2.17):
p(t)R

3

(t) = constant

(14.2.20)

The very great convenience of a comoving coordinate system should not blind
us to the fact that the typical galaxies actually do move further apart or closer
together when R(t) increases or decreases. To see this clearly, we need to consider
what we mean by the distance between galaxies. Imagine a chain of typical galaxies
lying close together on the line of sight between us and a distant galaxy at r 1 , 8 1 ,
¢ 1 , and suppose that at the same cosmic time t, observers in each galaxy measured
the distance to the next galaxy, say by measuring the travel time for light signals.
(Note that this is not the same as measuring the time for a single light signal to go
from r = 0 tor = r 1 .) Adding up all these subdistances gives the proper distance
dprop(t) =

lr1) grr dr
Jo

= R(t)

lr1
Jo )1

dr

-

(14.2.21)
kr 2

Obviously, no one is going to organize this sort of cosmic conspiracy, so the proper
distance is not very relevant to observational cosmology. However, we shall see in
Section 14.4 that the more relevant measures of distance, based on apparent
luminosities and angular diameters, all approach the proper distance (14.2.21)
for r 1 ~ 1. Thus, in one sense or another, galaxies do move apart when R(t)
increases, or together when R(t) decreases.
Cosmological theory presents observational astronomy with the challenge of
measuring the function R(t) and determining whether k is + 1, or 0, or -1. This is
not all there is to cosmology, but it is a central problem that must be solved if we
are to understand the universe. The balance of this chapter will describe how well
this challenge has been met.

3

The Red Shift

Our most important information about the cosmic scale factor R(t) comes to us
through the observation of shifts in frequency of light emitted by distant sources.
To calculate such frequency shifts, we shall place ourselves at the origin r = 0 of
coordinates (according to the Cosmological Principle, this is a mere connntion)
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and consider an electromagnetic wave traveling to us along the -r direction, with
(} and cpfixed. The equation of motion of a given wave crest is then

0 = dr 2 = dt 2

-

dr 2
R 2 (t) --1 - kr 2

Hence if the wave leaves a typical galaxy, located at r 1 , 8 1 , ¢ 1 , at time t 1 , then it
will reach us at a time t 0 given by
(14.3.1)

where
k = +l
k = 0
k = -1

(14.3.2)

We saw in the last section that typical galaxies will have constant coordinates
r 1 , 8 1 , ¢ 1 , sof(r 1 ) is time-independent.
Hence, if the next wave crest leaves r 1 at
time t 1 + & 1 , it will arrive here at a time t 0 + bt0 , which again is given by a
relation like (14.3.1)
to+oto
dt _
- f(r1)
(14.3.3)

J

t1Ht1

R(t)

Subtracting Eq. (14.3.1) from (14.3.3), and noting that R(t) changes very little
during the period 10- 14 sec of a typical light signal, we find that

bto

&1

R(t 0 )

R(t 1 )

The frequency v0 observed here is thus related to the frequency v 1 when emitted
by
(14.3.4)

This is conventionally expressed in term:s of a red-sh~ft parameter z, defined as the
fractional increase in wavelength
(14.3.5)

Since A0 j), 1 equals vifv 0 , (14.3.4) gi-ves
(14.3.6)

To avoid confusion, it should be kept in mind that v 1 and Ji.1 are the frequency
and wavelength of the light if observed near the place and time of emission, and
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hence presumably take the values measured when the same atomic transition
occurs in terrestrial laboratories, while v0 and Ao are the frequency and wavelength
of the light observed after its long journey to us. If z > 0 then Ao > A1 , and we
speak of a red shift; if z < 0 then Ao < A1 , and we speak of a blue shift.
If the universe is expanding, then R(t 0 ) > R(t 1 ), and (14.3.6) gives a red shift,
while if the universe is contracting, then R(t 0 ) < R(t 1 ), and (14.3.6) gives a blue
shift. Such frequency shifts find a natural explanation in terms of the Doppler
effect discussed in Section 2.2. Equation (14.2.21) shows that a relatively close
galaxy will move away from or toward the Milky Way, with a radial velocity
(14.3.7)
The frequency shift is given for r 1

~

0 and t 0

~ t1

by Eqs. (14.3.6) and (14.3.1) as
(14.3.8)

in agreement with Eq. (2.2.2). However, the frequency of light is also affected by
the gravitational field of the universe, and it is neither useful nor strictly correct to
interpret the frequency shifts of light from very distant sources in terms of a
special-relativistic Doppler effect alone. [The reader should be warned though, that
astronomers conventionally report even large frequency shifts in terms of a
recessional velocity, a "red shift" of v km/sec meaning that z = v/(3 x 10 5 ).J
The first evidence for a systematic red shift of spectral lines from distant
objects was provided by a program of observations carried out by Vesto Melvin
Slipher with the Lowell Observatory 24-in. refractor from about 1910 to the mid1920's. In a 1922 summary, 10 he gave data for 41 spiral nebulae, of which 36 had
absorption lines shifted to the red by amounts up to z ~ 0.006, and only five
showed blue shifts, the largest being that of the Andromeda nebula, with z ~
- 0.001. From the beginning these frequency shifts were interpreted as due to the
Doppler effect, but at first it was expected that they could be accounted for by the
notion of the solar system, rather than the galaxies. The preponderance of red
shifts in all parts of the sky made this interpretation increasingly untenable, and
by 1918 Wirtz 11 suggested that in addition to the solar motion there was a general
recession of spiral nebulae (then called the "K-term") away from us in all directions.
Of course, other explanations ·were possible, such as a gra-ritational red shift caused
by very strong local gravitational fields. (Perhaps the triumph of general relativity
in the 1919 eclipse expedition made this explanation particularly attractiw.)
However, in a series of papers 12 written in the 1920's, ·wirtz and K. Lundmark
showed that Slipher's red shifts increased with the distance of the spiral nebulae.
and therefore could most easily be understood in terms of a general recession of
distant galaxies, the furthest naturally being those mm~ing fastest. The announcement by Edwin Hubble 13 in 1929 of a "roughly linear relation between wlocities
and distances" established in most astronomer's minds the interpretation of the
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red shift as a cosmological Doppler effect, and this interpretation
has survived
through the decades until the present.
It is not possible to carry this discussion further, without first sharpening our
understanding
of how cosmological distances are defined, and how they relate to
the coordinate distance r 1 . The red shifts will be taken up again in Section 14.6.

4

Measures of Distance

There are at present only two practical methods (not counting the measurement of red shifts) for determining the distance of an object outside our galaxy.
If we know its absolute luminosity, we can compare it to the observed apparent
luminosity; or if we know its true diameter, we can compare it to the observed
angular diameter. In addition, the distance to a near enough object can be determined by measuring its parallax, the shift in apparent position in the sky caused by
the earth's revolution about the sun, or its proper motion, the shift in apparent
position in the sky caused by the object's actual motion relative to the sun.
The "distances" measured by these four methods are identical for objects that
are nearer than about 10 9 light years, but beyond this range they differ from
each other, and also from the "proper distance" defined in Section 14.2. Thus, in
order to use the correlation between red shifts and apparent luminosities or angular
diameters to measure R(t) and k, it will first be necessary to express the distances,
determined from apparent luminosities or angular diameters, in terms of r 1 and
t0 . It will be instructive, if largely academic, to do the same for distances determined
from measurements of parallax or proper motion.
In order to calculate parallaxes and apparent luminosities, we must know the
paths of light rays that leave a source at r 1 , 8 1 , ¢ 1 and pass near r = 0. (See
Figure 14.1.) In a coordinate system x'µ in which the light source is at the origin,
the ray path is given by the very simple equation:
x'(p)

= np

(14.4.1)

where n is a fixed vector, p is a ,·ariable positive parameter describing positions
along the path (with p = 0 at the source), and x' is a three-vector formed from the
comoving coordinates r' 8' ¢' in the usual way:
x' ==(r' sin 8' cos ¢', r' sin 8' sin ¢', r' cos 8')
The transformation
between the x'µ coordinates, and another coordinate system in
which the light source is at x 1 , is given by setting a = x 1 and interchanging x and
x' in Eq. (14.2.7):

x - x'

+

x1

((1-

kx' 2 ) 112

-

{l - (1 - kx,2)

112

}

(x~: :

1

))

(14.4.2)
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1

r = 0

Figure 14.l
Quantities used in the calculation of parallaxes and
apparent
luminosities.
The angles and the curvature of the light
ray are greatly exaggerated.

Here again, we use a vector notation,
x

= (r sin()

cos¢,

with
r sin() sin¢,

r cos¢)

and we define scalar products as in Euclidean geometry. There is no loss of generality in taking n to be a unit vector, with n 2 = 1. The parametric equation of the
light paths, given by substituting (14.4.1) in (14.4.2), is then

(14.4.3)
where r 1 = (x 1 2 ) 1 12 .
We shall now specify that the origm of the xµ coordinate system is some
definite point in the solar system, such as the center of the sun or the center of the
200 in. mirror at Palomar, and we shall restrict ourselves to light paths that pass
close to this origin. In this case, the unit vector n must point nearly in the -x 1
direction, so
(14.4.4)

where i 1 is the unit vector x 1 /r1 , and t is a very small vector perpendicular to x 1 .
(Here and below, '.::::'.
means that an equation is valid to first order in t.) Recalling
Eq. (14.4.1), we note for future reference that !ti is the angle between the light
path and the -x 1 direction, as measured in the coordinate system x'µ, ,,.,hich is
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locally inertial at the light source. The light path, given by inserting
(14.4.3) and discarding terms of order- l?, is

(14.4.4) m

(14.4.5)
The light path comes closest to the origin at p ~ r 1 . The impact parameter b is the
proper distance of the path from the origin at this point, given by (14.2.1) and
(14.4.5) as
(14.4.6)
where t0 is the time that the light ray arrives near the origin.
Measurements of astronomical parallaxes amount to measurements of the
direction oflight paths as a function of impact parameter, which in this case is the
projection of the earth-sun separation on the plane normal to the line of sight.
The light path has a direction near the origin given by

so the line of sight is given by a unit vector in the opposite direction
(14.4.7)
Hence the angle between the actual line of sight, and the line of sight
be observed at the origin, is

x:1 that

would

(14.4.8)
In Euclidean geometry, a source at distance d would have a parallactic angle
(} ~ b/d, so in general we may define the parallax distance dp of a light source as
dp

=ab-

for O ~ 0, b

~

0

(14.4.9)

and (14.4.8) may therefore be written
(14.4.10)

In a universe with k = + 1, objects at r 1 = 1 have infinite parallax distance and
further objects (with r 1 < 1) have decreasing parallax distances, as noted first
in 1900 by K. Schwarzschild. 14
In order to calculate apparent luminosities, consider a circular telescope mirror
of radius b, placed with its center at the origin and its normal along the line of sight
x1 to the light source. The light rays that just graze the mirror edge form a cone at
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the light source that, in the coordinate system x'µ locally inertial at the source, has
a half-angle ltl given by Eq. (14.4.6). The solid angle of this cone is

nltl 2
and the fraction of all isotropically
ratio of this solid angle to 4n, or

nb 2
- R2(to)r1 z
---

-

emitted photons that reach the mirror is the

A

(14.4.11)

where A is the proper area of the mirror
A

= nb

2

emitted with energy hv1 will be red-shifted to energy
emitted at time intervals bt 1 will arrive at time
intervals bt 1R(t 0 )/R(t 1), where as always t 1 is the time the light leaves the source,
and t0 is the time the light arrives at the mirror. Thus the total power P received
by the mirror is the total power emitted by the source, its absolute luminosity L,
times a factor R 2 (ti)/R 2(t 0 ), times the fraction (14.4.11):
However,

each photon

hv1 R(t 1 )/R(t 0 ), and photons

The apparent

luminosity l is the power per unit mirror area, so
p

LR 2 (t 1 )

A

4n:R4(to)r1 z

(14.4.12)

In a Euclidean space the apparent luminosity of a source at rest at distance d
would be L/4nd 2, so in general ·we may define the luminosity distance dL of a light
source as
dL

_ ( L

= -

4nl

)112

(14.4.13)

and (14.4.12) may therefore be ·written
(14.4.14)
(This calculation could also have been carried out without using quantum theory.
by applying the energy-conservation equation (Tµv);v = 0 to the radiation emitted
by the source. 15 )
Next, let us calculate the angular d~ameter, observed at r = 0, t = f 0, of a
light source of true proper diameter D at r = r 1 , t = t 1 . The light rays from the
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edge of the source travel to the origin along fixed directions x/r. Without loss of
generality, we can rotate the coordinate system so that the center of the light
source is at 8 = 0, and suppose that light from its edges travels to the origin on a
cone with half-angle 8 = b/2. (See Figure 14.2.) The proper distance across the
source is then given by Eq. (14.2.1) as
for b

~

1

so the angular diameter of the source is thus
(14.4.15)

r = 0

Figure 14.2 Quantities
diameters
and proper
exaggerated.

used in the calculation of angular
motions. The angle o is greatly

In Euclidean geometry, the angular diameter of a source of diameter D at a
distanced is b = D/d, so in general we may define the angular diameter distanced A
of a light source as
D

b

(14.4.16)

and (14.4.15) may therefore be written
(14.4.17)
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Note that R(t 1 ) decreases as r 1 increases, so in some models dA can have a maximum, with objects at very large distances having angular diameters that increase
with increasing luminosity distance.
Finally, let us consider the determination of distances from proper motions.
A source with a true velocity V.L transverse to the line of sight will, in a time !it 0 ,
move a proper distance

11D
so, by the same reasoning that led to (14.4.15), the source will appear to move an
angular distance

11D

(14.4.18)

R(t 1 )r 1

In a Euclidean space the change in apparent position on the celestial sphere of a
source at distanced would be V.L !it 0 /d, so we may define the proper-motion distance
of a light source as
(14.4.19)
where µ is the proper motion
(14.4.20)

µ

Equation

(14.4.18) may therefore

be written
(14.4.21)

Of course, we can use (14.4.19) to measure the proper-motion distance only if we
have some a priori knowledge of the transverse velocity, a point to which we return
in the next section.
The luminosity distanced L· angular diameter distanced A, and proper-motion
distance dM of a light source "·ith red shift z are related by the simple formulas
(14.4.22)

(1

+

z)-

1

(14.4.23)

If one can measure z accurately, there is no point in attempting a separate determination of d v d A' and dM, except perhaps as a check of the Robertson-'.Yalker
metric or of the cosmological origin of red shifts. In contrast, the measurement of
the parallax distance d P could in principle give information beyond what could be
learned from a measurement of d L and z, but of course at present it is only possible
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to measure parallaxes for very close objects, with z ~ 1 and r 1 ~ 1. In this case
all these observable distances become essentially equal to each other, and also to
the proper distance (14.2.21):
(14.4.24)
The distinction among different measures of distance only becomes important for
objects that are billions of light years away.
Actually, measurements of luminosity distance, angular diameter distance,
and red shift are inextricably mixed, for at least two reasons:
(A) Light sources such as galaxies have smooth luminosity distributions,
without sharp edges. Let L(D) be the absolute luminosity of that part of a light
source within a circle (in the plane transverse to the line of sight) of diameter D.
Then (14.4.12) and (14.4.15) give the apparent luminosity within an angular
diameter {) as
L( r 1 R(t 1 )b)R 2 (t 1 )
l({))
(14.4.25)
4nR 4 (t 0 )r 1 2

It is more convenient to write this formula in terms of an absolute luminosity
unit transverse area
B(D)

=L'(D)

(14.4.26)

2nD

and an apparent

per

luminosity per unit solid angle, or brightness:
b([))

=

l'(b)

(14.4.27)

2nb

Using (14.4.26), (14.4.27), and (14.3.6) in (14.4.25) then gives the brightness as
b(b) = BhR(t1)b)
4n(l + z) 4

The isophotal angular diameter is the angle bb at which the brightness
falls below some fixed threshold Yalue b:

(14.4.28)
(14.4.28)

(14.4.29)
where Db is defined by the implicit equation
B(Db)

= 4nb(l

+

z) 4

(14.4.30)

For instance, Hubble has suggested that B(D) is well represented for most galaxies
by a function that near the galactic edge has the approximate form 16
B(D) "'

aL
-

(14.4.31)
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where a is a dimensionless
(14.4.12) give

constant,

42 5

of order unity. Then (14.4.29)-(14.4.31)

)112

aL

Db~

efDistance

+

( 4nb(l

and

(14.4.32)

z) 4

az)1;2
(b

<)b ~

and

(14.4.33)

-

In this particular case, the measurement of an isophotal angular diameter is just
tantamount to a measurement of apparent luminosity.
(B) Most detectors of radiation respond only to photons in a narrow range of
wavelengths. Thus it is necessary to distinguish between the bolometric luminosities
Lor l discussed above, which take account of radiation emitted or received at all
wavelengths, and the ultraviolet, blue, photographic, visual, and infrared luminosities,
which represent the average power or flux in various wavelength bands. If a source
emits a radiant power L(v 1 ) at all frequencies less than v 1 , then Eqs. (14.4.12) and
(14.3.4) give an apparent luminosity for all frequencies less than v0 as
l(vo)

The frequency distributions
the formula:

=

2

L[v 0 R(t 0 )/R(t 1 )JR (t 1 )
4nR 4 (t 0 )r 1 2

(14.4.34)

of received and emitted power are therefore related by
Z'(vo) = L'[v 0 R(t 0 )/R(t 1 )JR(ti)_
4nR 3 (t 0 )r 1 2

(14.4.35)

For a black body, L'(v) is given by the Planck formula
4

1

- ( --hv )
L'(v) = -15L
n 4 v kT 1

(

exp

hv )
( ~

kT

- 1)-

(14.4.36)

1

where T 1 is the source temperature, k is the Boltzmann constant, and his Planck's
constant. The frequency distribution of received radiation is then
1

4

l'(vo)

=

l:l (hvo )
n v 0 kT 0

where l is the bolometric apparent
temperature

(exp (hvo)
kT O

magnitude
T

_ 1)-

(14.4.37)

(14.4.12). and T 0 is the red-shifted

- T R(t1)
o i R(to)

(14.4.38)

If we know the temperatures T 1 or T 0 , it is easy to conYert the absolute lummosny
L'(v 1 ) L'.\v
1 or the apparent luminosity l(v0 ) L\v0 in any narrow frequency band into a
bolometric absolute or apparent luminosity.
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A word must be said about the time-honored language used by astronomers to
describe astronomical distances and luminosities. The astronomical unit (abbreviated a.u.) is the mean distance of the earth from the sun
1 a.u. = 1.49598 x 10 8 km

(14.4.39)

Treating the earth's orbit as a circle, the projection of the earth-sun separation
vector on the plane normal to the line of sight to any fixed star reaches a maximum
value bmax equal to 1 a.u. during the course of a year, so the position of a star
traces out an ellipse of maximum radius n given by Eq. (14.4.9) as
.
d.
1 .
n (m
ra ians) = - (m a.u.)

dp

(14.4.40)

We shall call n the trigonometric parallax. One parsec (abbreviated pc) is defined as
the distance dp at which a star would have a trigonometric parallax of l"; there
are 206,264.8 seconds in one radian, so

206,264.8 a.u. = 3.0856 x 10 13 km

1 pc

3.2615 light years

(14.4.41)

Thus (14.4.40) may in general be expressed as
.
1 .
n (m seconds) = ~ (m pc)
dp

(14.4.42)

Only the nearest stars have measurable trigonometric parallaxes, but such is the
power of tradition, that all astronomical distances outside our solar system are
conventionally given in parsecs, and sometimes these distances, however measured,
are even described in terms of an equivalent parallax.
The apparent bolometric luminosity l is usually expressed in terms of an
apparent bolometric magnitude mboJ, or simply m, which for historical reasons is
defined so that
l = 10-Zm/ 5 x 2.52 x 10- 5 erg/cm 2 -sec
(14.4.43)
The absolute bolometric magnitude lrf is defined as the apparent
magnitude the source would have at a distance 10 pc, so

L

=

10-ZM/

5

x 3.02 x

10 35

erg/sec

Equation (14.4.13) may be expressed as a formula for the luminosity
in terms of the distance modulus m - JJ1:
dL

=

10t+(m-M)/5

pc

bolometric

(14.4.44)
distance d L

(14.4.45)

The apparent magnitudes mu, mB, and so on, in the ultraviolet, blue, photographic,
,-isual, and infrared wavelength bands are related to the corresponding apparent
luminosities by formulas like (14.4.43), but with different normalization constants,
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chosen so that all apparent magnitudes will be the same for stars of the Ao spectral
type between fifth and sixth magnitude. The corresponding absolute magnitudes
are defined so that the distance moduli mu - Mu, mB - Mn, and so on, are all
equal to m - M. (Often the ultraviolet, blue, and visual apparent magnitudes
mu, mn, mv are denoted U, B, and V.) The color index is the quantity mn - mv =
MB - M v; stars with negative color index are bluer than stars with positive color
index. For purposes of comparison, the sun has absolute magnitudes

M (bolometric)
and apparent

m (bolometric)

= +4.72

Mu=

MB = 5.41

4.79

magnitudes

= -26.85

mu=

-26.06

so that its distance modulus is -31.57

5

5.51

mB

=

-26.16

-26.78

and its color index is 0.62.

The Cosmic Distance Ladder

If we know the absolute luminosity L of a light source, then we can determine
its luminosity distance d L by measuring its apparent luminosity l and using
(14.4.13). The difficult problem is to determine L. At present, there is a ladder of
distance determinations, with five distinct rungs, that must be climbed to get out
to cosmologically interesting distances. (See Figure 14.3.)

Kinematic Methods
It is possible to measure the distance of some of the nearest stars by methods
that do not require prior knowledge of the absolute luminosity L. One such star is
the sun. Its distance, the astronomical unit, was first measured with tolerable
accuracy in 1672 by Jean Richer and Giovanni Domenico Cassini. They determined
the distance to Mars, and hence to the sun, by measuring the difference between
the directions to Mars as seen from Paris and Cayenne, a known baseline of 6000
miles. Of course, our knowledge of the astronomical unit has in the ensuing three
centuries been enormously improved, most recently by the use of radar astronomy.
A few thousand other stars are close enough so that their distances can be
determined from the shift in their apparent positions caused by the earth·:revolution about the sun. We have defined the trigonometric parallax n of a star
as the maximum angular radius of the ellipse traced out annually by the star's
apparent motion in the sky; the star's distance in parsecs is 1/n, with n expressed
in seconds of arc. (The adjective "trigonometric" is used here because astronomers
have the habit of expressing stellar distances, however measured, in terms of a
parallax, so that one encounters photometric parallaxes, moving-cluster parallaxes,
and so on.)
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Figure 14.3 The cosmic distance ladder. The position and height of the vertical
mark roughly the range of distance oYer which each class of distance indicators
be used.
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The first star whose distance was measured in this way was 61 Cygni; in 1838
Friedrich Wilhelm Bessel determined its trigonometric parallax as about 0.3",
and hence its distance as about 3 pc. (Thomas Henderson had measured the
trigonometric parallax of rx Centaurus in 1832, but his calculations were not
published until 1838.) Generally it is possible to determine stellar distances from
trigonometric parallaxes only when n:is greater than about 0.03", that is, only for
stars closer than about 30 pc.
In recent years it has become possible to measure the distance to some nearby
clusters of stars by a method based ultimately on our knowledge of the speed of
light rather than the astronomical unit. These moving clusters consist of stars
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moving through the galaxy with equal and parallel velocities, as shown by the fact
that their proper motions across the sky seem to converge to a common point.
The radial velocities vr of the stars can be determined from the Doppler shifts
~v/v of their spectra (and the known speed of light), while the velocity components
transverse to the line of sight can be expressed as the product of the distance to the
cluster times the proper motion (in radians per unit time) of the star across the
sky. [See Eq. (14.4.19).J Thus observations of Doppler shifts and proper motions
give us a complete kinematic model of the cluster, the single unknown being its
distance. The distance can then be determined by imposing on this model the
condition that all stars move with equal and parallel velocity. The best studied
moving cluster is the Hyades, which contains about 100 stars within a radius of
about 5 pc. Its distance has been measured by this "moving cluster method" as
about 40.8 pc.
It is sometimes possible to estimate the distances of stars, which are neither in
moving clusters nor close enough for measurement of trigonometric parallaxes, by a
statistical analysis of proper motions and radial velocities. Suppose that we know
the relative distances of a sample of stars, that is, that we know the ratios d/d 0 ,
where d0 is some unknown distance scale. (This would be the case, for example, if
we knew that all stars in the sample had the same unknown absolute luminosity L,
for then the apparent luminosities l would give us the relative distances through
the formula d = (L/4nl) 1 12 . Even if different stars in the sample have different
absolute luminosities, measurement of their apparent luminosities ·will still give
their relative distances, if we know the ratios of their absolute luminosities.) The
transverse velocity is related to the radial velocity by

where ¢ is the unknown angle between the star's velocity and the line of sight.
Equation (14.4.19) can thus be ,vTitten

By measuring the quantities on the left-hand side for a large sample of stars, and
making some reasonable guess as to the distribution in ¢, it is then possible to
deduce the unknown constant d 0 . Although this method can be used at distances
beyond 200 pc, it is intrinsically inaccurate, and can be thrown off badly if the
sample of stars studied does not have the assumed distribution in ¢.
It hardly needs to be mentioned that all of the above kinematic distance
measurements can be used only for stars within our galaxy, where cosmological
effects are surely negligible. Thus they can be regarded as determinations of the
luminosity distance d v or the proper distance dprop· or what you will. (It has
occasionally been proposed that trigonometric parallaxes might be measured out
to distances of order 10 8 pc by interferometric radio observations, using as baseline
the distance from the earth to an artificial satellite in orbit around the sun. If this
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could be accomplished, then the problems of cosmography could be solved by
determination of trigonometric parallax as a function of red shift.)

Main-Sequence Photometry

( ~ 105 pc)

Once we know the distance of a star by one of the above kinematic methods,
we can determine its absolute luminosity L by measuring its apparent luminosity l
and using the formula L = 4nd 2 l. In this way it was independently discovered by
Ejnar Hertzsprung and Henry Norris Russell during the decade 1905-1915 that a
large proportion of nearby stars, the main sequence, obey a rather strict relation
between absolute luminosity and spectral type. (The spectral type, which is
actually a measure of surface temperature, is usually denoted by one of the letters
0, B, A, F, G, K, M, R, N, S, with O very hot and S comparatively cold. (See
Figure 14.4.) The canonical mnemonic is "Oh be a fine girl, kiss me right now sweetheart!") Astrophysical theory 17 explains the main sequence as a rather long
initial phase in the thermonuclear evolution of almost all stars.
Star

Type

06

X Cephei

83

T/ Aurigae

AO

o Cygni

F2

{j Cassiopeiae

G2

TJ Pegasi

K5

'Y Draconis

M5

a Herculis

NO

19 Piscium

Se

R Geminorum

Figure 14.4 Spectra of stars belonging
Wilson and Mt. Palomar observatories.)

to various

spectral

classes.

(Courtesy

Mt.

Given the Hertzsprung-Russell
relation between absolute luminosity and
spectral type, it became possible for astronomers to determine the distance to any
main-sequence star whose spectral type and apparent luminosity could be
measured. The method works best when applied to a cluster of stars, all of which are
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about at the same distance from the earth, for then the main sequence can be
picked out by plotting apparent luminosity versus spectral type for a large sample
of cluster stars. It also works well only for the lower part of the main sequence,
where the Hertzsprung-Russell
relation is best known.
The catalogued clusters of our galaxy are divided between some 650 open
clusters, like the Hyades and Pleiades, each containing 20 to 1000 stars, and some
130 globular clusters, such as the great cluster Ml3 in Hercules, each containing
10 5 to 10 7 stars. (See Figures 14.5 and 14.6.) In determining the distance of these

Figure 14.5 The open cluster NGC2682, in Cancer; photographed
with the 200-in.
telescope at Mt. Palomar. (Courtesy Mt. Wilson and Mt. Palomar observatories.)

clusters it is important to recognize a distinction between their stellar populations,
first pointed out by Walter Baade 18 in 1944. (See Figure 14.7.) Stars in open
clusters, as well as most nearby stars like the sun, generally belong to Population I,
which is characterized by high metal content and relative youth, and is limited in
our galaxy to the spiral arms. Stars in globular clusters belong to Population II.
which is characterized by lower metal content and greater age, and pervades the
whole galaxy. There are differences between the main sequences of Populations I
and II, so the use of a main sequence, calibrated from nearby stars, to determine

Figure 14.6 The globular cluster NGC6205 (Ml3) in Hercules; photographed
with the
200-in. telescope at Mt. Palomar. (Courtesy Mt. Wilson and Mt. Palomar observatories.)

Figure 14.7 Examples of stellar populations I and II; photographed
with the 200-in.
telescope at Mt. Palomar. On the left are Pop. I stars in the spiral arms of M31; on
the right Pop. II stars in the M31 satellite NGC 205. (Courtesy Mt. Wilson and Mt.
Palomar observatories.)
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the distance of the globular clusters is beset with technical complications, which
need not concern us here.
The method of determining distances by main-sequence photometry is limited
because typical main-sequence stars are not particularly bright. For instance, the
Hale reflector at Palomar has difficulty in resolving stars that are fainter than
m = 22.7, so it can resolve a star with the absolute magnitude M = 4.7 of the sun
only out to a distance modulus m - M = 18, which according to Eq. (14.4.45)
corresponds to a distance of 40,000 pc.
At present, it is primarily the stars of the Hyades that are used to calibrate the
Hertzsprung-Russell
relation, so the whole scale of galactic and extragalactic
distances rests on our knowledge of the distance to the Hyades, as determined by
the "moving-cluster method" discussed above. Recently Hodge and Wallerstein 1 9
have noted that both the mean trigonometric parallax of the Hyades stars, and the
comparison of their apparent magnitudes with the Hertzsprung-Russell relation
obtained from other nearby stars, suggest that the distance to the Hyades may be
about 50 pc rather than 40.8 pc. If this is so, then all galactic and extragalactic
distances must be increased by about 20%.

Variable Stars ( < 4 x 106 pc)
There are about 10,000 catalogued stars whose apparent luminosity is observed to vary more or less regularly with time. In setting the extragalactic distance
scale, an important role is presently played by two families of variable stars, the
cluster variables, or RR Lyrae stars, and the classical Cepheids, or 8 Cephei stars.
The RR Lyrae stars have periods ranging from a few hours to a day, and belong to
Population II, while the classical Cepheids have periods ranging from 2 to 40 days,
and belong to Population I. (In addition there is another family of variable stars,
the W Virginis stars, which belong to Population II, but have long periods like the
classical Cepheids. As we shall see, W Virginis stars were confused with Cepheids
before Baade distinguished the two stellar populations.)
The absolute magnitudes of the RR Lyrae stars are presently best known both
through direct statistical studies of proper motion and parallax and through their
presence in globular clusters, whose distance can be determined by main-sequence
photometry. In this way it has been found 20 that the RR Lyrae stars all ha-ve
roughly the same absolute magnitude, somewhere between M v ~ 0.2 and
M v ~ 1.0. Thus, once we recognize an RR Lyrae star by its short-period pulsation.
we can estimate its distance from its apparent magnitude. However, RR Lyrae
stars are not bright enough to be used at distances beyond about 3 x 10 5 pc.
For this reason, much more attention has been de-voted to the brighter cla:-::Sical
Cepheids.
Unfortunately, the classical Cepheids differ widely in absolute luminosity.
However, in 1912 it was noted by Henrietta Swan Leavitt 21 that the 25 classical
Cepheids then known in the smaller Magellenic cloud have apparent luminosities
given by a smooth function lsMdP) of the period P. (Roughly, l oc P.) The stars
of this cloud are all at about the same distance from the earth, so Lea ,-itt could

Figure 14.8 The great galaxy M31 (:XGC 224) in Andromeda, with satellite galaxies
NGC205 and 221. This photograph
·was taken with the 48-in. Schmidt telescope at
Mt. Palomar. (Courtesy Mt. Wilson and :\It. Palomar observatories.)
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conclude that the absolute luminosity of a classical Cepheid of period Pis a smooth
function L(P), proportional to lsMdP). However, she did not know the distance
to the smaller Magellenic cloud, and there are no Cepheids near enough to the earth
to have measurable trigonometric parallax, so Leavitt could not determine the
constant of proportionality.
The laborious task of calibrating the Cepheid P-L relation was carried out
between the two world wars, first by Russell 2 2 and Hertzsprung, 2 3 then by Harlow
Shapley, 24 and eventually by Ralph E. Wilson. 2 5 They did not then make use of
main-sequence photometry; rather, the main tool was the statistical analysis of
proper motions and radial velocities for the Cepheids nearest the sun, as described
above under "Kinematic Methods," with ratios of Cepheid absolute luminosities
provided by the P-l relation of the Magellenic clouds. Cepheids were discovered in
the great nebula M31 in Andromeda by Edwin Hubble 26 in 1923, and their
observed periods and apparent luminosities were used, together with the Cepheid
P-L relation, to estimate the distance of M31 as 280,000 pc. (See Figures 14.8 and
14.9.) It was this measurement that definitely established the status of the "spiral
nebulae" as islands of stars comparable with our own galaxy, as suggested by
Immanuel Kant, rather than mere clouds or clusters within our galaxy. Taking

Figure 14. 9 Variable stars in a portion of M31. Two of the variables are marked. This
photograph was taken with the 200-in. telescope at Mt. Palomar. (Courtesy Mt. \Yilson
and Mt. Palomar observatories.)
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interstellar absorption into account later lowered this figure to 230,000 pc, but
otherwise the extragalactic distance scale remained essentially unchanged until
Palomar started operations in 1950.
By 1952 it had become apparent that something was seriously wrong with the
Cepheid P-L relation of Shapley et al. Photographs of M31, taken with a 30 minute
exposure at Palomar, showed only the brightest stars of Population II, but no
RR Lyrae variables. This indicated that the brightest Population II stars of M31
had apparent photographic magnitude m =:::::22.4, and since the RR Lyrae stars
were known to have an absolute luminosity about four times fainter, their apparent
magnitudes in M31 would have to be about m =:::::23.9, beyond the reach of Palomar. However, the absolute magnitude of the RR Lyrae stars was by then
reasonably well known through the photometric determination by Allan Sandage
of the distance of the globular cluster M3. If M31 were really at a distance of
230,000 pc, then the RR Lyrae stars ought to have shown up at m =:::::22.4 at least
in their maximum phase, and the brightest stars of Population II ought to have had
apparent magnitude m =:::::20.9, rather than m =:::::22.4. This discrepancy was
interpreted by Baade 27 to mean that M31 was not at 230,000 pc, but at a distance
about twice as great (a difference of 1.5 apparent magnitudes corresponds to a
factor of 2 in distance), so that the classical Cepheids in its spiral arms had to be
about four times brighter than had been estimated.
The source of this error is somewhat obscure. The P-L relation, as calibrated
by Shapley et al., actually works rather well for the Population II W Virginis
variables, but fails for the Population I classical Cepheids, which are generally
four times brighter than W Virginis stars of the same period. However, it should not
be thought that Shapley, not knowing of the distinction between stellar populations, had based his calibration on W Virginis stars rather than classical Cepheids.
Indeed, the 11 variables considered by Shapley 24 in 1918 were Population I stars,
and even included the eponymous classical Cepheid, 8 Cephei ! (In any case,
W Virginis stars are both less luminous than classical Cepheids, and rarer near the
sun, so it would have been remarkable if they had played a large part in the
statistical proper-motion studies used to calibrate the Cepheids.) A recent reanalysis28 of the same 11 classical Cepheids used in Shapley's calibration reveals
that Shapley's calibration contained errors of about 0.7 magnitudes due to the
neglect of interstellar absorption, 0.6 magnitudes due to systematic errors in
proper motions, and 0.1 or 0.2 magnitudes due to galactic rotation, which introduces anisotropies in the distribution of stellar velocities. All these errors tended in
the same direction, and led to the famous 1.5 magnitude underestimate in Cepheid
absolute luminosities discovered by Baade in 1952. Thus it was a pure coincidence
that Shapley's original P-L curve, though not valid for the classical Cepheids of
Population I, was actually valid for the W Virginis stars 29 of Population II.
One may also ask why Shapley's calibration was repeatedly confirmed during
the third of a century from 1918 to 1952. One simple reason is that interstellar
absorption was persistently underestimated. Thus, when Ralph Wilson 2 5 attempted
to improve the statistical analysis of proper motions and radial velocities by using
more Cepheids, 74 in 1923 and 157 in 1939, he had to include more and more
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distant stars, so that his improvement in statistical accuracy was cancelled by the
increasing effects of absorption. Another reason does have to do with the confusion
of populations. Shapley 24 had immediately applied his P-L relation to what he
thought were classical Cepheids in the globular clusters w Cen, M3, and M5, and in
this way he was able to determine the distance to these globular clusters, and
thereby to calculate the absolute magnitudes of their short-period variables, the
RR Lyrae stars. This procedure actually gave the right answer, because the stars
in the globular clusters that Shapley thought were classical Cepheids really were
W Virginis stars, and Shapley's P-L calibration, though seriously in error for the
classical Cepheids from which it had been derived, was accidentally more or less
correct for the W Virginis stars! Hence, when statistical studies of the proper
motions and radial velocities of nearly RR Lyrae stars were carried out a few years
later, they tended to confirm Shapley's estimate of the absolute magnitudes of
the RR Lyrae stars, and this naturally appeared as a confirmation of the Cepheid
P-L relation. The argument was then turned around: Taking the ratio of RR Lyrae
to "Cepheid" luminosities from the globular clusters, Wilson included 10 RR
Lyrae stars along with the 74 Cepheids in his 1923 analysis of proper motions and
radial velocities, and in 1939 he included 67 RR Lyrae stars along with 157
Cepheids. Oddly enough, the RR Lyrae stars did not, like the Cepheids, introduce
large errors through the neglect of absorption, because RR Lyrae stars, being of
Population II, are mostly found outside the plane of the galaxy. Rather, the
trouble was that the classical Cepheids do not, like the W Virginis stars, fall on a
P-L curve that extrapolates smoothly down to the RR Lyrae stars, but instead
lie 1.4 magnitudes higher.
It should be noted that Baade's 1952 revision of the Cepheid P-L relation
doubled the extragalactic distance scale, but did not affect the estimated size of
our own galaxy, because the galactic distance scale was determined from the
distances of the globular clusters, which, as we have seen, had partly by accident
been determined correctly. Before 1952, it appeared that all neighboring galaxies
were distinctly smaller than our own. After 1952, it was clear that many other
galaxies are as large or larger than our own, a highly satisfactory if sobering
result.
The calibration of the classical Cepheids has since been put on a much firmer
footing by the discovery of five classical Cepheids in the galactic open clusters
NGC6087, NGC129, M25, NGC7790, and NGC6664, together with four more
classical Cepheids in the "association" h + x Persei. The distance to these clusters
is known through the photometric study of their main-sequence stars by Kraft, 3 0
and these nine Cepheids of known absolute magnitude have been used by Kraft,
and more recently by Sandage and Tammann, 31 to fix the absolute scale of the
Cepheid P-L relation. (The form of this relation which, to be precise, actually
relates period, luminosity, and color, is of course determined by a much larger
sample of Cepheids, taken from both Magellenic clouds, the Andromeda galaxy
M31, and the small Fornax galaxy NGC6822.) At present the distance of )131, as
determined by its classical Cepheids, is given as 700,000 pc, about three times
greater than the distance accepted during the 1930's.
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The RR Lyrae stars and classical Cepheids can be used to determine the
distances for all members of the association of nearby galaxies and stellar systems
known as the local group. Of these, it is only the closest objects, such as the Magellenic clouds and the Ursa Minor, Draco, and Sculptor systems, in which RR
Lyrae stars can be employed. For all the major galaxies of the local group,
such as M31 and M33, it is necessary to use the classical Cepheid P-L relation, as
calibrated by the nine known Cepheids in the open clusters and associations of our
galaxies. The classical Cepheids are bright enough at maximum light (Mv, max ~
-5.3) to be used at distances of order 4 x 10 6 pc, which is far enough to reach
some galaxies outside our own local group, such as the beautiful spiral M81.
However, the Cepheids are not bright enough to be used to determine the distance
of the nearest cluster of galaxies, the Virgo cluster.

Novae, H II Regions, Brightest Stars, Globular Clusters, and so on ( ;:S 3 x 10 7 pc)
The next rung may at present be the weakest. 32 In order to estimate the
distances of objects far outside our local group of galaxies, it is necessary to find
some distance indicators that are brighter than the Cepheids, but are present in
sufficient numbers in our local group of galaxies (whose distances are known via
the Cepheids) to permit an accurate calibration of their properties.
Novae are sudden increases by four to six orders of magnitude in the luminosity
of a star, and occur in typical galaxies at a rate of 40 per year. They have been used
as distance indicators since 1917, when a nova was found in the spiral nebula
NGC6946. The brightest novae reach Mv ~ -7.5, so they can in principle be used
as distance indicators out to about 10 7 pc, but they tend to occur in the bright
central regions of galaxies, and are therefore difficult to resolve.
Until recently, the primary distance indicators used to reach beyond our local
group were the brightest stars of galaxies. A survey of the local group reveals that
the stars of each galaxy generally ha ·rn a well-defined maximum absolute luminosity,
about M v ~ - 9.3. They can therefore be used as distance indicators out to about
3 x 10 7 pc, but at distances beyond 10 7 pc, it is difficult to distinguish between
brightest stars and nonstellar objects, such as associations or emission regions.
(Indeed, it is believed that Hubble's 1936 calibration 3 3 of the distance scale was in
error, partly because he confused such objects with brightest stars.)
It is also possible to use certain nonstellar objects as distance indicators.
Among these are the H II regions, large clouds of interstellar hydrogen that are
ionized and made luminous by the presence of O and B stars. They are hundreds of
parsecs in diameter, so their angular diameters might be used to estimate their
distances out to about 10 8 pc.
Recently Sandage 34 has developed the use of globular clusters as a distance
indicator that may prove more reliable than any of the above. The hundreds of
globular clusters in our galaxy have absolute magnitudes Mv that are typically
about - 8, but vary widely about this mean. However, the study 3 5 of 2000 globular
clusters in the large E (elliptical) galaxy M87 of the Virgo cluster (see Figure 14.10)
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Figure 14.10 The giant elliptical galaxy M87 (NGC4486) in the Virgo cluster, for four
different directions of polarization.
These photographs,
taken with the 200-in. telescope at Mt. Palomar, are underexposed
in order to reveal the galactic nucleus and
the remarkable
"jet." (Courtesy Mt. Wilson and Mt. Palomar observatories.)

reveals a sharp cutoff in their luminosity distribution, with mn(max) ~ 21.3.
Sandage suggests that the absolute magnitude of the brightest globular clusters in
M87 be identified with the absolute magnitude of the brightest globular cluster
B282 of the Andromeda galaxy M31, which is known to have absolute magnitude
M n(B282) ~ -9.83. The distance modulus of M87 is thus 21.3 minus - 9.8, or
31.1, giving a distance for M87, and hence for the Virgo cluster, of 1.7 x 10 7 pc.
Of course it is not definitely known that the luminosity distribution of the globular
clusters has a sharp cutoff rather than a smooth tail at high luminosities. De
Vaucouleurs 36 has examined the latter possibility, and concludes that the Virgo
cluster is at a distance of 2 x 10 7 pc, 20% further than calculated by Sandage.

Brightest Galaxies ( ~ 10 1 0 pc)
The Virgo cluster has a small mean red shift, z = 0.0038, corresponding to a
radial velocity of about 1100 km/sec. This is not much larger than the mean
random velocity of typical galaxies, and it is only "·hen we get out beyond the
Virgo cluster that the cosmological expansion dominates the velocity field. In
order to get out to these cosmologically interesting distances, it is generally
necessary to use whole galaxies as distance indicators.

440

14 Cosmography

Clusters of galaxies contain hundreds to thousands of distinct galaxies (the
Virgo cluster contains 2500), so if there is any natural upper limit to the absolute
luminosity of individual galaxies, the absolute luminosity of the brightest galaxy in
a rich cluster ought to be near that maximum. For this reason Edwin Hubble 33
in 1936 suggested the use of the brightest galaxies in clusters as distance indicators.
(He actually used the fifth brightest, to minimize observational errors.) This
procedure was validated when it was found that the use of brightest galaxies as
distance indicators gave a good linear relation between luminosity distance and z
for 10 clusters with z ~ 1. (See the next section.) These brightest cluster galaxies
are usually the elliptical galaxies known as type E in Hubble's classification scheme.
(See Appendix.)
According to Sandage, 34 the brightest E galaxy in the Virgo cluster is
NGC44 72, with absolute magnitude MB ~ - 21.68, determined by using the
globular clusters in M87 to give the distance to the Virgo cluster. If all brightest E
galaxies have absolute magnitude MB ~ -21.7, then they can be used as distance
indicators out to a distance modulus m - M of about 44.5, or a luminosity
distance of about 10 10 pc.
However, it is possible that there is no sharp cutoff to the luminosity distribution function of galaxies in clusters. In this case, the use of brightest galaxies as
distance indicators would be complicated by the Scott effect, 3 7 first discussed in
this connection by Elizabeth L. Scott. As we look out to greater and greater
distances, we tend to select increasingly rich clusters of galaxies for study, and if
there is no absolute upper limit to galactic luminosity, the brightest galaxies in
these clusters will have greater and greater absolute luminosity. If we mistakenly
assume that these distant galaxies have the same absolute luminosity as NGC4472,
we will underestimate their true luminosity distance. The existence or nonexistence
of a Scott effect is still a matter of controversy. 38 Other problems affecting the use
of brightest galaxies as distance indicators are discussed in the next section.
One need only summarize the rungs of the cosmic distance ladder to see how
shaky it is. At the time of writing, the distance to the Hyades is determined by
observation of its stars' proper motions and radial velocities; the distance to five
open galactic clusters and the h + z Persei association is determined by photometry of their main-sequence stars, whose absolute magnitude is known by study
of the Hyades; the distance to the Andromeda nebula M31 is determined from
observation of classical Cepheids, ·whose P-L relation is calibrated using the nine
known Cepheids in open clusters and the h + x Persei association; the distance to
the Virgo cluster is determined by assuming that the brightest globular cluster in
M87 has the same absolute luminosity as the brightest globular cluster B282 of
M3 l ; and the distances to more distant clusters of galaxies are determined by
assuming that their brightest E galaxies have the same absolute luminosity as the
brightest galaxy NGC4472 in the Virgo cluster. It is entirely possible that new
errors may be found at any rung of the ladder, in which case adjustments would
have to be made at all higher rungs.
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We shall now consider how the correlation of red shifts with distances can be
used to gain information about the cosmic scale factor R(t). For our present purposes, only luminosity distances will be considered; Eqs. (14.4.22) and (14.4.23)
show that no new information can be gained by studying the correlation of red
shifts with angular diameters or proper motions instead of apparent luminosities.
Suppose then that astronomers are able to define some family of objects, like
the brightest E galaxies discussed at the end of the last section, whose absolute
luminosities L are all known. By measuring their apparent luminosities, their
luminosity distances can be calculated from Eq. (14.4.13):

_(~)1/2

dL -

4nl

Suppose also that the red shifts z of these objects are measured, so that an
empirical curve ford L(z) is known. What does this tell us about R(t)?
The observables d Land z are related to the unknown coordinates of the light
source by the theoretical relations (14.3.1), (14.3.6), and (14.4.14):

At present, the curve d dz) is tolerably well known only for small z, so we are
primarily concerned ·with the case where t0 - t 1 and r 1 are small. The cosmic
scale factor R(t) may then be most usefully expressed as a power series

(14.6.1)
where t 0 is the present moment, and H 0 and q0 are parameters
constant and the deacceleration parameter

= f!___(to)

H

(14.6.2)

o - R(to)
..
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= -R(to)

known as Hubble's

R(to)
R2(to)

(14.6.3)

(Dots denote derivatives with respect to time.) We shall Ree in the next chapter
that the whole function R(t) can be calculated by using Einstein's field equations if
we know the values of H 0 and q 0 , with k > 0 if q 0 > -!-and k < 0 if q0 < 1· Our
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present discussion will therefore be directed to the measurement of these two
critical parameters.
The use of Eq. (14.6.1) in (14.3.6) yields a power series for the red shift as a
function of the time of flight t0 - t 1 :

H (t
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(14.6.4)

Inwrting this power series, we obtain a formula for the time of flight in terms of
the red shift :
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To find r 1 , we expand (14.3.1):
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(14.6.6)
Using (14.6.5) in (14.6.6) gives r 1 in terms of the red shift:
(14.6.7)
and (14.4.14) then gives the luminosity distance as a power series:
(14.6.8)
This can also be written as a formula for apparent luminosity:
l
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(14.6.9)

for the distance modulus:

m - M = 25 - 5 ln 10 H 0 (km/sec/Mpc)

+

1.086(1 - qo)Z

+ .. •

+

5 ln 10 cz (km/sec)
(14.6.10)

[One Mpc is 10 6 pc. Note that 100 km 'sec/Mpc equals (9. 78 x 10 9 years)- 1 . J The
program is then to compare either (14.6.8), (14.6.9), or (14.6.10) with astronomical
data, and thereby to determine the critical parameters q0 and H 0 .
In order to measure q0 , we need to go out to large values of z (say, z ~ -0.1),
where only brightest cluster galaxies (or possibly supernovae) can be used as
distance indicators. However, it is only the shape of the curve of d L or l or m versus
z that is needed.
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In order to measure H 0 , a single object with z ~ 0.1 is all we need, but we
have to know its absolute luminosity as well as its red shift and apparent luminosity. Also, its red shift must be large enough (say, z ~ 0.01) so that its radial
velocity reflects the general expansion of the universe, rather than a local velocity
anomaly. Unfortunately,
the Virgo cluster, whose luminosity is known from
observation of its brightest stars and globular clusters (as in "rung 4" of the
cosmic distance ladder described in the last section), has a radial velocity of only
about 1000 km/sec, which is not large enough to ensure the dominance of the cosmological recession. There is a possibility that "rung 4" can be employed out to
larger red shifts, for example, by using the angular diameters of H II regions.
However, at present the only way to extend measurements of H 0 as well as q0 out
to large red shifts is to use all five rungs of the cosmic distance ladder, taking as
distance indicators the brightest galaxies of rich clusters.
This program is subject to a great many complications. Some, which are now
taken into account by applying well-understood corrections to the data, include:
(A) Galactic Rotation.
The rotation of our galaxy gives the sun a velocity of
about 215 km/sec. This produces systematic red or blue shifts in the spectra of
distant galaxies, which are routinely subtracted from the observed red shifts in
calculating the "cosmological" red shift z.
(B) Aperture.
Since the edges of galaxies fade gradually into the background
light of the sky, it is necessary to refer all measurements of galactic apparent
luminosities to a standard telescope aperture.
(C) k-Term.
As discussed in Section 14.4, the red shift ,...,ill distort the
frequency distribution of light from distant objects, so that their visual or blue
magnitudes reflect their absolute luminosities at higher frequencies than for near
objects. If we know the intrinsic frequency distribution, we can correct for this
effect by using Eq. (14.4.35), with the result that the left-hand side of Eq. (14.6.10)
is replaced with mB - MB - kn(z), where kn(z) is an explicitly known function of
: . calculated by Oke and Sandage. 3 9 In an alternative procedure developed by
Baum, 40 the luminosity distribution is measured directly for each galaxy studied,
so that all apparent magnitudes can be referred to the same emission frequency,
and no k- term is needed.
(D) Absorption.
Our galaxy is known to absorb a certain fraction of the light
coming to us from extragalactic objects. Treating our galaxy as an infinite fl.at
slab, the distance through the galaxy that a light ray must travel on its way to us
is proportional to cosec b, where b is the angle between the line of sight and the
plane of the galaxy. The light will therefore be dimmed by a factor exp ( -A cosec b),
with A some constant. Taking A from studies of the nearer extragalactic objects, the
result is then that the left-hand side of Eq. (14.6.10) is replaced with the corrected
distance modulus:
(m - M)corr
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where, roughly,
~

An(b)

0.25 cosec b

(This is somewhat of an oversimplification. Sandage 41 first applies an absorption
correction Av(b) = 0.18 (cosec b - 1) to the visual magnitudes, then converts to
blue magnitudes, and then applies an additional correction An = 0.25.) No
correction is generally made for extragalactic absorption. 42 (See Section 15.4.)
In addition to the above complications, which are pretty well understood,
there are a number of other possible sources of error, whose status is much more in
doubt.
(E) Uncertainty in L. As emphasized in Section 14.5, a new correction at any
rung of the cosmic distance ladder, such as a change in the distance to the Hyades or
the Virgo cluster, would require a corresponding correction to the estimated absolute
luminosity of the brightest E galaxies. Inspection of Eq. (14.6.9) or (14.6.10) shows
that this would affect the value of Hubble's constant, but would not change the
deacceleration parameter q0 •
(F) Scott Effect. It was also emphasized in the last section that, if there is
no sharp upper limit to the absolute luminosity of cluster galaxies, then the
tendency to select richer clusters at greater distances would mean that the absolute
luminosities of their brightest galaxies would increase with z. According to Eq.
(14.6.9), this selection effect would lead to an overestimate of the deacceleration
parameter q0 . However, the Scott effect, if real, would only enter at very great
distances, and therefore would have little effect on the value of H 0 .
(G) Shear Field. De Vaucouleurs 43 has suggested the existence of a local
anisotropy in the galactic velocity field, encompassing our own local group and the
Virgo cluster. If this is true, it could mean that red shifts with cz less than about
4000 km/sec do not accurately reflect the general expansion of the universe.
(H) Galactic Evolution.
As v;e look further and further
see galaxies that are presumably younger and younger. It
luminosity of the brightest E galaxies is a function L(t 1 ) of the
emitted. Equation (14.6.5) tells us then that Lin Eq. (14.6.9)
with
L(ti) = L(t 0 )[1 - E 0 (t0 - t 1 ) + · · ·]
= L(t

0)

out into space, we
may be that the
time the light was
should be replaced

[1- !o:+ · · ·]

where
E

= L(to)
o - L(to)

(14.6.11)

The effect would be that q0 in Eq. (14.6.9) would be replaced with an effective
deacceleration parameter
(14.6.12)
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so that astronomical observations would really measure qiff, not q0 . Sandage has
recently given two different estimates for the rate of change of L for brightest E
galaxies-in
our notation, they are 44

and

E 0 = 0.04 ± 0.02/10

9

years

(14.6.13)

E 0 = 0.00 ± 0.05/10

9

years

(14.6.14)
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As we shall see, a rate of evolution E 0 of order 0.04/10
important effect on the value of qiff.

9

years would have an

Returning now to the observations of red shifts and luminosity distances, we
must pick up our story where we left it in Section 14.3, with Hubble's 1929
discovery 13 of a linear relation between d Land z. Hubble estimated the distance
to 18 nearby galaxies from the apparent magnitudes of their brightest stars, and
plotted the results against Slipher's red shifts for these objects. (The absolute
magnitude of the brightest stars was known from studies of our local group of
galaxies, whose distance was known from observation of their Cepheid variables,
whose P-L curve had been calibrated by Shapley from statistical studies of proper
motions and radial velocities. For details, see the last section.) The most distant
galaxies used by Hubble were members of the Virgo cluster, with a radial velocity
of 1000 km/sec. This is not much greater than the r.m.s. random galactic velocity,
and Hubble's data points were consequently spread all over the d L versus z plot.
Nevertheless, he was somehow able to deduce a "roughly linear" relation between
cz and d v with slope

H 0 ~ 500 km/sec/Mpc ~ [2 x 10 9 yearsr

1

At this very time, Milton L. Humason was beginning a program of red-shift
measurements at much greater distances, using the 100 in. reflector at Mount
Wilson to study the brightest galaxies in clusters. His first definite result, a radial
velocity cz = 3779 km/sec for the galaxy NGC7619, was used by Hubble in his
1929 paper 13 to check the linearity of the relation between cz and d L· Assuming
this relation to be linear, with slope 500 km/sec/Mpc, Hubble could deduce a
distance 7.8 Mpc for NGC7619, so that its apparent magnitude m = 11.8 implied
an absolute magnitude M = -17.65. Hubble also calculated the absolute magnitudes of the 18 galaxies used in his determination of H O (plus six additional
members of our local group) from their distances and apparent magnitudes, and
found M to range from -12. 7 to -17. 7. Since NGC7619, as the brightest galaxy in
a cluster, is presumably brighter than average, this could be considered reasonably
good agreement, indicating that cz is indeed roughly proportional to d L out to
z ~ 0.013.
Continuing their collaboration, Hubble and Humason 46 by 1931 had verified
the linearity of the relation between cz and d Lout to 20,000 km/sec (z = 0.067),
and H 0 was revised to 550 km/sec/Mpc. The limit of the Mount Wilson telescope
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was reached in 1936, when Humason 47 recorded the radial velocity of the Ursa
Major II cluster as 42,000 km/sec (z = 0.14). By plotting ln 10 z against the apparent
photographic magnitude (with absorption and k-term corrections) of the fifth
brightest galaxy in 10 clusters, ranging from Virgo to UMaII, Hubble 48 could
verify that the slope was close to f, as would be expected [see Eq. (14.6.10)] if the
red shift is a linear function of luminosity distance out to z ~ 0.14. A definite
measurement of q0 had to wait until completion of the 200-in. reflector at Mount
Palomar.
Hubble also at this time 48 gave a new estimate of H 0 , using 109 field galaxies,
with cz ranging up to 19,070 km/sec, as the fifth rung of the cosmic distance ladder.
The absolute magnitudes of these field galaxies were assumed to be the same as the
average, M = -15.18, for 145 resolved galaxies (only 29 of which belonged to
the sample of 109 field galaxies), whose distances could be determined from the
apparent magnitude of their brightest stars. Plotting m - M against ln10 cz gave
H O = 520 km/sec/Mpc. A separate determination, based directly on the brightest
stars in 29 resolved field galaxies, gave Ho = 526 km/sec/Mpc.
In 1950, Palomar was ready, and Hubble's program was taken up again. As
we saw in the last section, the first consequence of the observations at Palomar was
relation. This
the recalibration by Baade 2 7 of the Cepheid period-luminosity
immediately doubled the extragalactic distance scale, and hence halved the value
of Hubble's constant, to about 260 km/sec/Mpc. In 1956, Humason, Mayall, and
Sandage 49 published an exhaustive survey of the information then available on
red shifts and distances. Under the assumption that the brightest galaxies in
clusters have the same absolute magnitude as M31, the intercept of the plot of
mv - kv - Av against ln 10 cz for the brightest galaxies in 18 clusters (out to
z = 0.18) gave H 0 = 180 km/sec/Mpc. (A separate determination, based in the
average red shift of the Virgo cluster and the apparent magnitudes of the brightest
stars in the Virgo cluster galaxy :XGC4321, gave H 0 = 176 km/sec/Mpc.) Also,
with no evolutionary correction. the curvature of the graph of mv - kv - Av
versus ln 10 z gave
q0 = 3.7 ± 0.8
A year later, Baum 40 reported a study of eight clusters, using eight-color photometry to avoid the need for a k-term correction. His result was

Next, Sandage 50 reexamined Hubble's use of brightest stars at "rung 4" of the
distance ladder, and in 1958 concluded that some of these "brightest"' stars are
H II regions, ·which are 1.8 magnitudes brighter than the true brightest stars. The
cosmic distance scale expanded again, and H 0 dropped to 75 km/sec/Mpc. Further
analysis led Sandage 51 to give a value for H O of 98 km/sec/Mpc in 1961. Also.
preliminary calculations of galactic evolution led Sandage 5 2 to estimate that
galaxies are decreasing in luminosity, with E 0 ~ -0.8H 0 , so that Baum's value of
qiff led to q0 = 0.2 ± 0.5.

Figure 14.11 The radio galaxy 3C295 in Bootes. The spectrum of this galaxy, shmvn
below, reveals a red shift z = 0.46, the largest yet observed for any galaxy. This
photograph and spectrograph were taken with the 200-in. telescope at Mt. Palomar.
1Courtesy Mt. Wilson and Mt. Palomar observatories.)
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Meanwhile, red shifts were becoming available for radio galaxies. In 1960,
R. Minkowski 5 3 discovered that one of these, 3C295, has red shift z = 0.46, the
largest yet known for any galaxy. (See Figure 14.11.) Sandage 34 in 1968 included
these new red shifts, along .with the data considered earlier by Humason, Mayall.
and Sandage 48 and Baum, 40 in a study of 41 first-ranked cluster members. Hi:-,
data, transformed to the blue magnitude system, could be well fit by the relation

(14.6.15)

=

where c
3 x 10 5 . (See Figure 14.12.) The dispersion of points about this cun-e
was only about ± 0.3 magnitudes, indicating that these brightest galaxies really do
have a uniform absolute magnitude MB· The Hubble constant is thus reliably given
by (14.6.10) and (14.6.15) as

= MB

5 ln 10 H 0 (km/sec/Mpc)

+ 31.06

(14.6.16)
qo = 1
qo = 0
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Figure 14.12 Red shifts and corrected apparent magnitudes
galaxies. Data are taken from a 1970 review of Sandage.
Eq. (14.6.10) to the data.
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for 42 first-ranked
Curves represent

cluster
fits of

Using globular clusters instead of brightest stars to fix the distance of the Virgo
cluster, Sandage 34 estimated that brightest E galaxies have MB = -21.68, so
that
H 0 = 75.3_ 15 + 19 km/sec/Mpc = [13.0_ 2 _7 + 3 - 7 x 10 9 yearsr 1

(14.6.1 i)

6 The Red-Shift Versus Distance Relation
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[The error quoted here includes uncertainties of ± 0.3 magnitudes in the apparent
magnitude of the brightest globular cluster in M87; ± 0.2 magnitudes in the
apparent magnitude of the first-ranked Virgo galaxy NGC4472; and ± 0.3 magnitudes in fitting the data with (14.6.15).] The persistence of a straight-line fit out
to z = 0.46 indicates according to (14.6.10) that qiff cannot be too different from
unity. Peach 54 gives a value, with evolution neglected:

while Sandage gives

q0

= 1.5 ± 0.4

(14.6.18)

q0

= 1.2 ± 0.4

(14.6.19)

55

What have we really learned from this forty-year program of astronomical
observations? There is little doubt that (14.6.15) is a good fit to the data for small
z, so that H 0 is given by Eq. (14.6.16). These results have hardly changed at all
since Hubble's work in 1936. What has changed dramatically is the distance scale,
which controls our estimates of MB for first-ranked cluster galaxies, and hence
plays a crucial role in the determination of H 0 . A recent survey by Sandage gives 44
50 km/sec/Mpc

::; H 0

::;

130 km/sec/Mpc

or
20 x 10 9 years ~ H 0 1 ~ 7.5 x 10 9 years
and this probably represents a fair estimate of the range of possible error in H 0
due to uncertainties in the distance scale. Another change since 1936 is a tripling
of the available range of red shifts. We can now be reasonably confident that q~ff
is between-!- and f However, the role of evolutionary and selection effects is still
very much in doubt. If H 0 = 75 km/sec/Mpc, and if galactic luminosities increase
at the rate (14.6.13), then the true deacceleration parameter q0 is related to the
observed quantity
by

qt

go = qiff + 0.5
This correction is highly uncertain; remember that it was believed to have the
opposite sign a few years ago l Thus we now know H O to within a factor of 2, and it
seems likely that q0 > 0, indicating gravitational braking, but about the precise
Yalue of q 0 we know almost as little as we did in 1931. (As this book goes to press,
rumor has it that H O is going dmrn again, perhaps even below 50 km/sec/Mpc.)
In 1963 a discovery was made by Maarten Schmidt, 5 6 which at first seemed to
offer hope of a tremendous improvement in our knowledge of the cosmic scale
factor. Since 1960, a number of radio sources had been identified with quasi-stellar
objects, optical sources whose angular diameters are too small to be resolYed at
Palomar. Schmidt discovered that one of them, 3C273, had a red shift z = 0.158,
corresponding to a luminosity distance (if H 0 = 75 km/sec/Mpc) of 630 :iipc. At
this distance, its absolute luminosity would have to be greater than that of a whole
galaxy, even though its small angular diameter ( < 0.5") implied a size less than
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1500 pc. From 1963 until the present, several hundred quasi-stellar objects have
been discovered, 57 of which a good fraction have z > 1, and a few have z > 2.
At the same time, the use of lunar occultation and long-base-line radio interferometry, and the observation of short-period time variations, made it clear that
much of the enormous energy output of these objects comes from regions much less
than 1 pc in diameter. The discovery of the quasi-stellar obje'cts therefore revived
interest in theories of gravitational collapse, already discussed in Chapter 11. It
also opened up the possibility of extending the empirical relation between d L and z
out to really large distances and red shifts, provided that some method could be
found to determine the absolute luminosities of the quasi-stellar objects.
Unfortunately,
the plot of mv versus ln z reveals no clear correlation of
apparent magnitude with red shift. 5 7 • 5 8 If quasi-stellar objects are indeed at
cosmological distances (and about this there remains some doubt 59 • 68 ), then they
must have an extremely wide spread in absolute luminosities. The comparison of
red shifts with apparent magnitudes will become cosmologically interesting for
quasi-stellar objects only when we learn how to distinguish quasi-stellar objects of
different absolute luminosity.
It is nevertheless an interesting question of principle, to ask what could be
learned about k and R(t), if the luminosity distance could be exactly determined as
a function d L(z) of red shift? It seems to be generally believed that knowledge of
d dz) would allow a unique determination of k and R(t). However, this is not the
case. 60 The governing theoretical equations here are (14.3.1), (14.3.6), and (14.4.14).
Equation (14.3.1) can be replaced with an equivalent differential equation
(14.6.20)
with the initial condition that
(14.6.21)
Equations (14.3.6) and (14.4.14) simply serve to eliminate the unknowns
and r 1 , so that (14.6.20) becomes

Thus t 1 can be calculated as a function of z by a single integration

d

x - [(l
dz'

+

z')- 1d L(z')J dz'

R(ti)

7 Number Counts
and the function R(t) can then be determined

d

x ~ [(l
dz

+

z)

-

1

by solving the functional

ddz)] dz
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equation:

(14.6.22)

Note that this procedure will give a solution for any assumed values of the
constants k, R(t 0 ), or t 0 . Hence there is no way that measurements of luminosity
distances and red shifts can determine k or R(t 0 ), unless we supplement the Robertson-Walker metric with dynamical equations for R(t), as will be done in Chapter
15. This curious ambiguity can also be observed in calculating the expansion of
d L(z) in powers of z; the first-order term depends on R(t 0 )/ R(t 0 ); the second-order
term depends on R(t 0 )/R(t 0 ) and R(t 0 )/R(r 0 ); the third-order term depends on
R(t 0 )/R(t 0 ), R(t 0 )/R(t 0 ), R(t 0 )/R(t 0 ), and k/R 2 (t0 ); and terms of order zN with
N > 3 depend on k/R 2 (t0 ) and the first N logarithmic derivatives of R(t) at t 0 •
Thus no measurement of any number of derivatives of d L(z) can ever allow us to
determine k/R 2 (t0 ). However, once we assume values fork and R(t 0 ), Eq. (14.6.22)
will allow us to compute R(t) as a function oft - t 0 from the empirical relation
between d L and z.
In principle, we could also determine the form of the function R(t) by observing
a single spectral line for a long enough time. According to Eqs. (14.3.6) and
(14.3.1), the red shift of a comoving source changes at a rate

dz = R(t 0 )
dt 0
R(t 1 )
R(t 0 )

_

R(t 0 )R(ti) (dt 1)
R 2 (t 1 )
dt 0

-

R(t 1 )

R(t 1 )

For z ~ 1, we can approximate
and (14.6.23) reads

t0

-

(14.6.23)

t 1 by the first term in the series (14.6.5),

(14.6.24)

It does not seem possible to measure this very slow change in red shift with present
techniques. 61

7

Number Counts

Since the Hubble program has not yet succeeded in telling us very much about
the cosmic scale factor R(t), it is natural to widen our scope, and consider numbers
of optical or radio sources, as functions of apparent luminosity and/or red shift.
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The study of number
program:

counts offers two potential

advantages

over the Hubble

(A) The development of radio telescopes of very large aperture and sensitivity
has led to the detection and resolution of thousands of faint radio sources, most of
which are presumably at very great distances. The majority of these sources have
not yet been identified with optical objects, so their red shifts are as yet unknown.
(No radio lines have been observed from resolved radio sources, and their red shifts
can therefore only be measured optically.) Not knowing z, the best use to which
cosmologists can put these sources is to plot their number as a function of their
strength.
(B) The quasi-stellar objects discussed in the last section have measured red
shifts ranging up to z ~ 2, but have too wide a spread in absolute luminosity to
allow determination
of the luminosity distance d L" By plotting the number of
quasi-stellar objects as a function of z alone, or z and l, we can eliminate some of
the problems caused by the spread in L.
To begin in a very general way, let us assume that at time t 1 there are
luminosity between L and

n(L, t 1 ) dL sources per unit volume with absolute
L + dL. The proper volume element is

so the number of sources between
between L and L + dL is

r 1 and r 1

+

dr 1 with absolute

luminosity

(14.7. I)
The coordinates
write as

r 1 and t 1 are related according

to Eq. (14.3.1), which we can
(14., .:?)

where r(t) is a function defined by the formula

i
t

Differentiation

to dt'
--

=

R(t')

Jr(t)

(1 - kr 2 )-

1 2

1

dr

(14.7.3)

o

of Eq. (14.7.3) gives
d r1

= -

(1 _ kr 1 2)1;2 ~
R(t1)

and Eq. (14.7.1) can therefore be written
(14.7.4)
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The red shift and apparent luminosity of a source of absolute luminosity L at r 1 ,

t 1 are given by Eq. (14.3.6) and (14.4.12):

z = R(to) - 1
R(t 1 )
l

=

(14.7.5)

2

LR (ti)
4nr 1 2 R 4 (t0 )

(14.7.6)

Hence the number of sources, with red shift less than z and apparent luminosity
greater than l, is given by the integral of ( 14. 7.4) over all L and a finite range oft 1 :
N( <z, >l)

=

J

OCJ

dL

O

Ito

4nr 2(t 1)R 2(t 1)n(t 1, L) dt 1

(14.7.7)

max{tz, t1(L)}

where the lower limits, set by the conditions on red shift and apparent luminosity,
are defined by
R(t 0 )
R(tz)
(14.7.8)
(1 + z)

r2(t i)
R2(t1)

-

L
4nlR 4 (t 0 )

(14.7.9)

If red shifts are not observed, then the quantity of interest is the number N( > l)
of sources with apparent luminosity greater than l, which can be calculated by
taking the lower limit in (14.7.7) to be just t 1(L). If apparent luminosities are not
observed, then the quantity of interest is the number N( < z) of sources with red
shift less than z, which can be calculated by taking the lower limit in (14.7.7) to be
just tz. (However, the observed number counts can only be used to put a lower
bound on N(z), not to measure it, because any given optical or radio telescope will
only detect sources above some minimum brightness.)
Radio telescopes do not measure total apparent luminosities, but instead
measure the flux density S, the power per unit antenna area and per unit frequency
interval, at a fixed frequency. The flux density of a source at r 1 , t 1 is
S(v)

= P(vR(t 0 )/R(t 1))R(t 1)
R3(to)r1 2

(14.7.10)

where Pis the intrinsic power, the power emitted per unit solid angle and per unit
l', P = L' /4n.)
frequency interval. (See Eq. (14.4.35), with S
Following the same derivation that led to Eq. (14.7.7), we find that the
number of sources, with red shift less than z and flux density at frequency v greater
than S, is given by

=
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where t8 (P) is defined by
p

(14.7.12)

The analysis of radio source counts is very much simplified by the observation
that such radio sources generally have "straight" spectra,

62

(14.7.13)
where rt., the spectral index, is about 0.7 to 0.8. In this case, the number of sources
with intrinsic power at frequency v between P and P + dP is of the form
n(t, P,

v)

dP = n

where v0 is any arbitrary
scaling rule

(t,

P [

ff v (p[v~J)

fixed frequency.

n(t, P, v)

0)

d

The number density then obeys the

[;.J(1, [;.J

=

P

n

v0 )

(14.7.14)

By changing the variable of integration in Eq. (14.7.11) from P to P[R(t 0 )/R(t 1 )J",
we can refer the number density within the integral to the fixed frequency v, and
find
(14.7.15)
where t8 17.(P)is defined by

r2(t )

(R(tsl7.))-17.

S!7.

t

p
(14.7.16)

R(to)

The number counts will now obey the scaling rule

=

N( <z, >8; v)

N ( <z, > 8 [;.}

v0 )

(14.7.17)

To the extent that (14.7.17) is verified by observation, we can conclude that all
sources do have the "straight" spectrum (14.7.13), with the same spectral index a.
If there were no creation, destruction, or evolution of the sources during the
time it takes for light to reach us from the furthest observed source, then n(t, L)
and n(t, P, v) would have the simple time dependence (14.2.17):
n(t, L)

= [R(to)J3

n(to, L)

(14.7 .18)

n(t 0 , P, v)

(14.7.19)

R(t)

n(t, P, v)

=

R(t
0 )]
-~

[ R(t)

3

In this case, the observed number counts could be used to gain information about k
and R(t). Alternatively, if we had a cosmological model fork and R(t), we could use
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the observed number counts to deduce the functional dependence of the number
density non t and Lor P.
A good deal of insight into the results to be expected from these two different
modes of analysis can be gained by concentrating on the special cases where z is
small or l or Sis large. The lower limits on the ti-integral in.Eq. (14.7.7) and
(14.7.11) are then close to t0 , so we can use the general expansions (14.6.1) and
(14.6.6):
R(ti) = R(t 0 ){1 - H 0 (t0 - t 1 ) + · · ·}
r(ti) = R-

1

(t0 )(t 0

t 1 ){1

-

+

fH 0 (t0

+ · · ·}

ti)

-

We will also express the number densities as expansions in t 0
n(t 1 , L)
n

(

))
t 1 , P, v R(t
~- 0

R(t 1 )

/J0 (L)H 0 (t0

=

n(t 0 , L){l -

=

n(t 0 , P, v){l -

[/30 (P, v) +

t1 :

+ · · ·}

ti)

-

-

(14.7.20)

2a 0 (P, v)]H 0 (t0

-

t1)

+ · · ·}
(14.7.21)

where

/Jomeasures the rate of change of source density

/J0 (L)
/J0 (P, v)

=H
=H

0- l

0- l

(!}__
ln n(t, L))

ot

(14.7.22)
t=

to

(!}__
ln n(t, P, v))

ot

(14.7.23)
t=

to

and a 0 is an effective spectral index
2a 0 (P, v)

(The motivation

=

a
av

-v - ln n(t 0 , P, v)

(14.7.24)

for this last definition will be made clear below.) Then, fort close

(14.7.25)
to

I.

4nr 2 (t 1 )R 2 (ti)n

(

t 1 , P,v R(t
~- 0 )) dt 1
R(t 1 )

t

= -4n
3

n(t 0 , P, v)(t0

-

3

t) {l - ·i[{J0 (P, v)

+

2a 0 (P, v)

+

l]H

0 (t0 -

t)

+ · · ·}

(14.7.26)

If z is small, then the lower limit on the integral (14.7.25) is determined by (14.7.8),
which gives
H 0 (t 0

-

t,) - z -

(1+ ~)

z

2

+ ···
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Hence (14.7.7) gives the number of sources with red shift less than z as

N( <z) =

J

00

4

n H 0 - 3z 3
3

n(t 0 , L){l - ·i[/30 (L)

+

2q0

+

5]z

+ · · ·} dL

0

(14.7.27)
If l is large, then the lower limit on the integral (14.7.25) is determined by (14.7.9),
which gives
t 0 - tz(L) = 1 - -3 ~0~
+ ...
4nl
2
4nl

( L)112{

(LH2)112

}

NmY (14.7.7) gives the number of sources with apparent luminosity greater than
las
00
4
N(>l) = n (4nl)n(t 0 , L)
3
0

l

312

x {

1- i[P

7](L!~ + · · ·} L
2

+

0 (L)

112

3 2

i

)

dL

(14.7.28)

Finally, if Sis large, then the lower limit on the integral (14.7.26) is determined
by (14.7.12), which gives
t0

-

ts(P) =

-f-2)112
+ · · ·}

p)1;2{1 (S

(PH

Thus (14.7.11) gives the numbers of sources, with flux density at frequency v
greater than S, as
N(>S,

v) = 4n
3

s- 3/2Joon(t

. P v)P3f2

0,

'

0

x

{

1 - -i[/30 (P, v)

+

2a0 (P, v)

+

5]

(

PH 2)112 }
-f+ · · · dP
(14.7.29)

If all sources have the "straight"
give
a0 (P, v) = -

so integration

spectrum (14.7.13), then (14.7.14) and (14.7.24)

~

2

[1+

P }__ ln n(t 0 , P, v)J

oP

(14.7.30)

by parts allows us to make the substitution

a0 (P, v)

~

a

(14.7.31)

That is, the "effective spectral index" c,:0 may be replaced with a in Eq. (14.7 .29),
provided that sources have the spectrum P oc v-a.
Inspection of these results shows that measured values of N( < z) for z ~ 1
could be used to deduce the deacceleration parameter q0 if we knew the evolution-
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ary parameter {30 , while, in contrast, measurement of N( > l) or N( > S, v) for
large l or S cannot tell us anything about q0 , whatever we assume for [30 .
If we assume no evolution, then n has a time dependence given by (14.7.18)
or (14.7.19) and (14.6.1), so (14.7.22) and (14.7.23) give

/30 (L) = /30 (P, v) = -3

(no evolution)

(14.7.32)

In this case, (14. 7.27)-(14. 7.29) give

1
00

N(<z)

4n
= -H

3

0-

3

z3

-f(q

n(t 0 ,L)dL{l

0

+

l)z

+ ···}

(14. 7 .33)

0

4
3 2
N( > l) = ; (4,rl)- 1

Loo
n(t

L){ (L!{)'+ · · ·} dL
12

0,

L 3i 2

1- 3

(14.7.34)

and, for straight spectra,

4
N( > S, v) = ;

112

00

s- 3 / 2 f0

n(t 0 ,

P, v) { 1 - !(a

+

1) (P~o ')

+ · · ·}

p

3 2
1

dP

(14.7.35)
Thus the neglect of evolution leads to the definite predictions that N( > l) must
decrease with l more slowly than l- 3 12 , and, since a is positive, N( > S, v) must
decrease with S more slowly than s- 3 12 .
However, this result appears to be contradicted by observation 69 . The relevant
radio source surveys are listed in Table 14 .1. Jointly and severally, they yield a number count function 63 N(>S, v) that decreases withS(for S > 5 x 10- 26 Wm- 2 x
Hz- 1 ) roughly like s-1.s, and definitely more rapidly than s- 3 12 . We are forced
to the conclusion that evolution is important. According to Eq. (14.7.29), the
decrease of 8 3 12 N( >S, v) with S requires that

/30 <

-2 a0

-

5

~

-6.5

(14.7.36)

so that the number density of sources must be decreasing faster than R(t)- 6 · 5 •
A similar conclusion is reached from the study of number counts of radio
sources as a function of their angular diameters. From a study of the distribution
of the sizes of the radio sources in the 30 catalogue, Longair and Pooley 64 calculated the distribution in angular diameters to be expected for the fainter sources
in the 50 catalogue if no evolutionary effects are important. Their result does not
agree with observation for any q0 , indicating an evolutionary decrease of the
proper source density.
If evolution is as substantial as indicated by these source counts, we evidently
cannot use the source counts to learn much about R(t). We shall return to the
program of using source counts to learn about source evolution in the next chapter,
when we have a dynamical model for R(t).

Table 14.1

The Major Radio Source Surveysa
smin

Observatory

Cambridge

Mills Cross
Parkes

Owens
Valley
National
Radio
Observatory
Bologna
Ohio State

VermiJlion
River
Dominion
Radio
Observatory
DwingelooNRAO
Arecibo

Survey

3C
3CR
4C

v (MHz)

159
178
178

5C
WKB
RN
NB
MSH
PKS
PKS
PKS
PKS
PKS
CTA
CTB, CTBR
CTD
NRAO

408
38
178
81.5
86
408,1410,2650
408,1410
408,1410
408,1410
635,1410,2650
906
960
1421
750,1400

NRAO

750,1400

Sources

471
4843
276
1069
87
558
2270
297
247
564
628
397
106
llO
726
458

Bl
B2
0
0
0
0
VRO
VRO
DA

408
408
1415
1415
1415
1415
610.5
610.5
1420

DW

1417

188

AO

430

25

629
3235
128
236
ll99
2101
239
625
615

(10-

26

wm-

2

Hz-

1)

8
9
2
0.025
14
0.25
1
7
4
0.5
0.3
0.4
1.5

1.15
(3C and 3CR)
0.5
1
0.2
2, 0.5
0.37
0.3
0.2
0.8
0.8
2

2.3

a The different surveys cover different, partially overlapping regions of the sky, and not all arP
complete within their region and flux range. For further details and references, see A.G. Pacholczyk
Radio Astrophysics (W. H. Freeman and Co., San Francisco, 1970), pp. 241 ff.
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The Steady State Cosmology

Our work so far has been based on the "Cosmological Principle" that the
universe is spatially isotropic and homogeneous. Hermann Bondi and Thomas
Gold 6 5 have gone one step further, and have suggested that the universe obeys a
"perfect Cosmological Principle," that it looks the same not only at all points and
in all directions, but at all times. This assumption leads to a sieady state model of
the universe, which was suggested at about the same time by Fred Hoyle, 6 6 on
the basis of an alteration in the structure of the energy-momentum tensor appearing in Einstein's field equations. We shall follow the Bondi-Gold approach here,
as more suited to the spirit of the present chapter, and will come back to Hoyle's
theory in the last chapter.
The work of Section 14.6 shows that the Hubble "constant" R(t 0 )/R(t 0 ) is an
observable parameter, so that it must be independent of the present time t 0 in a
steady state model. Letting H denote the permanent value of the Hubble constant,
we have then
R(t)

=

H

for all t

R(t)
and therefore

R(t) = R(t 0 ) exp {H(t - t 0 )}
In this model the deacceleration

parameter

q=-~=-1

(14.8.1)

takes the permanent

value

RR

(14.8.2)

R

To determine k, we return to the general relation (14.6.22) between R(t) and the
luminosity-distance versus red-shift function d dz), which now reads

X

d
dz

[(1

+ Z)- 1 d L(Z)] dz

( 14.8.3)

Since d L(z) is observable, it must now be independent of t 0. Hence, in order that the
integral depend only on t - t 0 , not tor t 0 separately, it is necessary that
k

=

0

(14.8.4)

The metric is then
2
d-r:
= dt 2

-

R 2 (to)e2 H(

t-

to){dr2

+

r 2 d8 2

+

r 2 sin 2

e dcp

2

}

(14.8.5)

This derivation might be challenged on the grounds that the metric (14.8.5) ·was
obtained as a special case of the Robertson-Walker metric, which was derived in
Sections 14.1 and 14.2 on the basis of a definition of cosmic time that makes no
sense in an unevolving universe. We could avoid this difficulty by viewing (14.8.5)
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as the limiting metric for a universe with an extremely slow rate of evolution. A
more satisfactory approach is to derive (14.8.5) directly from the assumption that
the whole four-dimensional space-time is maximally symmetric. This assumption
is shown in Section 13.3 to lead to the metric (13.3.41), which is identical to
(14.8.5), except that a factor R(t 0 ) exp (-Ht 0 ) must be absorbed into the radial
coordinate r. Comparing (13.3.41) and (14.8.5), we note that the curvature constant
of the four-dimensional space-time of the steady state model is

K

= H2

(14.8.6)

The space-time is curved, even though the space is flat.
The most remarkable feature of the steady state cosmology is not its spacetime metric, but rather, the necessity of continuous creation of matter. According
to Eq. (14.2.21), the proper distance between any two comoving galaxies increases
as R(t), so if the average number of galaxies per unit proper volume is to remain
constant, new galaxies must appear to fill up the holes in the widening comoving
coordinate mesh. To put this formally, we recall that in the comoving coordinate
system r8cpt, the current vector of the galaxies and the total energy-momentum
tensor are given by (14.2.11)-(14.2.14-) as

JGµ = nGUµ
pµv = (p
with

ut =

+ p)UµUv + pgµv

ur =

1

U8

=

utP=

0

In accordance with the spirit of the steady state model, we now take nG, p, and p
to be constant in time as well as space. Then JGµ and pµv are not conserved, but
rather
(14.8.7)

=

pµt
;µ

R-

3

(t) g__(R 3 (t)[p

at

+

p])

=

3(p

+

p)H

(14.8.8)

That is, a comoving observer using a locally inertial coordinate system will see
galaxies created at a rate 3H per existing galaxy, and will see energy created at a
rate 3H per existing mass plus enthalpy. The present density of the universe is
roughly of the order 10- 6 nucleons/cm 3, so with H- 1 = 10 10 years this would
require an average creation of order 10- 16 nucleons/cm 3 /year. The steady state
model is silent as to whether this new matter is created as hydrogen, or protons
plus electrons, or neutrons, and it does not tell us whether this new matter appears
near the old matter or in the depths of intergalactic space. However, violent events
do seem to be occurring in the nuclei of many galaxies, so galactic nuclei seem like
natural candidates for the location of continuous creation.
The steady state cosmology makes very definite predictions as to the correlation of luminosity distance with red shift. According to (14.3.1), if light leaves a
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comoving source at time t 1 and arrives at the origin at time t 0 , the source must be
at a coordinate r 1 given for k = 0 by
r1

=

r(t 1 )

= R(t)
-dt

f

to

=

H-

1

1

R-

(t 0 ){exp [H(t

0 -

t 1 )]

-

l}

(14.8.9)

ti

Also, (14.3.6) gives the red shift of such a source as

z = exp [H(t

0 -

t 1 )]

-

1

(14.8.10)

so the luminosity distance of the source is given by (14.4.14) as
(14.8.11)
As a check, note that (14.8.9)-(14.8.11) agree with (14.6.6), (14.6.4), and (14.6.8)
for the appropriate deacceleration parameter q = -1. This value does not seem
to agree with the q0 determined from the observed d L versus z relation, as discussed
in Section 14.6.
The "angular diameter" distance d A is given in this model by (14.4.22) and
(14.8.11) as
H- 1 z
dA(z) = --(14.8.12)
(1

+

z)

Note that d A(z) approaches the finite constant H- 1 as z ~ oo. Hence objects with
large red shifts look very faint, but their angular diameters do not shrink below a
minimum value. If H- 1 is 3 x 10 9 pc, then a galaxy of diameter 10 4 pc will never
appear smaller than about 0.6".
If we count the number of sources with red shift less than z, we must look
back to a time tz given by (14.7.8) as
(14.8.13)
To count the number of sources with apparent luminosity greater than l, we must
look back to a time given by (14.7.9), which together with Eq. (14.8.9) now reads
exp [H(t

0

-

tz)] {exp [H(t 0

-

t 1)]

-

l} =

LH2)1;2
( 4nl
~

The solution is

tz(L) = to -

(14.8.14)
H-1ln [2l + (1
4 + (LH2)1;2)1;2]
4nl

The t 1 -integral in Eq. (14.7.7) can be done explicitly, and we find the number of
sources with red shift less than z and apparent luminosity greater than las
N( < z, > !)

~

Lro
n(L)

min { V(t,), V(t 1(L))) dL

(14.8.15)
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where Vis the volume
to

V(t)

=

I.
t

4nr 2 (ti)R 2 (ti) dt 1

= 4nH- 3 {H(t 0

-

t) -

t + 2 exp

[ -H(t

0 -

t)] -

1-exp

[ -2H(t

t)]}
(14.8.16)

0 -

and n(L) dL is the time-independent
proper number density of sources with
absolute luminosity between Land L + dL.
As a special case of Eq. (14.8.15), we note that the number of sources with red
shift less than z is

N( <z) = 4nH- 3 n {In (1

+

z(l

z)

(I

+ 3z/2)1
+ z) 2 J

(14.8.17)

where n is the total number density of sources

This result is independent of any assumptions concerning the luminosity distribution of sources, and of course no evolution of the source density or luminosity
distribution is possible in a steady state universe. However, with the limited
statistics now available, it appears that (14.8.17) does not agree with the observed
red-shift distribution of the quasi-stellar radio sources. 6 7 In particular, the
observed red-shift distribution of the quasi-stellar sources shows a pronounced
peak 57 near z = 1.95, which is absent in Eq. (14.8.17). It should be noted though
that the observed value of N( > z) should in general be smaller than the theoretical
prediction (14.8.17), because some sources are not counted if their optical or radio
strength is too small.
As another special case of Eq. (14.8.15), we note that the number of sources
with apparent luminosity greater than l is

_'.'\
f.
00

N ( > l) = 4nH

-

0

n(L)

(

In

(1
[l (LH2)1;2]1;2)
3
2+ 4+
2
4

(1 [l
1(1 [l
---+-++2-+-+2

4

2 2

4

nl

-

(LH2)1;2]1;2)1
4nl

(LH2)1;2]1;2)2)dL (14.8.18)
4nl

In contrast with N( < z), the result here depends on the details of the distribution
function n(L).
A quantity of greater observational interest is the number of radio sources
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with strength at frequency v greater than S. If all sources have the same "straight"
spectrum P oc v - a,then ( 14.7 .15) gives the n um her of such sources as
N(>S;

v)

=

Loo
n(P, v)V(t

5 .(P))

(14.8.19)

dP

where n(P, v) dP is the number of sources with intrinsic power at frequency v
between P and P + dP; V(t) is given by (14.8.16); and tsa.(P) is determined by
(14.7.16), which now reads

+

exp [!(3

a)H(t 0

-

t5 a.)] - exp [!(l

+

a)H(t 0

-

t5 a.)]

(ptr
(14.8.20)

This equation cannot be solved analytically for the observed spectral index
a ~ 0.7. However, it follows from (14.8.20), (14.8.19), and (14.8.16) that N( >S, v)
decreases more slowly than s- 3 12 for all source strengths, in contradiction with
observed number counts, which decrease more rapidly 63 than s- 3 12 for S greater
than about 4 x 10- 26 Wm- 2 Hz- 1 , and only then begin to decrease more slowly
than s- 3 12 . In the last section we saw that these observations are also inconsistent
with the results of nonsteady state cosm9logies, but in that case the discrepancy
could be removed by assuming an evolution of source densities, while in the steady
state cosmology no evolution of the source density is allowed.
As a check, we note that the quantities f30 (L) and {30 (P, v) defined by Eqs.
(14.7.22) and (14.7.23) must \Tanish in the steady state model

/30 (L) = {30 (P,

v)

=

Hence (14.7.27), (14.7.28), and (14.7.29), with q0
give the number counts for "nearby" sources as

= n s- 3 z 3 n{l - Jz + · · ·}

N(>l)

= 4n (4nl)-3;2

3

3

s, v)

=

-1 and straight

spectra, now

4

N( < z)

N(>

0

= :n

f

oo n(L)

0

s-' Loo
n(P,
12

(14.8.21)

{1- 214 (LH2)1;2
+ .. ·}L3;2
dL

4nl

v) { I - f(2~

+ 5)

(p:)1' + ... }
2

(14.8.22)

2

p

3

/Z

dP

(14.8.23)
in agreement with the power-series expansions of the general formulas (14.8.li),
(14.8.18), and (14.8.19).
The steady state model does not appear to agree with the observed d L versus z
relation or with the source counts for N( <z) and N( > S, v). In a sense, this disagreement is a credit to the model; alone among all cosmologies, the steady state
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model makes such definite predictions that it can be disproved even with the limited
observational evidence at our disposal. The steady state model is so attractive that
many of its adherents still retain hope that the evidence against it will eventually
disappear as observations improve. However, if the cosmic microwave radiation
discussed in the next chapter is really black-body radiation, it will be difficult to
doubt that the universe has evolved from a hotter denser early stage.
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"Now entertain conjecture
of a time, when creeping
murmur and the poring
dark fills the wide vessel of
the universe."

William Shakespeare, King Henry
the Fifth

15 COSMOLOGY:THE
STANDARD MODEL

In the last chapter we laid out the coordinates for a map of the universe in
space and time. Now we must begin to fill in this map with the islands of matter
and the seas of radiation that make up the physical contents of the universe.
For the most part, we shall continue to base our discussion on the assumption
of isotropy and homogeneity, now supplemented with Einstein's field equations.
The future of the universe then depends critically on its curvature: If the universe
is open, it will go on expanding forever, whereas if it is closed, its present expansion
will eventually cease and be succeeded by a general contraction. The curvature in
turn depends critically on the present energy density p 0 ; the universe is open or
closed according to whether p 0 is less or greater than a critical value pc, of order
10- 29 g/cm 3 . It appears that p 0 mostly arises from the rest-mass of ordinary
matter-neutrons
and protons. In this case, the universe is open and p 0 is less than
Pc if the deacceleration parameter q0 is less than-!-, whereas the universe is closed
and Po is greater than pc if q0 is greater than-!-; this justifies the emphasis on the
measurement of q0 throughout the last chapter. However, the observation that
q0 ~ 1 conflicts with the mass density observed in galaxies, which is considerably
less than Pc· This discrepancy has led to an intensive search for signs of an intergalactic gas, a search that has so far been quite unsuccessful.
Looking back in time, we find that any isotropic homogeneous universe
governed by Einstein's equations must have started with a singularity of infinite
density. Dating from this singularity, the age of the universe must be less than
s 0 - 1 , and less than fH 0 - I if q0 > Radioactive dating and the theory of stellar
evolution give uncertain ages, ranging from 7 x 10 9 to 16 x 10 9 years, but it
,,·ould be difficult to admit an age much less than f H O - 1 .
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The most prominent relic of the hot early universe is the 2. 7°K microwave
radiation background, predicted in 1950 and observed in 1965. The weight of the
data is so far consistent with the expectation that this radiation has a Planck
black-body spectrum and is perfectly isotropic. Knowing the present radiation
temperature, we can trace the thermal history of the universe back to the first few
minutes, and calculate the production of complex nuclei in the primordial fireball.
A fairly definite prediction emerges, that about 27 % of the nucleons in the early
universe should have been fused into He 4. This is in agreement with some measurements of the present cosmic helium abundance, but in disagreement with others.
Another relic of the early universe is our present cosmic morphology: Stars form
galaxies, galaxies form clusters, and clusters form a more or less homogeneous gas.
Our present theoretical understanding of how this structure evolved is not in good
shape, but it is clear that the radiation background played an important role. We
can also speculate on the first few seconds of cosmic history, when the temperature
was high enough to produce mesons, baryons, and antibaryons in large numbers;
so far there does not seem to be any way to check the results of these speculations.
The preceding summary describes what may be called the "standard model"
of the universe, based on the Cosmological Principle and Einstein's field equations.
One other "standard"
assumption, which plays an important role in Sections
15.7-15.11, is that the distant galaxies are, like our own, composed of baryons
rather than antibaryons. It has often been suggested that since baryon number is,
like charge, exactly conserved, the universe ought to contain equal numbers of
baryons and antibaryons as well as positive and negative charges. However, it
should be kept in mind that baryon number is really unlike charge; There are longrange forces associated with charge but, as far as we know, not with baryon
number. Indeed, in a finite universe the total charge must be zero, as can be
immediately seen by integrating the Maxwell equation V · E = e over the volume
of the universe; no such conclusion can be derived for baryon number. In any case,
even if the net baryon number of the universe is zero, baryons and antibaryons
must somehow have become separated at some time in the past, and most of the
considerations of this chapter are applicable to the evolution of the universe after
that time.
Of course, the standard model may be partly or wholly wrong. However, its
importance lies not in its certain truth, but in the common meeting ground that it
provides for an enormous variety of observational data. By discussing these data
in the context of a standard cosmological model, we can begin to appreciate their
cosmological relevance, whatever model ultimately proves correct. Some other
possible models are discussed in the next chapter.

I

Einstein's Equations

Let us begin our discussion of dynamical cosmology by considering the
constraints imposed by Einstein's field equations on the metric for a general iso-
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tropic and homogeneous universe. According to the results of Section 14.2, this
metric can be chosen to have the Robertson-Walker form:
<Jit = 0

<Jtt = -1

(15.1.1)

Here t is a cosmic time coordinate; i and j run over three comoving spatial
coordinates r, (), and <p; and gii is the metric for a three-dimensional maximally
symmetric space:
{Jrr = (1 - kr 2 )-

1

= r2

§ 00
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Its Ricci tensor then has the elements

3R

R,,= -

(15.1.6)
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where Rii is the spatial Ricci tensor calculated from the metric {jij:
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(15.1.9)

Instead of calculating Rii directly, we can save ourselves a good deal of work by
recalling that gii, as the metric of a maximally symmetric space, must necessarily
have a Ricci tensor of the form (13.2.4):
(15.1.10)
Together with (15.1.8), this gives the space-space components
Ricci tensor as
••

Rii = -(RR+

. 2

2R

+

-

2k)giJ

As shown in Section 14.2, the energy-momentum
perfect-fluid form

of the space-timt
(15.1.11)

tensor here must have the
(15.1.12)
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where p and p are functions oft
(14.2.14):

alone, and Uµ is given by Eqs. (14.2.13) and

U' = 1

(15.1.13)

The source term in the Einstein equations is then

Sµv

=

T µv - -!gµvT\

= -!(p - p)gµv + (p + p)U µU v

(15.1.14)

so (15.1.1), (15.1.13), and (15.1.14) give

s,, =

+

-!(p

(15.1.15)

3p)

si, = o

(15.1.16)

Sii = }(p - p)R2gii

(15.1.17)

The Einstein equations read

With (15.1.6), (15.1.7), (15.1.11), and (15.1.15)-(15.1.17), the time-time component
gives

+

3R = -4nG(p

3p)R

(15.1.18)

the space-space components give the single equation

RR+

2R 2

+

=

2k

4nG(p - p)R 2

(15.1.19)

and the space-time components give O = 0.
By eliminating R from (15.1.18) and (15.1.19), we find a first-order differential
equation for R(t):

R2 + k =

8nG pR
3

2

In addition we have the equation of energy conservation
pR3

=

r!__{R3[p

dt

(15.1.20)
(14.2.19),

+ p]}

or, equivalently,
d

~ (pR

dR

3

)

= -3pR 2

(15.1.21)

Given an equation of state p = p(p ), we can use this equation to determine p as a
function of R. For instance, if the energy density of the universe is dominated by
nonrelativistic matter with negligible pressure, then (15.1.21) gives
for p

~

p

(15.1.22)

1

whereas if the energy density is dominated
photons, then p = p/3, and (15.1.21) gives
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such as

(15.1.23)

Knowing p as a function of R, we can determine R(t) for all time by solving
Eq. (15.1.20). The fundamental equations of dynamical cosmology are thus the Einstein
equations (15.1.20), the energy-conservation equation (15.1.21), and the equation of
state. The cosmological models, based on a Robertson-Walker metric, in which
R(t) is derived in this way, are known as Friedmann models. 1
[Incidentally, the solution R(t) determined in this way will automatically
satisfy (15.1.18) and (15.1.19), for by differentiating (15.1.20) with respect to time
and using (15.1.21), we find

+

2RR = 8nGR [R2
3R
P

= 8nGR (-pR2

!!,____
(

R3)]

dR P

- 3pR2)

3R
which is just the same as (15.1.18). Equation (15.1.19) then follows trivially from
(15.1.18) and (15.1.20). The reason we can make do with the single field equation
(15.1.20), instead of the two equations (15.1.18) and (15.1.19), is of course that
these two equations are not functionally independent, being related by the
Bianchi identities to the energy-conservation equation (15.1.21).]
It is possible to learn a good deal about the past and future expansion of the
universe by simply inspecting Eqs. (15.1.18)-(15.1.21), even without specifying a
definite equation of state. Equation (15.1.18) shows that as long as the quantity
p + 3p remains positive, the "acceleration" R/R is negative. Since at present
R > 0 (by definition), and R/R > 0 (because we see red shifts, not blue shifts),
it follows that the curve of R(t) versus t must be concave downward, and must have
reached R(t) = 0 at some finite time in the past. Let us call this time t = 0, so that
R(O)

The present time
be called the age
be just R(t 0 )t/t 0 ,
R(t 0 )/ R(t 0 ). With
the Hubble time :

=

0

(15.1.24)

t0 is then tk time elapsed since this singularity, and may justly
of the universe. If R(t) vanished for O < t < t 0 , then R(t) would
and so the age t 0 would just equal the Hubble time H 0 - 1 =
R negative for O < t < t 0 , the age of the universe must be less than
to < Ho -1

(15.1.25)

Looking into the future, we see from Eq. (15.1.21) that as long as the pressure p
does not become negative, the density p must decrease with increasing R at least as
fast as R- 3 , so that for R---+ oo, the right-hand side of Eq. (15.1.20) vanishes at
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least as fast as Rincreasing, with

1

.

For k = -1,
R(t)

~

t

as

R2 (t) remains positive-definite, so
t

~

oo

fork=

R(t) goes on

-1

For k = 0, R (t) remains positive-definite so R(t) goes on increasing, but more
slowly than t. For k = + 1, R2 (t) will reach zero when pR 2 drops to the value
3/8nG. Since R is negative-definite, R(t) will then begin to decrease again, and
eventually must again reach R = 0 at some finite time in the future. Hence the
qualitative course of cosmic history is determined by the sign of the spatial
curvature: If k = -1 or k = 0, then the universe will go on expanding forever,
whereas if k = + 1, then the expansion will eventually cease and be fallowed by a
contraction back to a singular state with R(t) = 0.
The combination of the Cosmological Principle with the Einstein field equations illuminates some of the profound questions raised by Newton and Mach.
(See Section 1.3). Suppose that we want to study some physical system S, such as
the solar system or the rotating bucket of Newton, whose size is much less than the
cosmic scale factor R. We can imagine S to be placed in a spherical cavity, cut out
of the expanding universe, and so long as the size of this cavity is much less than
R, we can safely consider this cavity to be empty apart from the system S. If S
were absent, the gravitational field inside the cavity would be a spherically
symmetric field with Rµv = 0, a-nd hence, according to the Birkhoff theorem
(see Section 11.7), it would have a flat-space metric equivalent to the Minkowski
metric 1'/µv·As long as the system Sis not too big, we can then calculate its gravitational field as a perturbation on 1'/µv'ignoring all matter outside our cavity, and
we can determine the behavior of the system by using Newtonian or specialrelativistic mechanics. The question of what determines the inertial frames is now
answered, for the only reference frames in which the whole universe appears
spherically symmetric, so that Birkhoff's theorem applies, are the frames at the
center of our cavity, which do not rotate with respect to the expanding cloud of
"typical" galaxies. The inertial frames are any reference frames that move at
constant velocity, and without rotation, relative to the frames in which the
universe appears spherically symmetric.
These remarks lead to an alternative derivation 2 of the dynamical equations
for an expanding universe. If we mentally draw a comoving spherical surface
anywhere in the universe, then as long as its proper radius is much less than R(t),
the galaxies within this sphere will move under the influence of their own gravitational field, and the gravitational field of the rest of the universe may be neglected.
We can then think of the universe as consisting of a Newtonian gas in a state of
everywhere-uniform expansion. Any given gas particle will have a trajectory
2

with R(t) a scale factor common to the whole gas. [Note that the gas aippears the
same to an observer mounted on any gas particle as it does to an observer at the
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origin. Also, the "comoving" coordinates of a given gas particle are not xi(t), but
rather ri = xi(t 0 ).] The gravitational potential energy V of such a particle just
arises from the matter within a sphere of radius lx(t) I and center at the origin, so
4n

= - -

V(t)

lx(t) I3 p(t)

3

mG

~

lx(t) I

- 4n mGlx(to)

12p(t)

R2(t)

R 2 (t 0 )

3

where mis the particle mass and p(t) is the uniform mass density of the gas. The
kinetic energy of this particle is

= lmlx(t)l2 =

T(t)

i

1-mlx(t
i

o

)12

2
R (t)
R2(to)

and its total energy is
E

=T(t)

+

V(t)

=

1-m lx(to) 12[R2(t)
i
R2(to)

-

8nG p(t)R2(t)]

3

With E constant, this is just the same as Eq. (15.1.20), provided that we identify
the energy of a particle as
(15.1.26)

For k = -1, E is positive-definite, so gravitation cannot prevent the gas from
dispersing to infinity, with a finite asymptotic velocity. For k = 0, E vanishes,
and the gas is just barely able to expand indefinitely. Fork = + 1, Eis negative,
and the explosion must ultimately cease and be followed by an implosion.
Although Newtonian cosmology can reproduce the chief results derived from
Einstein's equations, it is essentially incomplete, for several reasons. We need
general relativity to justify the neglect of all the matter outside a sphere of radius
lx(t)I in calculating the gravitational potential at x(t). We cannot use Newtonian
mechanics when the medium itself consists of particles with relativistic local
velocities. Finally, it is only through the use of general relativity that we are able
to interpret the observation of light signals correctly in terms of the cosmic scale
factor R(t).

2

Density and Pressure of the Present Universe

At the present instant, the pressure and energy density of the universe are
given by Eqs. (15.1.18) and (15.1.19) as

- -2_

Po -

8nG

+

(__}!,_____ H

Ro2

o

2)

(15.2.1)
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Po = --

-[}!,_
+

1
8nG R 0 2

H/(1

- 2q0 )]

(15.2.2)

Here R 0 is the present value of the cosmic scale factor R(t), and H 0 and q0 are the
Hubble constant and the deacceleration parameter, defined in Section 14.3 as the
present values of R/R and -RR/R 2 • From (15.2.1) it follows that the spatial
curvature k/R 2 is positive or negative, according to whether p 0 is greater or less
than a critical density

Pc

=

38HnoG_~
= 1.1 x 10-29 (

Ho
)2 g/cm 3
75 km/sec/Mpc

(15.2.3)

As we shail see, there are good grounds to believe that the energy density of
the present universe is dominated by nonrelativistic matter, with

Po~

(15.2.4)

Po

If this is the case, then (15.2.2) yields a formula for the spatial curvature in terms
of the observable parameters H O and q0 :

k
~ = (2qo R0 2

1)H o 2

(15.2.5)

and (15.2.1) gives the ratio of the present density to the critical density (15.2.3) as
(15.2.6)
For q 0 > -! the universe is positively curved, with p 0 > Pc, whereas for q 0 < -!
the universe is negatively curved, with p 0 < pc· If we give credence to the values
q0 ~ 1 and H 0 ~ 75 km/sec/Mpc deduced from the red shift versus luminosity
relation (see Section 14.6), then we must conclude that the density of the universe
is about 2pc, or about 2 x 10- 29 g/cm 3.
Unfortunately, this result does not agree with the observed density of galactic
mass. 3 The masses of spiral galaxies ·within about 15 Mpc can be determined by a
dynamical analysis of their rotational velocities as functions of distance from the
galactic centers. The masses of a half-dozen or so e1liptical galaxies can be calculated
from the virial theorem,4 which gives a mass
(15.2.7)
where (v 2 ) is the mean-square velocity relative to the center of mass, and (d- 1 )
is the mean reciprocal separation between stars. The total masses of pairs of
galaxies can be determined statistically from their relative velocities and separations, under the assumption that the pairs are oriented at random with respect to
the line of sight.
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In all three of the above methods, the galactic mass is given by a formula
of form
M=--

µV 2 D

G

(15.2.8)

where Vis some characteristic internal velocity, Dis some characteristic dimension
of the object under study, andµ is a dimensionless number of order unity, which
depends on the details of the method used and the object studied. The characteristic distance D is measured from the corresponding angular dimension () and the
cosmological red shift z, using Eqs. (14.4.15) and (14.6.7), which for z ~ 1 give
(15.2.9)
(For nearby galaxies, the "angular diameter distance" D/() might be determined
from the apparent magnitude of brightest stars, brightest globular clusters, and
so on, rather than from the red shift. However, if such distance determinations
form part of the cosmic distance ladder used to measure the Hubble constant, then
any error in these distances would also show up in the Hubble constant, so that D
would still scale like l/H 0 .) The internal velocities V are measured directly from the
distribution in red shift around the average value z for the galaxy. It is convenient to describe the masses determined in this way in terms of a mass-toluminosity ratio M/L, the absolute luminosity L being given in terms of the
apparent luminosity l by Eqs. (14.4.12) and (14.6.7), which for a small red shift z
yield
(15.2.10)
From (15.2.8)-(15.2.10), it follows that the ratio M/L determined by the three
methods described above is proportional to the value assumed for the Hubble
constant H O •
With H 0 taken as 75 km/sec/Mpc, it appears 3 that the galactic mass-to-light
ratio M/L for elliptical galaxies is about 50 times the solar ratio M 0 /L 0 , whereas
for spiral galaxies estimates of .M/L range from 1 to 20 times M 0 /L 0 . According
to a survey of these M/L values by Oort, 5 the overall mass-to-light ratio for all
galaxies is about 21 M 0 /L 0 . Since the Hubble constant may well be different
from 75 km/sec/Mpcj this result should be written

M ,.._,21 M
L ,.._,

L

q(75 km/sec/Mpc
Ho
)

(15.2.11)

O

(For instance, van den Bergh 6 carried out an analysis of galactic masses similar to
Oort's, but assumed that H 0 = 120 km/sec/Mpc, and therefore obtained for Jl/L
the result 30 M 0 /L 0 .) Oort also used number counts of galaxies to estimate the
luminosity density of the universe to be 2.2 x 10- 10 L 0 /pc3; this value ,rnuld
scale with H 0 like L/D3, which according to (15.2.9) and (15.2.10) scales like H 0 ,
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so for a general Hubble's constant Oort's estimate of the luminosity density would
be

!l'

~

2.2 x 10-10 Lo/pc3 (

Ho

)

(15.2.12)

75 km/sec/Mpc

The galactic mass density of the universe can now be obtained as

PG =

(fJ(M:;~J
Mo

2

= 4.6 x 10- 9 M 0 /pc 3

Ho

(

75 km/sec/Mpc

= 3.1 x 10-31 g/cm3 (

Ho
75 km/sec/Mpc

)

)2

(15.2.13)

This is smaller than the critical density ( 15.2.3) by a factor

PG ~ 0.028
Pc

(15.2.14)

(More recently, Noonan 7 and S. L. Shapiro 7 a have given estimates of 0.016 and
0.010 for this ratio.) Note that such results are independent of the true value of
Hubble's constant. Note also that although PG and Pc do not turn out to be equal.
they are close enough to reassure us that gravitation does have something to do
with the expansion of the universe.
If the mass of the universe were primarily concentrated in galaxies, then
Eqs. (15.2.14) and (15.2.6) would yield a deacceleration parameter
if Po ~ PG

(15.2.15).

which would imply that the universe is negatively curved and open, with
R 0 ~ H O - 1. This value of q0 is not in agreement with the result found from red
shifts and luminosities, which give q0 ~ I, apart from possible corrections for
evolution or selection effects. Of course, evolution or selection effects may have an
appreciable effect on the measurements of q0 . However, if one tentatively accepts
the result that q0 is of order unity, then one is forced to the conclusion that the
mass density of about 2 x 10- 29 g/cm 3 must be found somewhere outside the
normal galaxies. But where?
One place to look for the missing mass is in the intergalactic space within
clusters of galaxies. In Coma there is a rich cluster of elliptical galaxies that appear~
from its smooth shape to be gravitationally bound. If bound, its mass is given by
the virial formula (15.2.7). The values of M/L obtained in this way range 8 from
4 to 20 times the M/L ratio for individual elliptical galaxies. (These values are for
H 0 = 75 km/sec/Mpc.) If there actually is 20 times more matter within cluster:than within their individual galaxies, then the density of the universe is raised to
near the critical density (15.2.3). In fact, an X-ray source has been discovered Ba
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filling the Coma cluster, which suggests the presence of an intergalactic gas of
ionized hydrogen, at a temperature of order 7 x 10 7 °K. However, the strength
of this source indicates that this gas has a mass only a percent or so of the mass
required by the virial theorem. It must be kept in mind that the Coma cluster may
not be bound at all, 9 in which case the virial theorem overestimates its mass. Many
rich clusters, like those in Virgo or Hercules, are highly irregular, and do not
appear at all stable.
If the missing mass is not within clusters of galaxies, then we must look for it
in the space between the clusters. One reasonable requirement is that the total
density of intercluster space must be less than the density within clusters, so that
the clusters represent appreciable condensations. The total volume outside clusters
is roughly 500 times greater than the volume within clusters, so the density within
clusters is roughly 500 times (15.2.13), or about 10- 23 g/cm 3 . Hence, even if the
density outside clusters is an order of magnitude less than the density within
clusters, there is still plenty of room in intercluster space for all the missing
mass we need.
It is possible that the missing mass might be contained in normal stars that
happen to lie in intergalactic space (inside or outside clusters) or in dwarf galaxies
which are too faint to have been observed. From limits on the extragalactic
contribution to the night-sky brightness, Peebles and Partridge 9 a estimate that the
total mass density in normal stars, wherever located, must be less than 0.13 Pc·
This estimate does not rule out the possibility that the missing mass is contained
in dark stars, with very high values of M/L, either in dwarf galaxies or in intergalactic space. One immediately thinks of the "black holes" discussed in Section
11.9. However, the estimates of galactic mass discussed above show that typical
galaxies do not contain overwhelming numbers of dark stars, so why should dark
stars predominate anywhere else? Another possibility is that the missing mass is
contained in whole galaxies that have undergone gravitational collapse. It is
difficult to see how this hypothesis could ever be verified, except through observations of galaxies in the throes of collapse, or through observation of the deflection
oflight rays that happen to pass close to a collapsed galaxy.
The missing mass might be found in the form of highly relativistic particles,
such as cosmic rays, photons, neutrinos, or gravitons. It is easy to see that photons
and neutrinos produced in ordinary thermonuclear processes cannot have an energy
density comparable with that of ordinary nonrelativistic rest-mass, for even if the
universe started out as pure hydrogen and has "cooked" all the way to iron, the
energy released would be at most about 9 MeV per nucleon, which is 1 % of the
nucleon rest-mass. If highly relativistic particles dominate the mass density of
the universe, then they must be produced in exotic processes like matter-antimatter annihilation or gravitational collapse, or be left over from the early
universe. The observed total flux density of faint discrete radio sources at frequency
v is of the order 1 0
.9'(v)

~ 10-

21

Wm -

2

Hz -

1 (

v
)- o.7
408 MHz
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so the total energy density of the radio emission at wavelengths longer than 75 cm
from these sources is roughly
400 MHz

Practio

=

J.

Y'(v)dv '.::::::'.
10-

12

wm-

2

10'.::::::'.

40

g/cm

3

0

The isotropic background at these wavelengths is not more than an order of
magnitude greater. 11 For microwave and far-infrared wavelengths between 75 cm
and 0.05 cm, the radiation flux is dominated by the 2.7°K background (see Section
15.5), with an energy density given by the Stefan-Boltzmann law as 4.4 x 10- 34
g/cm 3 . The total energy density of starlight at optical frequencies is estimated 12
to be no more than about 10- 35 g/cm 3 . The observed X-ray background has a
flux density at energy E of order 13
<l>(E)~ 20 photons cmIf this background is extragalactic,
0.1 keV and I MeV given by

2

sec-
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then it contains an energy density between
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37
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The energy density in y-rays above 100 MeV is estimated 11 to be less than
3 x 10- 3 8 g/ cm 3 . The observed 14 energy density of cosmic ray particles is not
more than about 10- 3 5 g/cm 3 .
These estimates indicate that the largest contribution of relativistic particles
to the total cosmic energy density is provided by the 2.7°K microwave background,
to be discussed in Section 15.5. Its density is less than one-hundredth the density
(15.2.13) of galactic rest-mass, which justifies our tentative neglect of pressure in
the Einstein and conservation equations.
However, it is possible that the missing mass is made up by neutrinos or
gravitons, 14 a which interact too weakly with matter to have been detected. In
particular, the neutrino energy density is expected to be at least comparable with
that of microwave electromagnetic radiation, but may well be many orders of
magnitude greater (see Section 15.6). If the energy density of the universe is
dominated by highly relativistic particles, then the pressure is
P0

_ Po
3

-

(15.2.16)

and in place of (15.2.5) and (15.2.6), the Einstein equations now give
k
= Ho2(qo - 1)
R0 2
Po
= qo
Pc

(15.2.17)
(15.2.18)
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where Pc is the same critical density (15.2.3) as before. The critical deacceleration
parameter, for which k = 0 and p 0 = Pc, is now q0 = 1 rather than q0 = ±,and
the density required for a given q0 and H O is half of that needed for a dust-filled
universe.
Although a photon-, neutrino-, or graviton-dominated
universe cannot be
ruled out on observational grounds at present, it is more conservative to suppose
that the missing mass takes the form of a tenuous hydrogen gas, ionized or neutral,
filling all space. The various methods that have been proposed to detect this gas
depend on electromagnetic signals that reach us from cosmological distances, so
we must defer our discussion of this gas until Section 15.4, and turn now to the
solution of the equations of dynamical cosmology.

3

The Matter-Dominated Era

We have noted that the energy density of the known forms of radiation in the
present universe is less than one-hundredth the density of rest-mass. According to
Eqs. (15.1.22) and (15.1.23), the energy density ofrest-mass scales as R- 3 , and the
energy density of radiation scales as R- 4 , so we may conclude with some confidence that the expansion of the universe has been governed by its nonrelativistic
matter content at least since the time when R(t) was one-hundredth its present
value. This period certainly goes back long before the emission of any of the light
collected at Mt. Palomar, for the most distant galaxies and quasi-stellar objects
observed have red shifts z that are much less than 100, and in fact less than 3 !
The study of the empirical relations between red shifts, luminosities, numbers,
angular diameters, and so on, can therefore reveal only the matter-dominated era
of the history of the uni verse.
The dynamical equation governing the universe during this era is Einstein's
equation (15.1.20):
R2

+

k

=

SnG pR2

3
with p taking the form (15.1.22) appropriate
p

Po=

to a matter-dominated

(R)-3

(15.3.1)
universe:
(15.3.2)

Ro

It is convenient to make use of equations (15.2.5) and (15.2.6) to write p 0 and
k/R 0 2 in terms of q0 and H 0 :
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(15.3.1) and (15.3.2) then give
(15.3.3)

The solution may in general be expressed as a formula for t in terms of R:
1

t = ---

fR/Ro[1 -

Ho

o

with t = 0 defined as the time when R
universe is

t 0 = -1Ho

f

1 [

o

~

2q O

+ -2q-0]-1/2
dx

(15.3.4)

x

R 0 . In particular, the present age of the

1 - 2q O

+

2q_<>]x

1I 2

dx

(15.3.5)

For any positive q0 , the age of the universe must be less than the Hubble time,
(15.3.6)
as already remarked in Section 15.1.
The behavior of the result (15.3.4) may conveniently be discussed under three
special cases (see Figure 15.1):
(A) q 0
angle by

e

>

±(k

=

+ 1, Po >

Pc)· It is convenient here to define a development
(15.3.7)
k=O

R

Figure 15.1 Solutions of Einstein's equations for a Robertson-Walker
universe with
curvature k = + 1, k = 0, and k = -1. The numbers along the curves k = ± 1 give
the values of the deacceleration
parameter q 0 at various epochs.
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Then (15.3.4) gives
(15.3.8)
This is the equation of a cycloid; R(t) increases from zero at()
a maximum at

= 0, t = 0; reaches
(15.3.9)

and then returns to zero at () = 2n, t = 2tm. The present instant is defined by
setting R(t) equal to R 0 in Eq. (15.3.7)'; the present value of the development
angle () is then given by
1
cos ()0 = - - 1
(15.3.10)

qo
and so the age of the universe is

t0

=

II 0 - 1q0 (2q0

-

1)- 3 12

[cos1

(:

-

1)-

0

t

(2q0

-

1) 1 12 ]

(15.3.11)

For example, if we believe that q0 ~ 1 and H 0 - 1 = 13 x 10 9 years, then
Eq. (15.3.10) gives ()0 ~ n/2, Eq. (15.3.11) gives the age of the universe now as

t0

"'

(;

-

1) II O -

1

7.5 x 109

"'

(15.3.12)

years

and (15.3.9) shows that the universe will reach its maximum radius R(tm) ~ 2R 0
at a time
tm ~ nH 0 -l ~ 40 x 10 9 years
(15.3.13)
The whole life cycle of the universe takes a time 2tm, or about 80 x 10 9 years.
(B) q 0

= -!-(k = 0, Po = Pc)·

Here (15.3.4) gives

R(t) =

(3Ht)

2 3

0

R0

!

so R(t) increases without limit. The age of the universe is given for H 0 10 9 years as

t 0 = 1J;H
0 -l

(15.3.14)

2

~

9 x 10 9 years

l

~ 13 x

(15.3.15)

This is known as the Einstein-deSitter model.

=

(C) 0 < q 0 < t (k
-1, Po < Pc)· The results (15.3.7) and (15.3.8) can be
applied here, except that now the development angle() is imaginary,

() = i'P
and so
(15.3.16)
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with qt given by

(15.3.17)
Just as in case (B), the scale factor R(t) here increases without limit; fort~
we have

~t)

~

-!qo(l - 2qo)-1 e'P ~ (1 - 2qo)1;2Hot

oo,

(15.3.18)

0

The present moment is defined by setting R(t) equal to R 0 in Eq. (15.3.17):

~

cosh q, 0

(:

-

(15.3.19)

1)

0

and the age of the universe is

For instance, if we take the mass density of the universe to be that contained
within the galaxies, then according to Eq. (15.2.15), q0 is about 0.014, so qt O ~ 5,
and the age of the universe is nearly equal to the Hubble time

t0

~

0.96 H 0 -

~ 13

l

x 10 9 years

(15.3.21)

=

It is worth mentioning here that the deacceleration parameter q
-RR/R 2
will in general change with time. For k = + 1, q(t) is given by the analogue of
Eq. (15.3.10),

q = (1

+

cos 8) -

1

so as 8 goes from O to 2n during one cosmic cycle, q rises from ±to oo and then
drops again to!· Fork = -1, q(t) is given by the analogue of Eq. (15.3.19):

q = (1

+

cosh qt) -

1

so as qt goes from O to oo, q drops steadily from ±to 0. Only in the case k = O
does q remain constant, at the value q = -!--Thus no special significance can be
attached to any particular value of q0 other than q0 = f. For instance, the
straight-line fit of luminosity distance versus red shift indicates that q0 ~ 1
(unless evolutionary or selection effects are important; see Section 14.6), but in a
matter-dominated
universe this must be an accident, for if at present q0 = 1,
then previously q0 < 1, and in the future q0 > 1. It is only in a radiationdominated universe that k = 0 entails q0 = 1 [see Eq. (15.2,17)], so that a
deacceleration parameter of unity is stable.
The formulas for R(t) derived above may be used to extend the phenomenological analysis of the last chapter out to arbitrarily large red shifts. According to
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Eq. (14.3.6), light, which arrives at time t 0 with red shift z, was emitted when the
scale factor had the value
R 1 -~
-

1
The comoving radial coordinate
(14.3.2), and (15.3.3):
ri

[l - kr2r

Jo

1/2

dr =

+

(15.3.22)

z

of the light source is given by Eqs. (14.3.1),

I.to~
t1

=

R(t)

= -- 1
RoHo

i

IRo
R1

1

[

d~
RR

1 - 2q0

+ -2q0 ]-

1I 2

x-

1

dx

X

(l+z)-1

With the aid of Eq. (15.2.5), it is straightforward
values of k, the formula for r 1 is the same:

to show that for all three possible

(15.3.23)
The "luminosity distance," measured by comparison of apparent
luminosity, is then given by (14.4.14) as
1)( -1

with absolute

+ )2q 0 z + l)]
(15.3.24)

In some determinations of q0 , the observed d L versus z curve is compared with this
exact formula, rather than the model-independent approximation (14.6.8),
(15.3.25)
which is strictly valid only in the limit z ---* 0. The difference between (15.3.24)
and (15.3.25) vanishes for q0 = 0 and q0 = 1, and is less than 10% for O < z <
0.5 (which includes all galaxies with known red shifts) and O < q0 < 1.5. Hence,
as long as q 0 is not very large, there is no substantial difference between using the
exact formula (15.3.24) and the approximation (15.3.25) to determine q0 •
The "angular diameter distance" d A and the "proper motion distance" dM
are immediately given in terms of d L by Eqs. (14.4.22) and (14.4.23):

and the "parallax distance" dp is given by (14.4.10) as

d _
P -

[zq0 +(q
4

H 0 [q0 (1 + z)

2

-

(2q0

-

0

-l)(-1+)2q

l){zq 0 + (q0

0 z+l)]
-

1)(-1

+ )2q 0 z + 1)} 2 ] 1 12
(15.3.26)
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The number counts discussed in Section 14.7 can now be expressed more
explicitly as functionals of the source density n. Shifting variables from t 1 to z,
and using (15.3.4), (15.3.22), (15.3.23), and (14.7.7)-(14.7.9) gives the number of
sources with red shift less than z and apparent luminosity greater than las
N( <z, >l) =

oo

J

f

min (z,z1(L))

dL

4nH

3

0-

q0 - 4 (1

+

z')-

,J2q 0 z'

+

1)]2n(z', L) dz'

6

(1

+

2q 0 z')-

1 2

1

O

0

x [z'q0

+

(q0

+

1)(-1

-

(15.3.27)

where

z(L) =q

0

1

n;2)1;2
+ (1 -

LH
( 4

q0 )

(-1

+

(1 + 2 (LHn;2)1;2)1;2)
(15.3.28)
4

and n(z, L) dL is the proper number density of sources at red shift z with absolute
luminosity between Land L + dL. For radio sources with the spectrum (14.7.13),
Eqs. (15.3.4), (15.3.22), (15.3.23), (14.7.15), (14.7.16), and (14.7.8) give the number
of sources with red shift less than z and intrinsic power of frequency v greater than
Sas
N( <z, >S; v)

=

oo

J

f

min (z,zs,.(P))

dP

0-

3

q0 - 4 (1

+

z')-

6

(1

+

1 2

2q 0 z')-

1

O

0

x (z'q 0

4nH

+

(q0

-

+

1)(-1

,J2q 0 z'

+

1)) 2 n(z',P;v)dz'

(15.3.29)
where Zsa.(P) is the solution of the equation
(I

+ zic•-0/

2

(zq0

+

(q0

-

I)( -1

+

--/2q0 z

+

2

I)) = q/ ll

0 (~)''

(15.3.30)
and n(z, P; v) dP is the proper number density of sources at red shift z with intrinsic
power at frequency v between P and P + dP. If there were no evolution of sources,
then (14.7.18) and (14.7.19) would gi-ve n the z-dependence,
n(z, L) = n(O, L)(l

+

n(z, P, v) = n(O, P, v)(l

z) 3

+

z) 3

and the z' integrals in (15.3.27) and (15.3.29) could be done explicitly. However,
we have already seen in Section 14. 7 that this hypothesis does not agree with
measurements of N( > S; v) for radio sources or N( < z) for quasi-stellar sources.
Thus (15.3.27) and (15.3.29) can best be used to gain information about the z and L
or P dependence of n(z, L) or n(z, P; v). In this way, Longair 15 has concluded that
either the number density of radio sources has been decreasing (apart from the
expansion of the uni verse) like t- 2 · 5 , or the mean source power has been decreasing
like t- 3 • 5 • In addition, a sharp cutoff seems to be needed at early times, although
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this conclusion is not definitely established. 16 A study of the quasi-stellar sources
proper
in the 3C catalogue by Schmidt 1 7 shows the same general features-a
number density that increases with z much faster than (1 + z) 3 for O < z < 1,
and falls off sharply for z > 2. It may be that this cutoff marks the epoch of galaxy
or quasi-stellar source formation.
The age of the universe is one more important datum that can help us to
decide among different cosmological models. A firm lower limit on the age of the
universe is provided by the age of the earth, determined from the relative
abundances of radioactive elements and their decay products in the earth's crust.
In 1929 Lord Rutherford 18 calculated this age to be about 3.4 x 10 9 years.
Modern studies 19 give for the age of the earth a reliable value of 4.5 x 10 9 years.
If the Hubble time H 0 - l is 13 x 10 9 years, then according to Eq. (15.3.11), the
lower limit t 0 > 4.5 x 10 9 years requires that q0 < 5.
Radioactive dating can also be applied to our galaxy. The basic work on the
stellar synthesis of the heavy elements is a 1957 paper by the Burbidges, Fowler,
and Hoyle. 2 0 (The purpose of this paper was, at least in part, to defend the steady
state model, by showing that the elements could be formed in stars, without
needing a "big bang." As discussed in Section 15.7, it is generally accepted today
that the elements were mostly formed in stars, with the very important exception
that helium may have been formed in the hot early universe.) According to this
work, the isotopes of uranium were formed by a rapid process of neutron addition,
the r-process, in an earlier generation of stars. The initial abundance ratio is
calculated as 21
u23s]

--

[ u23s

1

= 1.65 +
0.15
-

(at formation)

The decay rates of these isotopes are accurately known to be
Jc(U235

)

= 0.971 x 10- 9 /year

Jc(U238

)

= 0.154 x 10- 9 /year

and at present their abundance ratio is
235
u
[ u23s

= 0.00123

]

(at present)

O

If all the uranium was formed promptly after the birth of the galaxy at a time t G•
then the age of the galaxy must be 20

~ 6.6 x 10 9 years
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Any society that developed during an earlier epoch in the history of the galaxy
·would have found a larger proportion of the fissionable isotope U 235 than now
a,ailable on earth, and could therefore have moved toward nuclear destruction
even faster than our own civilization.
~-\.nerror of 20% in the estimated initial abundance ratio of U 235 and U 238
would produce only a 4 % error in the age of the galaxy. A much greater source of
uncertainty arises from the possibility that appreciable amounts of uranium were
formed ·well after the galaxy. In this case, the galaxy must be appreciably older than
6.6 x 10 9 years. In order to settle this question, other abundance ratios have been
used in conjunction with the ratio of U 2 3 5 to U 2 3 8 , the duration of the period of
element synthesis being taken as a free parameter along with the time when this
period began. Using the Th 232 /U 238 and U 235 /U 238 ratios, Fowler and Hoyle 21
estimated that the age of the oldest r-process elements is between 9.6 x 10 9 and
15.6 x 10 9 years. Clayton 22 has included the Re 187 /0s 187 ratio in his analysis,
with results similar to those of Fowler and Hoyle. However, chemical separation
effects may be important here, so these results are subject to possible large
systematic errors. Dicke 23 has persistently argued that the bulk of the r-process
elements were produced within a few hundred million years of the formation of
the galaxy, in which case the age of the galaxy would be close to 7 x 10 9 years.
It is safe to conclude that the galaxy and hence the universe is at least 7 x 10 9
years old, so that q0 < 2.3 for H 0 - i ~ 13 x 10 9 years, but radioactive dating
cannot yet be considered to give a precise age for the galaxy.
It is also possible to estimate the age of the galaxy by study of its globular
clusters. These are large compact clusters containing thousands of individual
stars, so their Hertzsprung-Russell diagrams (the relation between luminosity and
spectral type) can be determined with some precision, Also, the low metal content
of the globular cluster stars indicates that they belong to the first generation of
stars to condense out of the protogalaxy (called Population II; see Section 14.5)
and are therefore among the oldest objects in our galaxy. If all stars in a globular
cluster have the same initial chemical composition and age, and differ only in mass,
then these stars must fall on a locus in the Hertzsprung-Russell diagram, whose
shape depends only on the age and initial chemical composition. By comparing
computer solutions of the equations of stellar evolution with the densities of stars
in the observed Hertzsprung-Russell
diagrams for a large number of globular
clusters, Iben 24 has deduced cluster ages ranging from 8 x 10 9 to 18 x 10 9
years, corresponding to initial helium abundances (by mass) ranging from 33 to
24%. It is not ruled out that all clusters have the same age, which would most
probably lie in the range from 9.5 x 10 9 to 15.5 x 10 9 years. If the age of the
universe is really greater than 9 x 10 9 years, and if the Hubble time H 0 - 1 is
13 x 10 9 years, then q0 must be less than!, and the universe must be negatively
curved and infinite, as also indicated by the mass-density estimates discussed in
the last section.
It would certainly be premature to reach any definite conclusions about the
curvature of space from these estimates of the age of the universe. However, the
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fact that the uranium and globular-cluster ages are roughly comparable with the
Hubble time H O - 1 provides a strong argument that the observed correlation of
red-shift with luminosity-distance
really does have something to do with the
evolution of the universe.
era can be used to
The explicit solution for R(t) in the matter-dominated
illustrate the horizons that limit our vision of the universe. The speed of light sets
an upper limit to the local propagation velocity of any signal, so at a given time t
an observer at r = 0 can receive signals emitted at time t 1 only from radial coordinates r < r 1 , where r 1 is the radial coordinate from which light signals emitted
at time t 1 would just reach r = 0 at time t. According to Eq. (14.3.1), r 1 is determined by the formula

It

dr

J -J1r1

o

kr

=

2

ti

dt'

(15.3.31)

R(t')

If the t' -integral diverges as t 1 ---* 0, then it is in principle possible to receive signals
emitted at sufficiently early times from any comoving particle (such as a "typical
galaxy") in the universe. On the other hand, if the t'-integral converges for t 1 ---* 0
(or, in singularity-free models, for t 1 ---* - oo), then our vision is limited by what
Rindler 2 5 has called a particle horizon: It is possible to receive signals at time t
only from comoving particles that lie within the radial coordinate rH(t), where

i

,J1 -

it

=

~d'.__

rH(t)

o

kr

_!}!___

2

o R(t')

The proper distance (14.2.21) of this horizon is
dH(t)

=

R(t)

rH(t)

-----

J

dr

,J1 -

o

=
kr

R(t)

it

2

0

dt'
R(t')

(15.3.32)

It is easy to see from Eq. (15.1.20) that a particle horizon will be present if p
grows faster than R- 2 -e as R ~ 0, as would generally be expected. In particular,
if the greatest part of the t' -integral comes from the matter-dominated
era, then
(15.3.4) can be used to express dt' in terms of R(t') and dR(t'), and we find
R(t)
RoHo-J2qo
dH(t)

cos _

1 {

I - (2q0

1

-

l)R(t)}

qoRo

~(R(t)r2
Ho

qo >

!

(k = +l)

qo

.1
2

(k = 0)

!

(k = -1)

Ro
R(t)

R 0 H 0 ,J1 -

cosh2qo

1

{

I +

(1 - 2q0 )R(t)}
qoRo

qo

<

(15.3.33)

490

1 5 Cosmolo9y : The Standard Model

In the early part of the matter-dominated
era, R was much less than R 0 , so the
particle horizon was at a small proper distance:
(15.3.34)
For q0 ::;; t, R(t) increases without limit as t ---* oo, so dH(t) increases faster than
R(t), and the particle horizon will thus eventually expand to include any given

f, the

comoving particle. For q0 >
gi\~en by Eq. (14.2.4):

universe is spatially finite, with a circumference
L(t) = 2nR(t)

(15.3.35)

Looking out in any given direction, we can see comoving particles out to a fraction
of this circumference, given by Eqs. (15.3.33) and (15.2.5) as
dH(t)
L(t)

=

cos-

__!___

1

{l _ (2q0

-

l)R(t)}

q0 R 0

2n

(15.3.36)

When R(t) expands to its maximum value (15.3.9), this fraction will be t, and we
shall be able to see all the way to the "antipodes." However, this fraction remains
less than unity until R(t) shrinks once again to zero, so we shall not be able to see
all the way around the universe until then. If q0 = 1 and H 0 - t = 13 x 10 9
years, then the present circumference (15.3.35) is given by Eq. (15.2.5) as
82 x 10 9 light years and the particle horizon is at one-quarter this distance, or
20 x 10 9 light years.
Just as there are some comoving particles that we cannot now see, there may
in some cosmological models be events that we never shall see. An event that
occurs at r 1 at time t 1 will become visible at r = 0, at a time t given by Eq. (15.3.31).
If the t' -integral diverges as t ---* oo (or at the time of the next contraction to
R = 0), then it will in principle be possible to receive signals from any event if we
wait long enough. On the other hand, if the t' -integral converges for large t, then it
will only be possible to receive signals from events for which

i .J
r1

o

itmax~

_____!!________
::;;

1 - kr

2

11

R(t')

where tmax is either infinity or the time of the next contraction to R = 0. Rindler 2 5
calls this an event horizon. For q0 < t or q0 = -!-,R(t) grows as t ---* oo like t or
t 2 13 , so the t'-integral diverges at t = oo, and there is no event horizon. For
q0 > ±, the t' -integral converges at tmax, so there is an event horizon: The only
events occurring at time t 1 that will be visible before the collapse of the universe
are those within a proper distance

(15.3.37)
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If q0 = 1 and H 0 - I = 13 x 10 9 years, then the only events occurring now that
will ever become visible to us are those that occur within a proper distance of
61 x 10 9 light years.

4

Intergalactic Emission and Absorption Processes

Up to now we have dealt only with light signals, which are emitted by distant
discrete sources, and propagate to us through essentially empty space. However,
we saw in Section 15.2 that Einstein's equations require a cosmic energy density
(if H 0 ~ 75 km/sec/Mpc and q0 ~ 1) about equal to 2 x 10- 29 gm/cm 3,which is
some 70 times larger than the observed density of galactic mass. If the missing mass
takes the form of an ionized or neutral gas filling intergalactic space, then we can
hope to measure the mass density, and distinguish between cosmological models,
by observing the absorption or time delay of light as it passes through the intergalactic gas, or by observing the background radiation emitted by this gas. The
absorption of light signals, and the emission and absorption of background radiation, become even more important when we turn our attention back to the early
universe, when the density and opacity of matter was enormously greater than it is
today.
To lay a foundation for our treatment of these problems, let us first consider
the effects of absorption and emission on a ray of light, which leaves a source at
time t 1 with frequency v1 , and arrives at the earth at time t 0 . I:t:no emission occurs
in the intervening medium, then the loss of flux of the light ray is given by an
equation of form
·
N(t)
= - A ( v1 -R(t --1 ) , t ) N(t)
R(t)

where N is the photon number
rate (per unit proper time) of
here that at time t the photons
The solution is usually written

(15.4.1)

density in the light ray, and A(v, t) is the absorption
light with frequency v. (It is implcitily understood
in the ray have red-shifted frequency v 1R(t 1 )/R(t).]
in the form
(15.4.2)

where

'!

is the optical depth:
'!

=

ItoA (vR(t1)'
R(t)
t1

t) dt

(15.4.3)

i

Now suppose that the medium itself, apart from effects of the light ray, isotropically
emits f'(v, t) photons per unit proper volume, per unit proper time, and per unit
frequency interval at frequency v. These photons do not become part of the light
ray, but join the isotropic background radiation, to be discussed belo-w. However,
Bose statistics require that photons will be added to the light ray through the
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process of stimulated emission,
rigorously by

26

at a rate, per photon

!l(v, t)

in the light ray, given

r(v, t)

(15.4.4)

Snv 2

In place of Eq. (15.4.2), the rate of change of photon number density in the light
ray is now given by the formula
N(t)

= - A

(vR(ti)
R(t)
1

, t) N(t)

+n

(vR(ti)
R(t)
1

, t) N(t)

(15.4.5)

and so the optical depth in Eq. (15.4.2) must now be written as
'!

Ito(A(vR(ti)
R(t)

=

1

, t) -

n

ti

(vR(ti)
R(t)
1

, t)) dt

(15.4.6)

If the medium is in thermal equilibrium, not necessarily in equilibrium with
radiation, then n and A are related by the Einstein formula 2 7 :
Q(v, t)

= exp

[-}!y_]
kT(t)

(15.4.7)

A(v, t)

where his Planck's constant, k is Boltzmann's constant, and T(t) is the temperature
of the medium at time t. [This result simply follows from the principle of detailed
balance. The rate of spontaneous emission of photons per unit volume of phase
space in any given transition within the medium is equal to the rate of absorption
of photons in the inverse transition, times the ratio of the populations of the upper
and lower states, which is simply given by the Boltzmann factor exp ( -hv/kT).
This factor depends only on v and T, so the total rate of spontaneous emission per
unit volume of phase space, which according to (15.4.4) is just n, is equal to the
total absorption rate A, times exp( -hv/kT).] The optical depth is then
'!

=

Ito(1- exp (t

1

hv1R(t1)))
kT(t)R(t)/

A (v 1 R(t1)'
R(t)

t) dt

(15.4.8)

Even if the medium is not strictly in thermal equilibrium, it is often a good
approximation to use (15.4.7) and (15.4.8), with T(t) taken as an effective temperature. Normally, Tis positive, so e-r < 1, and a light ray is weakened as it passes
through the medium. However, it is sometimes possible to have a population
inversion in the medium, with a negative effective temperature. In this case '! is
negative, so e-r > 1, and a light ray is amplified by the medium. Such maser
phenomena have been detected within our galaxy, but not yet in intergalactic
space.
Apart from the images of discrete sources, there is also an isotropic background
of radiation produced by the universe as a whole. Let JV (v0 , t) dv 0 be the number
density of photons at time t, which at. time t 0 would have frequency between v 0
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and v0 + dv 0 • If no absorption or emission occurs, then by the same reasoning
that led to Eq. (14.2.17), the time dependence of% (v0 , t) would simply be given
by a factor R- 3 (t), arising from the general expansion of the universe. In order to
calculate the rate of change of% (v0 , t)R 3 (t) owing to spontaneous emission processes, we note that photons, which at time t0 are in the frequency range from v0
to v0 + dv0 , are in the frequency range from v0 R(t 0 )/R(t) to (v0 + dv0 )R(t 0 )/R(t) at
time t; hence the rate of change of the number of photons% (v0 , t)R 3 (t) dv0 in a
proper volume R 3 (t) and a frequency interval dv 0 at t 0 is

r

(vR(to)
' t) R3(t) (R(to) dvo)
R(t)
R(t)
O

when r is again the rate of spontaneous emission per unit proper volume and per
unit frequency interval, now including all discrete sources as well as the medium
itself. The rate of change of % (v0 , t)R 3(t) dv0 due to induced emission and
absorption is

(

n ( Vo --R(t 0 )
R(t)

' t) -

A

(

R(to) '
Vo --

R(t)

t ))

% (Vo, t) R3 (t) dVo

just as in Eq. (15.4.5). Hence the effect of spontaneous
absorption is to give % (v0 , t)R 3(t) the rate of change
!!__{% (v0 , t)R 3 (t)} =

dt

(vl},_(to)
, t) R (t)R(t
R(t)
+ (n
(vR(tQ)_
, t) - A (vR(to) , t))
R(t)
R(t)
r

2

0)

0

0

O

Using (15.4.4) for
%(v

0,

r, the

and induced emission and

% (v0 , t)R 3(t)

solution is

t)R 3 (t)

= exp

{-f.t[A (v l},_(to)
, t')- Q (v R(to) , t')]
R(t')
R(t')
0

0

dt'} %

(v t )R
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1

3

(t 1 )

ti

+

8nv 0 2 R 3

(t f.texp {-f.t[A (vR(t")
R(to), t")- Q (vR(to),
R(t")
0)

0

ti

0

t'

t")]

dt"}

xQ (vR(t')
R(to) , t')dt'
O

,rith t 1 arbitrary. The first term just gives the number of photons left over from
before t 1 , and the second gives the number of photons emitted since t 1 : in both
cases the exponential factors represent the subsequent effects of absorption and
induced emission. This result simplifies if we take t as the present instant t 0 , and
take t 1 sufficiently far in the past so that essentially all the background radiation
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was emitted since then. The present number density of photons per unit frequency
interval is then

(15.4.9)
If the medium is in thermal equilibrium, then (15.4.7) can be used to express Qin
terms of A, and the present photon number density becomes

n ..0 (v0 ) = Snv 0 2
I

f

to

exp

(

t1

{-J

hv 0 R(t 0 )
kT(t)R(t)

)

0)
A ( v0 R(t
-~

,

t)

R(t)

10

x exp

[1 - exp (-

t

hvoR(to) )]
kT(t')R(t')

A (v 0 R(to),

t') dt'} dt

R(t')

(15.4.10)
We have not yet considered the effects of photon scattering. In calculating the
optical depth of a discrete source, any sort of scattering will remove photons from
the light rays, with no stimulated emission to return photons to the ray. Instead
of (15.4.8), the optical depth will then be
'r

=

fto[1
r1

+

- exp (-

f L (v1
to

t1

hv1R(t1) )]
kT(t)R(t)

R(t1)'
R(t)

t)

dt

A (v 1 R(ti)'

t) dt

R(t)

(15.4.11)

where L (v, t) is the scattering rate for a photon of frequency vat time t. It is much
more difficult to take into account the effects of photon scattering on the isotropic
background, because each scattering contributes a photon to the background for
every one it takes away. The one case that is easily dealt with is Thomson scattering, in "·hich both hv and kT are much less than the charged particle mass. In such
scatterings, there is no change in the photon frequency, so the scattering simply
has no effect on the isotropic background. In our calculations of the isotropic
background, "·e shall have to assume that scattering, except for Thomson scattering, is much rarer than absorption. (Howeyer, note that resonant scattering must
be counted as absorption, if the mean lifetime of the resonant state is long compared
with the mean free time of the particles in the medium.)
Let us now apply this formalism to the problem of detecting the "missing
mass" in intergalactic space. If the intergalactic medium consists of a rarefied gas
of neutral atoms, such as hydrogen, then it will absorb radiation strongly at
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various discrete frequencies, corresponding to various transitions between atomic
states. For simplicity, let us suppose that all absorption takes place within a small
frequency interval centered on a single absorption frequency va· The absorption
rate is then of the form

A(v, t) = n(t)a aM
where n(t) is the number density of atoms at cosmic time t, and a aM is the absorption cross-section, assumed to be negligible except within a sharp peak at va·
According to (15.4.8), essentially all absorption of a ray of light, which leaves a
source at time t 1 with frequency v1 > Vaand arrives here at time t0 with frequency
v0 < Va, will take place at a time ta such that
(15.4.12)
so that the optical depth is

-r

~

n(tu) [1 - exp (-~)Jfaa

kT(ta)

By changing variables from t to v

=v R(t
1

1 )/R(t),

-r ~ n(t) [1 - exp(-~)]
a
kT(ta)

(v!f,(ti))
R(t)

dt

1

we find

[~(ta)]
R(ta)

J

a

(15.4.13)

where
(15.4.14)
the integral being taken over a range of frequencies just large enough to include
the whole absorption line. The choice of a particular cosmological model is necessary here only in order to determine the Hubble "constant" R/R at time ta;
according to Eqs. (15.3.3), (15.4.12), and (15.3.22), this is

v)
[
v
= (~
H 0 1 - 2q0 + 2q0 ~

]1;2

(15.4.15)

Using (15.4.15) in (15.4.13), we see that the optical depth at a received frequency
v0 is
(15.4.16)
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Of course, this result applies only when (15.4.12) can be satisfied along the light
path, that is, for received frequencies in the range
(15.4.17)

=

v1 /v0 - 1 is the red shift of the source. Therefore we expect an absorption
where z
trough in the received signal for v0 within this range. The optical depth, caused by
a single absorption line at frequency Va, vanishes for v0 < va/(1 + z), jumps up
steeply at va/(1 + z) to a value

then varies more or less smoothly until just below va' where it takes the value
(15.4.19)
and finally drops down sharply to zero for v0 > va·
At the same time that the intergalactic medium is absorbing light signals, it
will also be emitting isotropic background radiation. If the medium has an absorption line at frequency Va, then it will have a single emission line at the same
frequency, and the emitted radiation will be observed at red-shifted frequencies
v0 < va. Using (15.4.10), and following the same reasoning that led to (15.4.16),
we find that the present number density of background photons per unit frequency
interval at a received frequency v0 is
(15.4.20)
with la and ta given by (15.4.14) and (15.4.12), respectively. The background
density n varies with v0 more or less smoothly up to just below the frequency va'
where
(15.4.21)
and then drops down sharply to zero for v0 > va·
The detailed v0 -dependence of the optical depth (15.4.16) and the background
density (15.4.20) depends on the history of the number density n(t) and the
temperature T(t). If the atoms that absorb and emit the line at va are neither
created nor destroyed during the interval from ta to t 0 , then
3

n(ta)

=

n(t 0 )

[R(to)J
R(ta)

3

= n(t 0 )

[~]

v0

(15.4.22)
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for va = v0 (1

as in Eq. (14.2.17). In particular,
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z), we have ta = t 1 , so

(15.4.23)
If the "missing mass" consists of intergalactic neutral hydrogen atoms, then for
q0 ~ I and H 0 ~ 75 km/sec/Mpc, these atoms must have a mass density p 0 ~
2 x 10- 29 g/cm 3 (see Section 15.2) and hence a number density
n(t 0 ) = jJ_!}__~ 1.2 x 10-

5

cm -

3

(15.4.24)

mH

Whether or not we believe this particular estimate, a number density of order
10- 5 cm- 3 can serve as a specific target at which to aim in attempts to detect the
intergalactic medium.
The most prominent radio-frequency absorption line in atomic hydrogen is the
21-cm hyperfine transition, produced by a flip in the proton and electron spins in
the ls state, from total spin zero to total spin unity. The frequency of this line is
Va = 1420 MHz, corresponding to a temperature hva/k = 0.068°K, which almost
certainly is much less than the "spin temperature"
of whatever intergalactic
hydrogen may exist. Hence the correction factor owing to stimulated emission can
be approximated here as
1 _ exp (-

'!y__E)
~ hva
kT

= 0.068°K

kT

T

(15.4.25)

The absorption coefficient (15.4.14) has the value
1 21

cm

= 2.73

X

10-

23

cm 2

(15.4.26)

In 1959 an ingenious method for detecting weak absorption effects near 21 cm was
suggested by Field, 2 8 and used by him to search for such effects in the spectrum of
the radio galaxy Cygnus A. This source has red shift z = 0.056, and so according to
(15.4.17) an absorption trough should occur in the range of observed frequencies
from 1342 to 1420 MHz. This range is sufficiently narrow so that the optical
depth throughout the absorption trough should be well approximated by the value
(15.4.19). Together with (15.4.25) and (15.4.26), this gives a density-temperature
ratio (c.g.s. units)
(15.4.27)
Field 28 could detect no absorption trough, and estimated that -r < 0.0075, which
with H 0 = 75 km/sec/Mpc implies an upper limit nH(t 0 )/T(t 0 ) < 3.3 x 10- 7
cm - 3 deg- 1 for the present density-temperature
ratio of neutral hydrogen atoms.
This experiment has since been repeated by Field 2 9 and others, 3 0 but no a bsorption trough has yet been definitely established in this frequency range. A recent
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measurement by Penzias and Scott
75 km/sec/Mpc implies

30

gives -r < 5 x 10-

4

,

which with H 0

(15.4.28)
It seems reasonable to suppose 31
galactic hydrogen should be about
ground microwave radiation (see
an upper limit on the intergalactic

that the effective spin temperature of interequal to 2.7°K, the temperature of the backSection 15.5). In this case, (15.4.28) imposes
hydrogen number density
(15.4.29)

which is 200 times smaller than the expected value (15.4.24). If intergalactic
hydrogen really makes up the missing mass, then (15.4.28) requires its temperature
to be over 500°K.
Efforts have also been made to detect red-shifted 21-cm absorption effects in
the spectra of the quasi-stellar objects 30191, PKS 1116 + 12, and 30287. No such
effects were seen. 3 2
One way to set an upper limit on the density of neutral hydrogen in intergalactic space, which would not depend on any assumed upper limit for the spin
temperature, is to search for the red-shifted 21-cm radiation that would be
emitted. There is in any case a microwave radiation background, so the additional
background caused by 21-cm emission would have to be detected by looking for a
step in the photon number density at v0 = Va = 1420 MHz. According to Eq.
(15.4.21), the number density per unit frequency interval % should be larger just
below than just above Va by the amount (in c.g.s. units)
(15.4.30)

[It is assumed here that T ~ hv a/k = 0.068°K. If this is not the case, then the
absence of an absorption trough below 21 cm sets an even smaller upper limit on
nH(t0 ) than (15.4.28) or (15.4.29).J Usually measurements of background radiation
are reported in terms of an equivalent "antenna temperature" TA, defined by the
Rayleigh-Jeans relation
(15.4.31)
so (15.4.30) gives

nH(to) = k !).TAHo = 4.4 x 10- s cmhvalac

3

(!).TA) (
Ho
)
l°K
75 km/sec/Mpc

(15.4.32)

where !).TA is the step in antenna temperature at 1420 MHz. Penzias and Wilson
report that !).TA < 0.08°K, so that if Ho = 75 km/sec/Mpc, then

33

(15.4.33)
This upper limit is only four times smaller than the expected value (15.4.24), so it
is not yet entirely ruled out that the missing mass may consist of hot intergalactic
atomic hydrogen.
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One other prominent absorption line that has been used in the search for
intergalactic hydrogen is the Lyman a line of hydrogen, produced by an
electronic transition from the ls to the 2p state. This line has a wavelength
A = 1215 A, which lies in the ultraviolet, so normally Lyman a would not penetrate the earth's atmosphere. However, a photon that has A = 1215 A when
1.5 < z < 6 will be shifted into the visible "window" between 3000 A and
7000 A when it reaches the earth, and can therefore be detected by ground-based
astronomers. Thus intergalactic hydrogen atoms might be detected by observing
absorption effects in the spectra of quasi-stellar objects with z > 1.5 at emitted
frequencies above Lyman ex.
There are several reasons why Lyman a absorption provides a more sensitive
test for the presence of intergalactic hydrogen atoms than does 21-cm absorption.
First, the absorption coefficient (15.4.14) is much larger here:
ILy!7.

= 4.5 x 10- 1 s cm 2

(15.4.34)

Also, the frequency Va is 2.47 x 10 15 Hz, corresponding to a temperature hv 0 /k =
ll8,000°K, and since we are now assuming that the ionization is small, we
necessarily have

hva ~ 1
kT

(15.4.35)

The factors [l - exp (-hva/kT)]
in Eqs. (15.4.16), (15.4.18), and (15.4.19),
which represent the suppression of absorption by stimulated emission, can then be
set equal to unity. Finally, quasi-stellar object spectra often show Lyman a as an
emission line, so if there is any appreciable neutral hydrogen nearby, then the blue
wing of this line ought to be conspicuously suppressed by a factor e-r, with -r
given by (15.4.18), (15.4.34), and (15.4.35), in c.g.s. units, as

(15.4.36)
Note that the suppression of the blue wing of Lyman exmeasures the neutral
hydrogen density near the time of emission, not the present. (Also, if quasi-stellar
objects are local phenomena, then no suppression is to be expected.)
Attempts to detect Lyman ex absorption effects have centered on the quasistellar object 3C9, with z = 2.012. The first measurements were made in 1965 by
Gunn and Peterson; 34 they found a 40% depression in the blue wing of the Lyman

+)

c::::'.0.5. Taking q0 =±and
H0- l =
1+z
10 1 0 years, they concluded that the number density of neutral hydrogen atoms at
z c::::'. 2 is about 6 x 10- 11 cm - 3 . A subsequent photoelectric measurement by
Oke 35 showed no depression in the blue wing of the 3C9 Lyman exemission line,

emission line, which would give

rJ..

T (~
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and was interpreted by the Burbidges
and H 0 = 75 km/sec/Mpc, this gives

36

as showing that -r < 0.05. With q0

1

(15.4.37)
If (15.4.23) is to be believed, then the "expected" value of nH at z
2 is 27 times
larger than (15.4.24), so the observed upper limit (15.4.37) is 8 orders of magnitude
smaller than expected!
It is conceivable that the lack of neutral hydrogen near 309 is due to ionizing
radiation produced by 309 itself. For this reason, it is important to look for an
absorption trough extending from the Lyman a emission line toward shorter wavelengths, which would be due to Lyman a absorption of light at great distances
from 309. [See Eqs. (15.4.16) and (15.4.17).J No such trough was found by Oke, 35
and the observations of Wampler 37 show only a slight depression, with -r(vi) no
greater than about 0.3.
Other attempts have been made to detect intergalactic absorption at ultraviolet wavelengths in the spectra of quasi-stellar objects, with no better success.
Field, Solomon, and Wampler 38 have looked for absorption effects due to intergalactic molecular hydrogen in the spectrum of 309, and concluded that the intergalactic mass density of molecular hydrogen is less than about 10- 32 g/cm 3 .
There is also a possibility that the intergalactic hydrogen is concentrated in clouds,
in which case the absorption of Lyman a should show up in quasi-stellar source
spectra as a set of more or less broad lines, one for each cloud along the line of sight.
No such effects have been found in analyses of quasi-stellar object spectra by
Bahcall and Salpeter, 39 Wagoner, 40 and Peebles, 41 and Peebles concludes that the
overall density of neutral hydrogen atoms, even if concentrated in clouds, must be
less than a few percent of the expected value (15.4.24). Recently three or four quasistellar objects have been found with multiple absorption red shifts very much
smaller than the red shift of the corresponding emission line, 42 as if the absorption
occurred along the line of sight far from the source. However, this phenomenon is
rare, and could well be explained by processes occurring within the quasi-stellar
source itself. 4 3
If the missing mass is not to be found in the form of neutral hydrogen atoms
or molecules, then perhaps it consists of an ionized intergalactic hydrogen plasma,
possibly with small admixtures of heavier ions. The high degree of ionization
indicated by the absence of Lyman ::t.absorption in quasi-stellar object spectra
could be explained in terms of a balance between collisional ionization and radiative recombination, provided 43 a that the temperature at z ~ 2 is above 10 6 °K.
Such a hot gas would produce X-rays through the familiar bremsstrahlung
associated with thermal electron-ion collisions, at a rate per unit volume and per
unit frequency interval given (in c.g.s. units) by the formula
6

3

r v = [32ngeZ3 n/J [ 2n 3 ]
( )

3hvc

3kTme

1 2

1

ex

P

[-hv]
kT
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where ni is the ion number density, Z 3 is the mean cubed atomic number, and g is a
"Gaunt" correction factor, estimated 43 b to lie between} and 2 near the peak of the
photon spectrum. Field and Henry 43 c have calculated the resulting cosmic X-ray
background, under the assumption that the missing mass consists of H and He 4
(10% by number) which is suddenly heated to an initial temperature T O (between
104 °K and 10 10 °K) at R between }R 0 and l 0 R 0 , and then cools adiabatically,
with T oc R- 2 • The spectrum falls off rapidly for hv > kT 0 , while the interstellar
medium within our galaxy is opaque to soft X-rays with hv < 0.1 keV, so an intergalactic medium should produce an observable X-ray background only if its initial
temperature TO is above l0 6 °K.
In fact, rocket observations (recently summarized by Brecher and Burbidge 44 )
do reveal the existence of a diffuse X-ray and y-ray background extending at least
from 250 eV to 100 MeV. This background is highly isotropic, 44 a suggesting that
it is at least in part of extragalactic origin. However, until recently the X-ray
background was not generally interpreted as providing evidence that the missing
mass consists of ionized intergalactic hydrogen. One reason is that estimates of the
X-ray intensity were lower than at present, while Field and Henry 43 c had assumed
a rather large value for the Hubble constant and hence a large value for the
missing mass density, so that it was difficult to construct any thermal history for
the intergalactic medium, with a temperature high enough to be consistent with
the Lyman a and 21 cm absorption and 21 cm emission results discussed above,
and yet low enough not to produce more soft X-rays than observed. Also, after
the discovery of the cosmic microwave background, it appeared that the X-ray
background might be explained as due to the inverse Compton scattering process
discussed at the end of the next section.
The origin of the cosmic X-ray background has been reconsidered very recently
by Cowsik and Kobetich. 44 h They find that the X-ray spectrum below 1 ke V can
be accounted for by the inverse Compton effect, while above 100 ke V the spectrum
is consistent with that expected from the production of y-rays by white dwarfs.
However, between 1 ke V and 100 ke V there is an excess "kink" in the X-ray
spectrum, which can be roughly fit with the flux per unit energy interval:
<I>excess(E)~ 3 keV cm-

x exp (-

2

ster-

1

sec-

1

kev-

1

~fl}__)
30 keV

This spectrum is just what we should expect for thermal bremsstrahlung from
intergalactic hydrogen, with an effective temperature of 3.3 x l0 8 °K and an
integrated squared ion density J ni 2 ds of order 10 1 7 cm - 5 . Such a medium could
furnish the missing mass, especially if H 0 has a rather low value, near 50 km/sec/
)Ipc. However, Field 43 a points out that the excess X-ray background could also
be produced by "clumped" matter, such as ionized gas within clusters of galaxies 8 a
(see Section 15.3) in which case the required mean mass density is reduced by the
ratio of the mean and r.m.s. densities, and falls below the critical density Pc
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These considerations have prompted a number of recent studies 45 of the
thermal history of the intergalactic medium. According to one interesting suggestion of Rees, 46 the intergalactic medium is supposed to have become ionized at a
time corresponding to a critical red-shift zc between 2 and 3. In this case, the
absorption of light by neutral hydrogen at the Lyman a, /3,... lines and in the
Lyman continuum would reduce the luminosity of quasi-stellar objects with
z > zc, particularly at the blue end of the spectrum, so that the notable lack of
quasi-stellar objects with z > 3 could be explained as a selection effect, quasistellar objects being usually identified by their blue appearance in Palomar Sky
Sun~ey plates. If the rapid increase of quasi-stellar object density with z found by
Schmidt 1 7 (see Section 15.3) really continues beyond z = 2, then these sources
may well provide the energy that ionizes the intergalactic hydrogen at z = zcAlternatively, it may be that the quasi-stellar objects are formed at z = zc, and
that it is this formation process that ionizes the intergalactic medium. Either way,
it seems likely that something peculiar happened on a cosmic scale at z ~ 3.
The effects of ionized intergalactic hydrogen on the propagation of light signals
can be readily calculated without detailed assumptions about the plasma temperature. As long as hv and kT are much less than 1 MeV, the chief effect of the plasma
on light signals is an isotropic elastic scattering, with cross-section per electron
given by the Thomson value, CJr = 0.6652 x 10- 24 cm 2 . The optical depth can
then be calculated from (15.4.11) neglecting the first term, and setting the
scattering rate equal to
(15.4.38)
where n e is the number density of electrons, equal to the num her density of protons,
Suppose that the whole missing mass consists of ionized hydrogen; then (15.1.22).
(15.2.6), and (15.2.3) give
~

p(t)

(15.4.39)

Also, (15.3.3) gives

dt = d~ = dR(tj_
R
R(t 0 )H O

(l _ 2qo + 2qo (R(to)))R(t)

112

(15.4.40)

Using (15.4.38), (15.4.39), and (15.4.40) in (15.4.11), we find the optical depth to be

2qo
For a source with red shift z
i-(z)

=

Tc

qo

[(3q0

= R(t
+

0

+

2qo (

R(t ))]Ro

1;2

dR

)/R(ti) - 1, the optical depth is then

q0 z -

1)(1

+

2q0 z) 112

+

1 - 3q0 ]

47

(15.4.41)
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where (c.g.s. units)
Tc

= Hoare =

Ho

0.035 (

4nGmH

)

(15.4.42)

75km/sec/Mpc

The quasi-stellar objects with z = 2 do not seem particularly faint, so presumably
i-(2) is less than about unity; with H 0 = 75 km/sec/Mpc, this gives q0 < 10.
With q0 = 1 and H 0 = 75 km/sec/Mpc, the optical depth is less than unity out to
z = 6, so Thomson scattering probably does not play an important role in studies
of the quasi-stellar objects.
An intergalactic medium of ionized hydrogen would not only scatter radio
signals; it would also delay 48 them. The group velocity of an electromagnetic wave
of frequency v in an ionized gas with electron number density ne is given by 49

/3 =

(

vP2)112
1 -

(15.4.43)

v2

where vP is the plasma frequency

VP

-= (e2ne)1/2

= 8.97 x 10 3 Hz(ne[cm-

3

])

1 2

1

(15.4.44)

men

(Again, this is valid only if hv and kT are both much less than the electron restenergy.) In a locally inertial coordinate system we have ldxl = f3dt, so the invariant proper time is

line element with d()

Equating this to the Robertson-Walker
(1 - /32) dt2

= def>= 0, we have

= dt2 - R2(t) dr2
1 - kr 2

or, more simply,

/3

<},!_=

+

R

-

dr

)1 -

kr 2

For a radio signal that leaves a source with comoving radial coordinate r 1 at time
!l.t, given by

t 1 , the time of arrival is now delayed by a time
rto+t.t

/3 <!!_=

Jt1

R

rr1

Jo )1

dr

-

kr 2

(15.4.-15)

where t 0 is the time the signal would have arrived in the absence of any dispersion,
that is,

f at = f
ar
Jr1R Jo J 1 - kr
to

r1

2

(15.4.46)
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vP is much less than v, so

In all cases of practical importance,
unity,

f3is

very close to

(15.4.47)
where v0 is the frequency observed at time t 0 . Subtracting Eq. (15.4.46) from
Eq. (15.4.45) and expanding to first order in ~t and 1 - /3,we have then

~

=

R(to)

fto[1 - PJi!!_

Jt1

(15.4.48)

R

or, using (15.4.47),

~t =

ltov;(t)R(t) dt

1

2vlR(t

0)

(15.4.49)

ti

This total time delay is not just the integral of v;/2v 2 over time, as might be
thought. The extra factor of R(t 0 )/R(t) appears in Eq. (15.4.48) because the time
delay that has already occurred when a photon reaches any given point along its
path causes a slight additional increase in the distance it still has to go.
It is convenient in evaluating ~t to change variables from t to

z'

=R(to) -

1

R(t)

Equation

(15.3.3) then gives

dt = -H

0-

1

[1

+

2q0

z'r
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(1

+

z')-

2

dz'

Also, if free electrons neither appear nor disappear, then
v2(t)
p

= vz (R(to))3 = vpzo(l+ z')3
pO

R(t)

Now Eq. (15.4.49) gives

~t =

V~o
2vlHo

Izo [l

+ 2qoz'r

1/2

dz'

and therefore
(15.4.50)
For instance, suppose that q0 ~ 1 and H 0 ~ 75 km/sec/Mpc. We then expect
a present electron number density neo ~ 1.2 x 10- 5 cm- 3 [see Eq. (15.4.24)].
in which case the present plasma frequency (15.4.44) is vpo ~ 31 Hz. In contrast,
the frequencies at which quasi-stellar sources are observed 49 a to fluctuate are of
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order 10,000 MHz, which is greater than vpo by about seven orders of magnitude.
so the possible time delays are generally quite short. A sharp fluctuation in a
quasi-stellar source at z ~ 2 will appear to us to occur later at v0 = 10,000 MHz
than at very high frequencies by a time delay tit ~ 2.5 sec. Unfortunately,
although quasi-stellar sources do exhibit fluctuations, there do not seem to be any
fluctuations at radio frequencies that have time scales as short as a few days. 5 0
Also, even if such fluctuations did occur, the intergalactic time delay might be
obscured by dispersion within the source itself. However, if these difficulties could
be surmounted, then both vpo and q0 could in principle be determined by measuring
time delays for various red shifts and comparing with Eq. (15.4.50).
A more modest and perhaps more practicable program is to measure the intergalactic electron number density near our galaxy by observing the frequencydependent delay of radio signals from a pulsar in some relatively near galaxy.
(This is just an extension of the method actually used to determine the distance of
pulsars within our own galaxy, where the electron densities are reasonably well
known.) Pulsars are believed to be remnants of supernovae, so they might be found
in other galaxies by searching for very rapid radio or optical pulses at the sites of
recent supernovae, such as the one in the galaxy MlOl, at a distance d ~ 4 Mpc.
(See Figure 15.2.) At such short distances, we should replace z in Eq. (15.4.50) by

FEB. 7, 1951
JUNE 9, 1950
with
Figure 15.2 Recent Supernova in the galaxy NGC5457 (MIOI); photographed
the 200-in. telescope at Mt. Palomar. (Courtesy Mt. Wilson and Mt. Palomar obsen·atories.)
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the small quantity IJO d. Also, newborn pulsars would probably emit about 104
pulses/sec, so we are here really interested in the difference of the time delay at
neighboring frequencies v0 and v0 + dv0 :

For instance, if vP 0 = 31 Hz, the difference in arrival times of pulses from a
pulsar in MlOl at frequencies 1000 MHz and 1001 MHz would be 4 x 10- 4 sec,
comparable with the expected pulsar period. By working at 100 MHz rather than
1000 MHz, it would be possible to detect electron densities as low as about
10- 9 cm - 3 . The problem will be to find a pulsar in some other galaxy.
Other effects of an ionized intergalactic medium on light signals include
scintillation, soa free-free absorption, sob and perhaps Faraday rotation. soc. Only
scintillation now seems promising as a probe for the missing mass.

5

The Cosmic Microwave Radiation Background

The Einstein field equations require that the scale factor R(t) must have been
extremely small at some finite time in the past (see Section 15.1). At this early
epoch, matter and radiation were presumably in thermal equilibrium, with a very
high temperature. As the universe subsequently expanded, both radiation and
matter cooled. Eventually, when the temperature had dropped to about 4000°K,
the free electrons joined atoms, so that the opacity dropped sharply, breaking the
thermal contact between matter and radiation. Whatever radiation existed at that
time has since been enormously red-shifted, but it still fills the space around us.
It is widely, though not unanimously, believed, that the microwave radiation
background discovered in 1965 is just this left-over radiation, red-shifted by a
factor of approximately 1500 since the universe became transparent. If so, then
the microwave background provides information of unparalleled value as to the
history of the universe, not only back to the time when electrons became bound
but, as we shall see, back much further, to the first few seconds of cosmic history.
First, let us consider what sort of background radiation spectrum we would
expect on purely theoretical grounds. The proper energy density of the leftover
photons, with frequency at the present time t 0 between v and v + dv, is given by
Eq. (15.4.10) as

ProM dv = hv x 8nv 2 dv

to

I

exp

(

O

x A

(!__l!_o
, t)
R(t)

P(t 0 , t;

hvR O )
kT(t)R(t)

v) dt

(15.5.1)

where his Planck's constant; k is Boltzmann's constant; R 0 is an abbreviation for
of the matter (as opposed to the radiation) at time t;

R(t 0 ); T(t) is the temperature
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A(v, t) is the absorption rate for a photon of frequency vat time t; and P(t 0 , t; v)
is the probability, taking account of stimulated emission, that a photon of frequency vR 0 /R(t) present at time twill survive until the present:
P(t 0 , t; v)

=exp {-fto
[1- exp (,

hvRo
)]
kT(t')R(t')

A (vRo , t') dt'}
R(t')

(15.5.2)

The lower limit on the integral (15.5.1) can be chosen as any time t 1 for which
P(t 0 , t 1 ; v) is negligible; surely the choice t 1 = 0 meets this requirement.
The formula (15.5.1) can usefully be rewritten in the form
Pro(v) dv

hvR
f to[exp (kT(t)R(t)
O

= 8nhv 3 dv

)

-

J-1

1

O

d

x - P(t 0 , t; v) dt

(15.5.3)

dt

The survival probability P rises from P = 0 at t = 0 to P
1 at t = t 0 , so this
is just a weighted average of Planck black-body distributions. If the opacity drops very
steeply at some time tR, then P is nearly a step function at t = tR, and (15.5.3)
gives
Prov( ) d v

8nhv 3 dv

~

[exp (hv/kTy

0)

l]

(15.5.4)

where

(15.5.5)
Thus, under the assumption of a sharp drop in opacity, the present radiation background should have a black-body spectrum, with temperature Tyo·
It is common to report measurements of the radiation background in terms of
a radiation flux ef>r
0 (v), the energy received per unit time, per unit receiving area,
per unit solid angle, and per unit frequency interval. The flux can be calculated in
c.g.s. units from the above formulas for ProM by using
ef> (v)
yO

=

Pro(v)c
4n

The background measurements are also frequently reported in terms of an equivalent black-body temperature Ty 0 (v), which is defined to be that temperature for which
back-body radiation would have the observed energy density or flux at frequency v.
That is,
Prov( ) d v

_

=

8nhv 3 dv
[exp (hv/kTy 0 (v)) - l]

(15.5.6)
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A black-body spectrum is then simply characterized as having T yo(v) independent
of v. Finally, it is occasionally convenient to report background measurements in
terms of an antenna temperature T A(v), which is defined to be that temperature
for which the low-frequency Rayleigh-Jeans approximation to (15.5.4) would give
the observed density or flux at frequency v:

=

Pro(v) dv

8nkT A(v)v 2 dv

(15.5.7)

Wherever possible, our discussion here will refer to the black-body temperature
Ty 0 (v).

If we make no assumptions about the thermal history of matter before the drop
in opacity, then all we can say is that the radiation background should have
roughly a black-body spectrum, with a temperature that tells us the value of
R(t)/R 0 at the time the universe became transparent. The theoretical situation is
tremendously improved if we can assume that, during the time that matter and
radiation were in thermal contact, the matter temperature relaxed according to
the formula

T(t)
= A

~

R(t)

(15.5.8)

with A a constant. In this case, the first factor in the integrand of (15.5.3) can be
taken outside the integral, so we get the black-body formula (15.5.4), no matter how
gradual is the transition from an opaque to a transparent universe. Further, by taking
t 0 in (15.5.3) to be an arbitrary time t, we see now that Pr is given by a black-body
formula

p (v, t ) d v =
Y

8nhv 3 dv
[ exp (h v/ kT y(t)) 1]

(15.5.9)

with
A
T (t) - ~
r - R(t)

(15.5.10)

during, and before the drop in opacity. It is of course not
at all times-after,
surprising that the radiation would be described by the black-body formula
(15.5.9) during the time that matter and radiation were in equilibrium, and
naturally its temperature (15.5.10) equaled the matter temperature (15.5.8) during
that time. The noteworthy thing here is that the radiation goes on obeying the
black-body formula (15.5.9), with temperature given by (15.5.10), throughout the
period of transition from high to low opacity, and thereafter until the present.
The constant A can be determined by setting t = t 0 in (15.5.8), so the radiation
temperature at all times is

Tt-T[~J
y( ) -

yO

R(t)

(15.5.11)
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during equilibrium is the same:
T(t) = T

[

yO

Ro]

(15.5.12)

R(t)

Thus the present radiation temperature Tyo determines the thermal history of the
early universe during the whole period when TR was constant.
In order to see when TR is likely to be constant, let us consider the model of
an ideal gas in equilibrium with black-body radiation. The energy density of
black-body radiation is given by integrating (15.5.9) over v:
Pr(t) = aT r4 (t)

where, in c.g.s. units,
5

a

4

8n k
= --~~
=
3 3

15

7.5641 x 10-

erg cm-

3

4

deg-

15h c

Thus the total pressure and energy density in this model are
p

= nkT + taT

p =nm+(}'

4

- l)-

1

nkT

+

aT 4

where n is the number density of gas particles, mis their mass, and y is the specific
heat ratio of the gas, equal to 5/3 for a monatomic gas like atomic hydrogen. The
equation of particle conservation can be written
(15.5.13)
whereas the equation (15.1.21) of energy conservation reads

_i!__
[nmR 3 + (y - l)-

1

dR

3

nkTR

+

aT 4 R 3 ] = -3nkTR

2

-

aT 4 R 2

Using (15.5.13) and rearranging terms, this gives
RdT

TdR

[

(J +

+1
t( }' - 1) (J

1

J

(15.5.14)

where (Jk is the photon entropy per gas particle:

(J

=4aT
3nk

3

= 74 _0 [T(deg)]
3
n(cm-

3

(15.5.15)
)

For (J ~ 1, Eq. (15.5.14) gives

T oc R- 3 <r-1 >

(15.5.16)

which is just the usual temperature-volume relation for the adiabatic expansion of
an ideal gas. On the other hand, for a ~ 1, Eq. (15.5.14) gives
(15.5.17)
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Even for large (J, as matter goes out of equilibrium with radiation, its temperature
curve ultimately shifts from (15.5.17) to (15.5.16). However, if (J is extremely large,
then as long as there is any significant thermal contact between matter and
radiation, the radiation will continue to overpower the matter, and the matter
temperature will have the hoped-for behavior (15.5.8). In this case, (15.5.12),
(15.5.13), and (15.5.15) give (J constant:
(J

4aTY 0 3
3nok

= ---

(15.5.18)

Hence, if (J is ever very large, then it stays very large. We then say that we are
dealing with a hot universe. In a hot universe, the background radiation approximately satisfies (15.5.9) and (15.5.11) at all times, and the matter temperature obeys
(15.5.12) until the opacity becomes extremely small. Note that the number density
of photons in black-body radiation is the integral of py(v)/hv over v, or

n = 30((32 aT/
y
n4
k

= 3 _7 aT/
k

so
(J

= 0.37 nyo
no

and the condition for a hot universe can be expressed as a requirement that there
are many photons for each proton or neutron in the present uni verse. None of these
considerations gives any clue as to the actual value of Tyo, or even as to whether
this is a hot universe.
The first theoretical estimate of the radiation temperature was based on a
theory of element synthesis worked out in the late 1940's by George Gamow and
his collaborators. 5 1 (This subject will be discussed in greater detail in Section 15.7.)
At the time when the temperature was 10 9 °K, corresponding to the dissociation
temperature of deuterium, the number density of nucleons must have been roughly
10 1 8 cm - 3 , in order that a fraction of order 10 to 50% of the neutrons and protons
could fuse into heavier elements. The specific photon entropy (15.5.15) at that time
was then (J ~ 10 11 , so in this model the universe is indubitably hot, and RT Y
would therefore have remained constant, both while the universe remained opaque,
and thereafter until the present. With a present baryon number density 10- 6
cm - 3 , the scale factor at present must be larger than when T ~ 10 9 °K by a factor
(10 18 /10- 6 ) 1 13, or 10 8 , so the present radiation temperature should be 10-s
times 10 9 °K, or roughly 10°K. A somewhat more detailed analysis along these
lines, carried out in 1950 by Alpher and Herman, 52 gave Tyo ~ 5°K. Unfortunately, Alpher and Herman went on to express doubts as to whether this
radiation would have survived until the present. It is of course true that the
individual photons extant at T ~ 10 9 °K would have been absorbed long before
now. However, because u ~ 1, the matter temperature must relax like R- 1 , so
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that the photons emitted just as the universe is becoming transparent must haw
had the same value of TR as during the time of element synthesis. Nevertheless,
the remarkable prediction of a 5°K black-body radiation background was allowed
to slip into obscurity.
The problem of determining Tyo was taken up again in 1965 by Dicke, Peebles,
Roll, and Wilkinson. 5 3 They argued that the universe must once have been hotter
than 10 10 °K, because it either has expanded from a singularity with R = 0, or,
if it undergoes a cyclic oscillation between finite values of R, it must get hot
enough to dissociate the heavy elements left over from the previous cycle. This
argument does not fix a value for the present radiation temperature, but Dicke et al.
reasoned that the energy density of cosmic black-body radiation should not be
large enough to give q0 ~ 1 (see Section 15.2), so that Tyo ~ 40°K. The really
important feature of their work, however, was not this estimate, but rather the
fact that at last the black-body radiation background was being taken seriously,
with an experiment to measure Tyo being prepared by Roll and Wilkinson.
The difficult part of measuring a radiation temperature less than 40°K is of
course that the receiver circuits are at a much higher temperature, so that the
signal must be hundreds of times weaker than the receiver noise. In order to pick
out the signal, Roll and Wilkinson planned to use a radiometer invented by Dicke in
1945. In this device the radio receiver is switched back and forth a hundred times a
second between one horn pointing at the sky and another looking into a bath of
liquid helium. The receiver output is filtered to separate just that part that varies
with a frequency of 100 Hz, and the strength of this filtered output then measures
the difference between the radiation received from the liquid helium and the sky.
Before Roll and Wilkinson could complete a measurement of Tyo, they learned
that Penzias and Wilson 54 had observed a weak background signal at a radio
wavelength A = 7.35 cm in the large horn antenna at Holmdel, New Jersey, built
to observe the Echo satellite. The antenna temperature could be fit to the curve
TA(B) = 4.4°K

+

2.3°K sec

e

where 8 is the angle between the antenna axis and the zenith. The thickness of
atmosphere (taken as a flat slab) through which the antenna beam passes is proportioned to sec 8, so the second term could be ascribed to radiation from our
atmosphere. An additional 0.9°K was estimated as the contribution of ohmic
losses in the antenna and radiation from the earth into the antenna side lobes,
leaving for the cosmic microwave background a net antenna temperature
3.5°K ± 1°K. Since kTA ~ hv, this is also the equivalent black-body temperature

T y 0 (7 .35 cm) = 3.5°K ± 1°K
This observation, probably the most important to cosmology since Hubble's
discovery of the relation between red ~hift and distance, was published 54 in 1965
under the modest title "A :Measurement of Excess Antenna Temperature at

of the Background
Table 15.1 Summary of Measurements
Microwave and Far-Infrared
Wavelengths.
(The temperatures
listed are those for which black-body
the observed flux at the indicated wavelength.)

A (cm)
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Method

Radiation
radiation

would give

Ty(A) (°K)

Reference

73.5
49.2
21.0
20.7
7.35
3.2

Ground-based
Ground-based
Ground-based
Ground-based
Ground-based
Ground-based

radiometer
radiometer
radiometer
radiometer
radiometer
radiometer

a
a
b
c
d
e

3.7
3.7
3.2
2.8
3.5
3.0

3.2

Ground-based

radiometer

f

2.69

1.58

Ground-based

radiometer

f

1.50
0.924

Ground-based
Ground-based

radiometer
radiometer

g
h

{ + 0.12
- 0.17
2.0 ± 0.8
3.16 ± 0.26

0.856

Ground-based

radiometer

0.82
0.358

Ground-based
Ground-based

radiometer
radiometer

j
jI

2.56 {+
2.9 ±
2.4 ±

0.33

Ground-based

radiometer

k

0.33
0.263

Ground-based

radiometer
0)
1/J

k'

CN (J =

0.263

CN (J = 1/J

0.263
0.263
0.132
0.132
0.0559
0.0559
0.0359

CN
CN
CN
CN

(J
(J
(J
(J

0)

m

1/ J = O)
1/ J = 0)
1)
2/J
1)
2/J
CH
CH
CH+

n

=
=
=
=

IR telescope

0

n
0

n
0
0

±
±
±
±
±
±

1.2
1.2
1.0
0.6
1.0
0.5

{ + 0.16
- 0.21

2.78

0.17
0.22
0.7
0.7

2.46 { + 0.40
- 0.44
2.61 ± 0.25
~2.3
{3-22 ± 0.15(0ph
3.0 ± 0.6 ( Per
3.75 ± 0.50
~2.82
<7.0
<4.74
<6.6
< 5.43
< 8.ll
8.3 {+ 2.2
- 1.3
3.6, 5.5, 7.0

0.04-0.13

Rocket-borne

> 0.05

Balloon-borne

IR radiometer

q

0.6-0.008

Rocket-borne

IR radiometer

r

3.1 {+0.5
-2.0

0.18-1.0

Balloon-borne

IR radiometer

s

0.13-1.0
0.09-1.0
0.054-1.0

Balloon-borne
Balloon-borne
Balloon-borne

IR radiometer
IR radiometer
IR radiometer

s

2.7 { + 0.4
-0.2
2.8 ± 0.2
2.7
3.4

p

s
s

Flux at

~

~

~
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4080 MHz" with the paper by Dicke, Peebles, Roll, and Wilkinson 5 3 appearing
as a companion article to explain the fundamental significance of this measurement.
Although Penzias and Wilson reported their result as an "excess antenna
temperature," it is important to realize that they had only measured a radiation
flux at a single wavelength. It remained to verify the Planck form (15.5.4) of the
radiation frequency distribution. In Table 15.1 I have listed the measurements of
the equivalent black-body temperature of the background radiation that have been
carried out at various microwave and far-infrared wavelengths.
At wavelengths above 100 cm, the cosmic background is swamped by the
VHF radiation emitted by our galaxy. In the range from 75 to 0.3 cm, the background radiation can be measured with a ground-based microwave radiometer,
like that employed by Penzias and Wilson and Roll and Wilkinson. However,
below A = 3 cm the emission from our atmosphere becomes extremely troublesome,
and it is necessary to make observations at mountain altitudes, and at wavelengths,
such as 0.9 cm and 0.3 cm, where "windows" appear in the atmosphere. Below
A = 0.3 cm there are no more useful windows, and the measuring equipment must
be carried on a balloon or a rocket. In addition, it is possible to infer a background
temperature at certain wavelengths from the absorption of light by molecules in
interstellar space. For instance, cyanogen has a visible absorption line at 3874 A,
corresponding to transitions from the ground electronic configuration to an excited
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electronic configuration. (See Figure 15.3.) Both electronic configurations are split
into rotational energy levels, distinguished by the rotational angular momentum
J, so this absorption line splits into a number of components, 5 5 of which the most
important are R(O) [J = 0 ~ J = 1; A = 3874.608AJ, R(l) [J = 1 ~ J = 2;
A = 3873.998AJ, P(l) [J = 1 ~ J = O; A = 3875.763AJ, and R(2) [J = 2 ~
J = 3; A = 3873.369A]. (These transitions are governed by a dipole selection
rule, /j.J = ± 1.) In 1941 McK~llar 56 discovered that cyanogen radicals in an
interstellar cloud between us and the star ( Ophiuchi were absorbing light from that
star, not only in the R(O) transition from the J = 0 ground state, but also in the
R(l) transition from the first excited rotational state, which is at an excitation
energy corresponding to a wavelength 2.64 mm. From the relative strength of the
two absorption lines, a population for the J = 1 state could be inferred, corresponding to a temperature 2.3°K. McKellar could not be sure that there was not
some special excitation mechanism at work, so the only conclusion that could be
reached was that the radiation background at A = 2.64 mm has an equivalent
black-body temperature less than about 2.3°K. After the discovery of 3.5°K
radiation at 7 .35 cm by Penzias and Wilson, 5 4 Field, 5 7 Woolf, 5 8 and Shklovsky 5 Sa
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Figure 15.3 Transitions in the cyanogen absorptive
the cosmic microwave radiation background.
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independently realized that McKellar's old observations of ( Ophiuchi might
actually have measured the radiation background temperature, and not just set an
upper bound on it. This was confirmed by theoretical analyses 57 • 59 that rejected
all other rotational excitation mechanisms, and the measurements were repeated,
now including data 60 on the P(l) absorption line, and from a number of other stars.
No precise radiation temperature has emerged from these measurements, but it
appears pretty certain that Tr at 2.64 mm is between 2.7 and 3.7°K. There has also
been an unsuccessful search 60 for the R(2) absorption line in ON and various
absorption lines from excited rotational states in CH and CH+, which allows
upper limits to be set on TY at wavelengths 1.32 mm, 0.559 mm, and 0.359 mm.
Inspection of Table 15.1 shows that with the exception of the rocket and
balloon infrared measurements, all observations are consistent with a 2. 7°K
black-body distribution. But before we conclude that a black-body distribution has
been definitely established, we have to ask how significant this agreement is,
and we have to worry about the high-altitude infrared measurements. All of the
data at wavelengths above 1 cm unfortunately lie in that part of a 2.7°K Planck
distribution that is very well approximated by the Rayleigh-Jeans law
(15.5.19)
which can be obtained by letting v --+ 0 in Eq. (15.5.4). For instance, at A = 1.5
cm, the flux for a 2.7°K black body is only 15% below what would be given by the
Rayleigh-Jeans formula (15.5.19), and even at A = 0.856 cm, the Planck flux is
only 35% below the Rayleigh-Jeans flux. (See Figure 15.4.) This is a serious
deficiency, because one can imagine a number of models that would give a RayleighJ eans curve (15.5.19) down to wavelengths well below the point where the Planck
law begins to drop below the Rayleigh-Jeans law. For instance, suppose that the
observed microwave background was emitted at a time tR when the photon
absorption probability 1 - P dropped sharply, not from 1 to 0, but from some
value a < 1 to 0. Then instead of a black-body law, Eq. (15.5.3) would give a
gray-body law,

d
Pro(v) v

8nahv 3 dv
[exp (hv/kTa) - l]

~

(15.5.20)

with O < a < 1 and Ta = T(tR)R(tR)f R(t 0 ). Then, to account for the data at
A > 1 cm, it would be necessary to take

T ,....,2.7°K
(L

-

r:t

and the flux would then be given by the Rayleigh-Jeans law down to a wavelength
A ~ a cm. The total radiant energy density must be less than 10- 7 erg/cm 3 (see
Section 15.2), so a could in principle be as small as 0.08. In order to rule out this
sort of theory, we must use data for A < 1 cm, and preferably for }, < 0.2 cm,
where a 2.7°K Planck distribution has its maximum. Unfortunately. these are
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Figure 15.4 Energy density per frequency interval for 2. 7°K black-body radiation.
The solid curve gives the Planck spectrum (15.5.4); the dashed line gives the RayleighJeans spectrum
(15.5.7) for an antenna temperature
of 2.7°K. The short vertical
lines mark frequencies at which the black-body temperature
has been measured or
bounded by radiometer or interstellar absorption observations.

just the wavelengths where the atmosphere begins to interfere with radiometer
measurements. The whole case for a black-body distribution, rather than a graybody distribution, therefore rests on the radiometer measurements 61 at mountain
altitude, which give a flux at ~ 3 mm three times less than expected for the
Rayleigh-Jeans law (Eq. (15.5.19) with Tyo = 2.7°K), plus the absorption spectra
of interstellar molecules, which give upper limits 62 on the flux, at 2.63 mm,
1.32 mm, 0.559 mm, and 0.359 mm, less than Rayleigh-Jeans by factors 2.9, 2.2,
12, and 9.3, respectively. This evidence points strongly to a distribution that does
not keep going up like the Rayleigh-Jeans law, but bends over steeply around
0.2 cm, as expected for black-body radiation.
However, this simple picture is contradicted by some of the data taken in the
far-infrared by rocket- and balloon-borne equipment. These measurements are
essentially bolometric; what is observed is the total power per unit area and solidangle received by detectors having various complicated spectral-response functions. Initially the rocket observations at Cornell 6 3 and the balloon observations
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at M.I.T. 64 both indicated a flux many times larger than expected at these wavelengths for a 2.7°K black-body background. Indeed, taken together with the
interstellar absorption measurements, these data were not consistent with any
:smooth spectral distribution, let alone a Planck or Rayleigh-Jeans distribution.
The Cornell measurements have since been re-calibrated 64 a and repeated, 64 b and
now indicate a much smaller flux, but the flux is still two orders of magnitude
greater than expected for a 2.7°K Planck distribution. However, other rocket
observations 64 c and new balloon observations by the M.I.T. group 64 d give results
consistent with a 2.7°K background. These discrepancies might perhaps arise from
a number of strong lines superimposed on a 2.7°K background, or might be due to
unexpected sources of atmospheric radiation at high altitudes. These uncertainties
will probably be with us until far-infrared measurements can be made with
cryogenic equipment carried by artificial satellites.
In checking the agreement of the observed flux of background radiation at
various wavelengths with the Planck formula, it is useful to keep in mind the
departures from this formula that may be expected on theoretical grounds, even if
the observed microwave radiation represents a cosmic background left over from
the early universe. With a black-body temperature Tyo = 2.7°K, the specific
photon entropy (15.5.15) is (J = 1.35 x 10 8 for a present mass density n 0 mN =
1.8 x 10- 29 g/cm3, or (J = 5.4 x 10 9 for n 0 mN = 4.5 x 10- 31 g/cm 3 . As we
have seen, these high (J-values lead us to expect that the matter temperature T
would have followed the radiation temperature TY oc R- 1 as long as there was
any appreciable thermal contact between matter and radiation. This expectation
is borne out by detailed calculations by Peebles of recombination in a universe
filled with ionized hydrogen. 6 5 For a present density n 0 mN = 1.8 x 10- 2 9 g/cm 3 ,
the fractional ionization dropped sharply from 99.8 % to TY = 5000°K to 0.98 %
at TY = 3000°K, and then to 0.0053 % at TY = 1500°K. However, even though
the mean free path of photons at these low ionization levels was very long, the
matter temperature when T, = 2000°K was T = l 920°K, and at TY = 1500°K,
T = 1280°K. For smaller values of the present mass density, T followed TY even
more closely. In consequence, the departures from a Planck distribution should be
quite small. According to Peebles, the largest effects are the excess of photons left
over from the 2p ~ Is Lyman a transition and the 2s ~ Is two-photon transition,
by which the recombined hydrogen atoms reached their ground states. These
photons now show up red-shifted by a factor of order 2:1000 from A (Lyman a) =
1215A and A(2y) ~ 2500A, and thus produce departures from a Planck distribution at wavelengths shorter than 0.015 mm. Unfortunately, at these short wavelengths the cosmic radiation background is much less intense than the radiation
from interstellar dust 66 and gas 67 in our galaxy, so it is unlikely that we shall be
able to observe these departures from a black-body spectral distribution.
There is one other important possible source of departures from the Planck
spectrum. The calculations of Peebles 6 5 show that by the time the radiation
temperature dropped to 200°K, the residual hydrogen ionization was extremely
small, of order 10- 4 to 10- 5 . However, the experiment on Lyman a absorption
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discussed in the last section shows that there cannot have been any appreciable
amount of neutral hydrogen since a time when TY ~ 8°K, corresponding to z ~ 2.
If there really is a good deal of intergalactic hydrogen gas, as indicated by measurements of q0 (see Section 15.2), then somehow or other this hydrogen must have been
reionized at a time when Tr was between 4000°K and 8°K. If the reionization was
very early, then thermal contact would have been reestablished between matter
and radiation, and the Planck spectrum would have been distorted by an increase
in the individual photon energies. According to Sunyaev, 68 the agreement between
the observed background radiation spectrum with the Planck formula already
shows that the reionization could not have occurred until TY dropped to about
800°K.
There is also a great deal to be learned from the distribution of the microwave
background in angle. If this radiation really is left over from an earlier period when
matter and radiation were in thermal equilibrium, then we should expect the
radiation flux to be isotropic. However, there might be anisotropies of small
angular scale, owing to inhomogeneities in the primordial plasma, possibly
associated with the presence of nascent galaxies. 6 6 (See Section 15.8.) There might
also be anisotropies of larger angular scale, owing to a departure of the universe as a
whole or our local gravitational field 6 9 from perfect isotropy, and there certainly
is a small anisotropy with a 360° angular scale owing to the motion of the solar
system relative to the radiation background. If the radiation background does not
come from an earlier period of thermal equilibrium, then its angular distribution
may reveal its source; for instance, if the radiation comes from a large number of
discrete sources, then we should find large anisotropies of very small angular scale,
whereas if it comes from our own galaxy, then we should expect a large-scale
anisotropy correlated with galactic latitude.
In looking for anisotropies of small angular scale, a large antenna pointed at a
fixed angle relative to the earth is S\vept across the sky by the rotation of the earth.
If no special care is taken to maintain a stable calibration, then the measured
antenna temperature will show a gradual drift in time, which does not concern us
here. There will also be a small fluctuation around this general drift, characterized
by an r.m.s. fluctuation value (liT A)obs· If there really is an intrinsic fluctuation
liT A ·with an angular scale (} comparable with the beam width B, then (/iT A)~bs
will be given by (tiT A) 2 plus a term arising from noise in the receiver, so that
for(}

~

B

(15.5.21)

On the other hand, if the intrinsic fluctuation scale(} is much less than the beam
width B, then the beam can be regarded as split into N patches of angular diameter
e,where
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The fluctuation !1P in the power P from each patch is given by (15.5.7) as

The total power received is NP, but the fluctuations have random sign, and so the
r.m.s. fluctuation in the total power is N 1 12 f1P. Taking account of receiver noise,
the observed relative fluctuation in received power will be greater than N 1 12 !1P/NP
so

and therefore
for 8
A more detailed analysis

70

~

B

(15.5.22)

shows that for fluctuations of arbitrary angular scale f)

f1T A

_::;;

[

1

B2]1;2
(/1T

+ ()2

A)obs

in agreement with (15.5.21) and (15.5.22). For a very strong intrinsic fluctuation
with !1T A ~ TA• Eq. (15.5.22) sets an upper limit on the angular scale
(15.5.23)
Measurements of (11TA)obs at various wavelengths and beam widths are listed in
Table 15.2. The anisotropy is evidently less than a few percent on any angular
scale larger than a few seconds of arc.
In searching for anisotropies of large angular scale, it is not necessary to use a
large antenna, but care must be taken to maintain a stable receiver calibration as
the antenna beam is swept across the sky by the rotation of the earth. In the work
of Partridge and Wilkinson, 71 this is managed by aiming the horn so that it points
near the celestial equator, and then for 15 min in each half-hour, inserting a vertical
reflector that aims the beam toward the north celestial pole. With and without the
reflector, the angle between the antenna beam and the vertical is the same (48::),
so the effects of heating of the atmosphere, as well as of the apparatus, should be
the same. However, when the reflector is absent, the beam is scanned across the
celestial equator as the earth turns, whereas with the reflector inserted, the beam
points toward a more or less fixed point on the celestial sphere. Hence any change
with time in the difference between the radiation flux received with and without the
reflector should be a measure of an intrinsic variation of the flux ,,ith right
ascension (i.e., azimuth) near the celestial equator. This variation must haw a
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Table 15.2 Summary of Measurements
Background of Small Angular Scale
B

}. (cm)

TA (OK)

7.35
3.95
2.80

2.56
2.50
2.45

40'
1.4' x 20'
10
60

2.80

2.45

10'
20

0.35
0.35
0.34

1.14
1.14
1.11

~75"
80"-100"
12.5'

of Fluctuations

m the Microwave

Reference

ATAobs (oK)

{}max

0.006
0.0007
0.051
0.036
0.0061
0.0017
0.024
0.008
0.2

5"
0.1"
75"

a
a'
b

1.5"

c

1.6"
0.7"

d
d'
e

Here A is the wavelength,
TA is the antenna temperature
for 2. 70°K blackbody radiation, Bis the beam width, ATA obs is the observed r.m.s. fluctuation in
antenna temperature,
and {}maxis the largest angular scale at which the observations
would allow gross anisotropies [see Eq. (15.5.23)]. The "beam widths" of 1°, 2°,
and 6° were synthesized by integration of data obtained with a 10' beam width.
The measurement

of ATA at 0.34 cm really is a measure
interval 12.5".

of the change in slope of

TA({}) over an angular

a A. A. Penzias and R. W. Wilson, Ap. J., 142, 419 (1965).
a' Yu. N. Pariskii and T. B. Pyatunina,
Astron. Zh., 47, 1337 (1970) [transl.
14, 1067 (1971)].
b E. K. Conklin and R. N. Bracewell, Phys. Rev. Letters, 18, 614 (1967).
c E. K. Conklin and R. N. Bracewell, Xature, 216, 777 (1967).
d A. A. Penzias, J. Schram!, and R. \V. Wilson, Ap. J., 157, L49 (1969).
d' P. Boynton and R. B. Partridge, private communication.
e E. E. Epstein, Ap. J., 148, L157 (1967).

Sov. Astron.-AJ,

24-hr sidereal period, so it can be Fourier-analyzed into components with periods
24/n hr, where n is any integer.
Measurements of the anisotropy are summarized in Table 15.3. There is
evidently no statistically significant anisotropy observed, and the maximum change
in T ro around the sky is probably less than 1 %The upper limits in the 24-hr component of the anisotropy tiT rf Tyo are
particularly interesting, because they set stringent upper limits on the velocity of
the solar system relative to the rest of the universe. Suppose that there is a
fundamental reference frame in which the background radiation is perfectly
isotropic, with a Planck spectrum, and assume that the earth moves with a
velocity v EB with respect to this fundamental frame. In the fundamental frame,
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Table 15.3 Summary of Measurements of Anisotropies of Large Angular Scale
in the Microwave Background
(The data used in reference e include those used in referenced.)
tiT y/T yo are based on an assumed value Tyo = 2. 7°K.

A (cm)

Type

7.35
7.35
3.75

r.m.s.
r.m.s.
24 hr

3.2

( 12 hr
24 hr

3.2

( 12 hr
24 hr

0.8

( 12 hr
24 hr

Reference

ATy/Tyo (%)

a
b

~10

~3.7
0.06
0.18
0.03
0.06
0.04
0.20
0.28

All values of

±
±
±
±

±
±
±

c

0.03
0.08
0.08
0.06
0.06
0.24
0.43

d

e
f

a A. A. Penzias and R. W. Wilson, Ap. J., 142, 419 (1965).
b R. W. Wilson and A. A. Penzias, Science, 156, 1100 (1967).
c E. K. Conklin, Nature, 222, 971 (1969).
d R. B. Partridge and D. T. Wilkinson, Phys. Rev. Letters, 18, 557 (1967).
e D. T. Wilkinson and R. B. Partridge,
quoted by R. B. Partridge,
American
(1969).
f S. P. Boughn, D. M. Fram, and R. B. Partridge,
Ap. J., 165, 439 (1971).

Scientist,

57, 37

the photons within a solid angle sin(_) d(} d<pand a frequency interval dv contribute
to the energy-momentum tensor an amount
dTW11 = (pµp

v)(sin

h2v2

where pµ is the photon momentum

(_)d(} d<p)
( )d
4rr
Pro v v

four- vector :

pµ = hv(sin (_)cos <p,sin(_) sin

<p. cos

e. 1)

(It follows from (2.8.4) that dTµv is proportional to pµp>'; the coefficient of pµp\. is
determined so that the integral of dT 00 over(_) and <pshould be Pro dv.) In the earth
frame these photons have an energy-momentum
tensor given by the tensor
transformation rule
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where A is the Lorentz transformation defined by (2.1.17)-(2.1.21), taking v
- v EB. In order to express dT'W11 in terms of earth-frame quantities, we note that

=

or, taking the z-axis in the direction of the earth's velocity,

v[l -

VEB COS

v' = -----[l - ve/]1;2
COS

8'

= [ -VEB +
[l -

8]

COS

8]

VEB COS

8]

<p' = <p

where 8 is now the angle between the velocities of the earth and photon. The solid
angle then has the transformation rule

sin O' dO' dq>' =

(fr

sin O dOdq,

and so the differential energy momentum tensor in the earth frame is

dT'µv = 2p'µp,vh-

1 [ehv/kTyo-

1r

= 2p'µp,vh- 1 [ehv'/kT~o- 1r

1
1

sin 8 d8 d<pvdv
sin8' d8' d<p'V'dv'

where
(15.5.24)
We see that dT~ v has the same form as dT µv, so that the background radiation in the
earth frame has a Planck spectrum, but with an angle-dependent temperature T; 0 .
For v EB ~ 1, the departure of the measured temperature from the "true" blackbody temperature Tyo is
(15.5.25)

In the experiments of Partridge and Wilkinson and of Conklin, the antenna
beam scans a circle on the celestial sphere of fixed declination b once a day, so
tiT yo should have a 24-hr period, with maximum value given by
(15.5.26)
where v@(b) is the component of the earth's velocity (in c.g.s. units) along the cone
of declination b. This maximum is attained when the antenna points in the
azimuthal direction toward which the earth is moving. The combined data of
Partridge and Wilkinson 71 give as a most likely velocity vEB(0°) ~ 120 km/sec
with a direction toward O hr right ascension and a vector error of magnitude
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180 km/sec. Conklin 72 gives as a most likely velocity vEB(32°N) ~ 160 km/sec
with a direction toward 13 hr right ascension (just the opposite to Partridge and
Wilkinson!) and a vector error of magnitude 85 km/sec. It is reasonable to conclude
from these two results that

IvEBI ~

(15.5.27)

300 km/sec

This upper limit is already of the same order of magnitude as the velocity of the
solar system in the local group of galaxies (owing mostly to the rotation of our own
galaxy) which is estimated 7 3 as 315 km/sec toward 22 hr right ascension. Clearly
neither the earth, nor the whole local group of galaxies, is moving at great velocity
relative to the radiation background. It will be of very great interest to learn how
fast we are moving, and in what direction.
Apart from the effects of the earth's motion or local gravitational fields, the
microwave background might also exhibit anisotropies owing to a cosmic inhomogeneity at the time tR that the radiation was last emitted or scattered. If there has
been no scattering of the background radiation since the recombination of hydrogen
at about 4000°K, then the time tR corresponds to a red shift zR given by

T y(tR) ~ 4000°K = 1500
Tyo

2.7°K

On the other hand, if there is an_ intergalactic free electron gas with number
density 1.2 x 10- 5 /cm 3 , then, as remarked in the last section, the time of last
scattering would correspond to a red shift zR ~ 6. It would be very interesting to
use the observed isotropy or anisotropy of the present microwave background to
determine the scales of distances at which the universe is homogeneous or inhomogeneous at the time tR.
To this end, consider two photons that leave comoving sources A and B at time
tR, and arrive at the earth at time t 0, traveling along paths separated at the earth
by an angle e. With the earth taken as the origin, Eq. (14.3.1) gives the radial
coordinates of the sources A and B as

(15.5.28)
where

ri
Jo

Ito dt

dr
~~kr

2

=

tR

(15.5.29)

R(t)

Since photons travel to the earth on trajectories with constant direction x/r, the
sources will be separated in the Robertson-Walker
coordinate system by exactly
the observed angle e that separates the light rays arriving at the earth. That i~.

(15.5.30)
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with the scalar product defined in terms of the Robertson-Walker
as if these coordinates were Cartesian:

coordinates

xi

(15.5.31)
Our problem is to determine the proper distance along a geodesic from A to Bat
time tR as a function of(), for various assumed values of zR ranging from 6 to 1500.
According to Eq. (14.4.3), the geodesic from A to B can be chosen (setting x 1
equal to a vector ae normal ton) to have the form
x(p) = np
where a is a constant,
vectors,

+

ae(l - kp 2 ) 1 12

pis a variable parameter,

(15.5.32)

and n and e are orthogonal

n 2 = e2 = 1

unit

(15.5.33)

the scalar products being defined as in Eq. (15.5.31). The initial and final values of
pare - p 1 and + p 1, with p 1 determined by the condition (15.5.28), that is,

In addition,

the condition
cos

e=

(15.5.30) gives

x( + P1). x( - P1)

= [-

P1 2

+

r12

a2(l - kp1 2)]
r12

Both p 1 and a can thus be expressed in terms of r 1 and

e:

. e

p 1 = r 1 sin 2

a = r 1 cos

~[l

n1 2

- kr ,2 sin

2

I

The proper distance from A to B can now be calculated by integrating
son-Walker line element from - p 1 to + p 1 :
d(())

=

R(t )

JP1 ((d~(p))2

R

+

dp

-p1

k(x(p) . dx(p)/dp)2)1;2

1 -

kx 2 (p )

the Robert-

d

p

and thus
d(())

__ .. 2Ro

~

1

+

ZR

f.r
1

O

sin (0/2)

dp

~h -

kp

2

(15.5.34)
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If the time tR of last scattering or emission occurs after the start of the matterdominated era, then (15.2.5) and (15.3.23) can be used to express R 0 and r 1 in
terms of H 0 , q0 , and zR, and we find

2

d(8)
H 0 (1

+

zR) J2q

1

0 -

-1

[zRqo + (qo - 1)( -1
qO2(1 + ZR)

x sin-1 {j__2qo_

+

J2qozR

for q0 >
4

d(())

H 0 (1

+

{1 - ( 1

zR)

+

~

zR) - 1I 2 } sin

l)] sin ()2--}

-!-,k = + 1

(15.5.35)

-!-,k =

(15.5.36)

for q0 =

2

+

0

2

d(())
H 0 (1

+

zR) J1 - 2q0

- 2q0 [zRqo + (q0

. h_ 1 (Jl

X Sln

qO2(1

+

1)(-1

-

+

J2q 0 zR

2

ZR)

for q0 <

In particular,
d(B)

fore

~

+ l)] Sln. -())

±, k =

-1

for()

~

(15.5.37)

0, Eqs. (15.5.35)-(15.5.37) give

~ [zRqo + (q0

-

1)( -1 + J2q 0 zR
q/(1 + zR)2Ho

+

l)J()

0

If the homogeneity of the universe is achieved by the physical transport of
energy and momentum from one place to another at velocities less than that of
light, then we should expect 7 4 the universe at time tR to be inhomogeneous over
distances larger than twice the "particle horizon" (15.3.32), because no homogenizing signal could travel from any point to a pair of comoving particles separated
by a proper distance greater than 2dH(tR) by time tR. If this is correct, then the
microwave background ought to exhibit large anisotropies for angular scales greater
than an angle ()H, which can be calculated by equating 2dH(tR), given by Eq.
(15.3.33), to d(()H), given by Eqs. (15.5.35)-(15.5.37):

sin

eH-

qoJ~+I

2 - zRqo
If zR

~

+

(q0

-

1)(-1

+

J2q 0 zR

+

(15.5.38)
1)

1500, then we can use the approximation

eHcc::'. 2 (

)1/2~ 4.2oJqo-

2
z:O

(15.5.39)

(This result would not be very much changed if the matter-dominated
era began
somewhat after the recombination of hydrogen.) If zR ~ 6 and q0 = -!-or q0 = 1,
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then ()H '.:::::'.
75°. However, there is no sign of any appreciable anisotropy in the
microwave background at such angular scales-on
the contrary, the microwave
radiation appears to be highly isotropic on all angular scales greater than 1°. In
the light of the above analysis, it is difficult to understand how such a high degree
of isotropy could be produced by any physical process occurring at any time since
the initial singularity.
The observed distributions of the radiation background in frequency and angle
certainly suggest that this is isotropic black-body radiation left over from an earlier
period ,,-hen matter and radiation were in thermal equilibrium. However, other
possibilities are not yet excluded by the data. The energy density of starlight within
our galaxy is of the order of 5 x 10- 1 3 erg/cm 3,just about the same as the energy
density of 2.7°K black-body radiation. For this reason, Hoyle, Narlikar, and
\Yickramsinghe 7 5 have suggested that a large fraction of the optical-frequency
starlight in our own and other galaxies may be absorbed by interstellar grains,
which are heated to a few degrees, and reemit the energy at microwave frequencies,
either as a continuum or in discrete lines. It would not be impossible for this reemitted radiation to be isotropic and to imitate a Planck spectrum, but this seems
artificial. Another possibility that has been widely considered is that the microwave
background may arise from a large number of discrete sources. 76 Here again, a
Planck spectrum would not be impossible over the accessible range of wavelengths, but there is no special reason to expect it. Also, in this case the observed
isotropy does put severe limits on any discrete source theory. For example, if the
microwave background comes from discrete sources at an average distance of
order H 0 - 1 , then we should expect gross anisotropies in the microwave background
at an angular scale e such that the volume H 0 - 3 8 2 contains about one source,
that is, for
(15.5.40)
where d is the mean separation of the sources. The limit () ;S 1 sec given in
Table 15.2 thus sets an upper limit d ;S 1 Mpc, about the same as the mean
separation of galaxies. Detailed analyses 7 7 of the data in specific models show a
density even greater than that of galaxies, which would seem to rule out such
theories.
The most interesting effects of the cosmic radiation background occur at early
times, when the temperature was much greater than at present. These effects will
be the subject of the next six sections. However, even at present, the radiation
background can have some interesting effects:
(A) A relativistic electron of energy Yeme will undergo inverse Compton
scattering on the microwave photons, producing recoil photons of average energy 7 8

E = 3.6y/kTyo =

8.4 x 10- 4 ye2 eV ( Tyo)
2.7°K

(15.5.41)

Hoyle 7 9 proposed that inverse Compton scattering of cosmic ray electrons
within our galaxy is responsible for the diffuse background 13 of cosmic X-rays,
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but it was pointed out by Gould 8 0 that the intensity from this mechanism is several
hundred times smaller than the observed X-ray background. Soon after, Felton 81
showed that the inverse Compton scattering of cosmic ray electrons in intergalactic
space could produce X-rays of the observed intensity. This model has received
support from the remark of Brecher and Morrison, 82 that an observed kink in the
cosmic ray electron spectrum at ye ~ 7 x 10 3 would, according to (15.5.41),
produce a kink in the spectrum of the diffuse X-ray background at about 40 KeV,
just where a kink is observed. 13 However, the more recent calculations discussed
in the last section indicate that this k1nk is due to thermal bremsstrahlung in hot
intergalactic· hydrogen, with inverse Compton scattering important only below
1 keV. The range of high-energy electrons in a 2.7°K background drops sharply
for ye <::;104, so if cosmic ray electrons really come to us across intergalactic
space, the observed electron energy spectrum should be cut off sharply at energies
above 10 Ge V.
(B) It has been observed 8 3 that the very strong radio galaxy Centaurus A
emits X-rays in a frequency range 1 to 10 Ke V with a total power Lx = (11 ± 4) x
10 40 erg/sec. By using the theory of synchroton emission to account for the
observed radio flux, it is estimated 84 that Centaurus A contains about 1.7 x 10 59
ergs in cosmic ray electrons, typically with ye ~ 2.5 x 10 3 • The inverse Compton
scattering of these electrons on a 2. 7°K radiation background would produce
X-rays, at an average energy gfren by (15.5.41) as 5 keV, with a total power
Lx ~ 5 x 10 40 erg/sec, in agreement with the observed value. The most important
aspect of this result is that the predicted X-ra.Yi power is most sensitive to the
background radiation flux at short ,mvelengths, ~ that if the early rocket 63 and
balloon 64 observations really gaye the correct temper~ture at these wavelengths,
the X-ray power from Centaurus A would be more th~n an order of magnitude
larger than observed. Howe-ver, this interpretation of the Oen A X-ray source is
still in doubt.
(C) When a particle of mass rn and momentum p 1 strikes a photon of energy w
at an angle
the total energy in the center-of-mass system is

e,

EC2

(w

+

(p2

2w[(p 2

+

m2)1f2)2

-

+
+

(p2

m 2) 112 - p cos 8]

+

2pw cos

e + w2)

m2

(15.5.42)

In order for a nucleon to have a cross-section on a photon that is of first rather
than second order in ct = 1/137, it is necessary for Ec to be greater than the
threshold mN + mrc for the process y + N --+- n + N:
(p 2

+

m 2 ) l/

2

p cos 8 ~

-

m

2
rr

+

2mNmrc

2w

Thus we expect a sharp cutoff
E

p,max

85

mm

~ __!!______!!

w

in the cosmic ray proton energy spectrum at

~ mNmrc ~ 3 x 102oev

kT

yO
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which is just about at the upper limit of current cosmic ray observations. Similarly,
for cosmic ray photons, the pair production process y + y ~ e + + e gives a
sharp drop 86 in y-ray range for (Ee) ~ 2me, that is, at an energy
E e, max

2me2

'.::::::'.
~~ '.::::::'.
10

15

e

v

kTyo

These upper limits apply only ifwe assume that the high-energy cosmic ray photons
and protons arise outside our own galaxy.

It is not yet certain that the observed microwave background really is blackbody radiation left over from an earlier era. However, the case for this view is
certainly good enough to warrant a thorough examination of its implications for
the early universe. We now turn to a consideration of these consequences.

6

Thermal History of the Early Universe
The energy density of the present 2.7°K microwave background

Pyo = aT: 0 = 3.97 x 10-

13

erg/cm

3

= 4.40 x 10-

34

is

g/cm

3

(15.6.1)
As already remarked in Section 15.2, this is considerably less than the present
nucleonic rest-mass density, so that we presently are in a matter-dominated
era,
which has lasted throughout most of the history of the universe. This era was
discussed in detail in Section 15.3.
We now turn our attention back to an earlier period, when radiation and
relativistic particles were more important than ordinary matter. In order to avoid
losing the thread of our story in the details of 'iur calculations, it may help to
outline first what is now commonly pictured to be the early history of the universe,
and then go into the detailed calculations that support this picture. The outline of
universal history is currently believed to be something as follows (see Figure 15.5):
(A) At very early times, when the temperature T was above 10 12 °K, the
universe contained a great variety of particles in thermal equilibrium, including
photons, leptons, mesons, and nucleons and their antiparticles. The strong interactions among mesons and nucleons make this era very difficult to study; it will be
discussed briefly in Section 15.11.
(B) At the time when T ~ 10 12 °K, the universe contained photons, muons,
antimuons, electrons, positrons, neutrinos, and antineutrinos. In addition, there
was a very small nucleonic contamination, with neutrons and protons in equal
numbers. All of these particles were in thermal equilibrium.
(C) As the temperature dropped below 10 12 °K, the µ+ and µ- began to
annihilate. After almost all muons were gone, at T '.::::::'.
1.3 x 10 11 °K, the neutrinos
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history of the early universe. Here T is the temperature
of the
and Tv is the temperature
of the decoupled ve, Ve, vµ, and vµ.

and antineutrinos decoupled from the other particles, leaving e ±, y, and a few
nucleons in thermal equilibrium, ,vith T oc R- 1 . (The electron-type neutrinos may
have remained in equilibrium with the other particles a little longer than the
muon-type neutrinos, but this makes no difference.)
(D) As the temperature dropped below 10 11 °K (t ~ 0.01 sec), the neutronproton mass difference began to shift the small nucleonic contamination toward
more protons and fewer neutrons.
(E) As the temperature dropped below 5 x 10 9 °K (t ~ 4 sec), the electronpositron pairs began to annihilate, leaving as the dominant constituents of the
universe only photons, neutrinos, and antineutrinos in essentially free expansion,
with the photon temperature 40.1 % higher than the neutrino temperature. At the
same time, the cooling of the neutrinos and antineutrinos, and the disappearance
of the electrons and positrons. froze the neutron-proton ratio at about 1: 5.
(F) At a temperature of about 10 9 °K (t :::::::
180 sec), the neutrons rapidly
began to fuse with protons into heavier nuclei, leaving an ionized gas of hydrogen
and He4, with about 27% helium by weight, and a trace of d, He3, and other
elements.
(G) The free expansion of the photons, neutrinos, and antineutrinos continued.
with TY = 1.401 T v oc R- 1 . The ionized gas temperature remained locked to the
photon temperature until the hydrogen recombined at T ~ 4000°K.
(H) At some temperature between 10 3 °K and 10 5 °K, the energy density of the
photons, neutrinos, and antineutrinos dropped below the rest-mass density of
hydrogen and helium, and we entered upon the matter-dominated
era.
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In filling in the details of this history, it will prove very convenient to concentrate in this section on the thermal evolution of the leading constituents of the
early universe, the photons and leptons, and postpone our discussion of nucleosynthesis to the next section.
First, let us consider the equation governing the time scale for expansion of the
early universe. This is somewhat simpler than in the matter-dominated era, because
the curvature of space may be neglected. Fork = ± 1, the right-hand side of the
Einstein equation (15.1.20) has a present value given by (15.2.5) and (15.2.6):

We saw in Section 15.2 that q0 is probably greater than 0.014, so at present
8nGpR 2 /3 is greater than 0.03. During the matter-dominated
era, this quantity
varies as 1/R oc T, so it was greater than 10 when Ty was 1000°K, and was even
larger at earlier times. Hence, during the whole early history of the universe, k was
much less than the right-hand side of Eq. (15.1.20), and this equation therefore
simplifies to
8nGpR 2

3

(15.6.2)

It will make no difference in our discussion of the early universe whether space is
open or closed.
Now we must consider what were the contents of the early universe. At any
given time, we can expect to find some particles in thermal equilibrium with each
other, other particles in free expansion, and perhaps some particles that are just
passing from one condition to the other. In the ideal-gas approximation,
the
number density ni(q) dq of particles of type i with momentum between q and
q + dq is given in thermal equilibrium by a Fermi or a Bose distribution 8 7 :
(15.6.3)

=

(m/ + q 2 ) 112 is the particle energy, µi is the chemical potential,
where EM)
the sign ± 1 is + 1 for fermions and -1 for bosons, and gi is the number of spin
states, with g = 1 for neutrinos and antineutrinos and g = 2 for photons, electrons,
muons, nucleons, and their antiparticles.
The chemical potentials must be determined from a consideration of the
conservation laws obeyed by the various possible reactions. The basic rule is that
µi is additively conserved in all reactions. 8 8 In particular:
(A) Photons can be emitted or absorbed in an arbitrary reaction in any
number, so µY = 0. (Equation (15.6.3) then reduces to the Planck distribution
(15.5.9), with ny = pY/hv and q = E = hv.)
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(B) Particle-antiparticle
pairs can annihilate into photons, so the chemical
potentials of a particle and its antiparticle are equal and opposite.
(C) Electrons and muons can be converted into their associated neutrinos ve
and vµ by collisions with each other or with nucleons, in such reactions as
µ

The chemical potentials

+p

~ Vµ

+

n,

etc.

are therefore related by
(15.6.4)

Altogether there are just four independent conserved intrinsic quantum numbers:
charge, baryon number (nucleons and hyperons minus antinucleons and antihyperons), electron-lepton number (e- and ve minus e+ and 1\), and muon-lepton
number 89 (µ- and vµ minus µ+ and iiµ). Hence there are just four independent
chemical potentials, which can be taken as µp, µe-, µve' µvµ· These four independent
chemical potentials are to be determined by the values for the charge density
N Q• the baryon number density NB• the electron-lepton number density NE, and
the muon-lepton number density NM• all of which simply vary as R- 3 . The
problem of determining the chemical potentials thus leads us to the question:
What are the values of the four densities N Q, NB• NE• and NM?
We know that the average charge density N Q is zero, or at least very small. 90
We also know that the baryon number density NB is much less than the number
nP + nn - nP - nii is 8 to 10
density ny of photons, because at present NB '.:::::
orders of magnitude less than ny, whereas at earlier times N BR3 was strictly
constant and nYR 3 oc (T YR) 3 was roughly constant. Unfortunately we know very
little about the present number density of neutrinos, so we cannot estimate the
value of NE = ne- + nVe - ne+ - nVe or NM = nµ- + nVµ - nµ+ - nv,_,·
However, since NB is 8 to 10 orders of magnitude less than ny, it is at least a
reasonable guess that NE and NM are also much less than ny. If so, then it is a
good approximation to set all the conserved quantum numbers equal to zero:
(15.6.5)
Of course, NB is not really zero, and we shall have to put the baryons back into the
calculation in the next section when we consider the synthesis of the elements, but
NB can be ignored in calculating the gross thermal history of the early universe.
The question of whether NE and NM can also be ignored will be taken up at the
end of this section.
The problem of determining the chemical potentials is now very easy. The
chemical potentials of particles and antiparticles are equal and opposite, so the
four densities N Q• NB• NE, and NM are odd functions of the four independent
chemical potentials µp, fl.e-, µve' µvµ· Hence the values of the µi determined by
(15.6.5) are simply

µ; = 0

(15.6.6)
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This approximation
allows us to deal with energy conservation in a very
convenient manner. The total energy density and pressure of all the particles in
thermal equilibrium are now evidently just functions of the temperature alone:

= (eq)
L

Peq(T)

i

=

Peq(T)

i

f

Lf

EJq)nM; T) dq

(15.6.7)

(L)

(15.6.8)

3EM)

(eq)

ni(q; T) dq

[see Eqs. (2.10.21) and (2.10.22).J According to the second law of thermodynamics,
the entropy of the particles in equilibrium at temperature T within a volume Vis a
function S( V, T) with
I

= -

dS( V, T)

T

{d(peq(T) V)

+ Peq(T)

dV}

(15.6.9)

so that

as(V,T)

av

=

8S(V, T) =

8T

1

T {Peq(T) + Peq(T)}

!

~f!_e_q(T)
T dT

The energy density and pressure must then satisfy the integrability

i_

oT

[!_
{
T Peq

(T)

+ Peq (T)}J

- i_
- oV

[!
T

condition

dpeq(T)J
dT

or, after a little rearrangement,
(15.6.10)
[This may also be derived directly from Eqs. (15.6.7) and (15.6.8).] As long as the
particles in thermal equilibrium interact only with each other, their total energy
and pressure must separately satisfy the energy conservation equation (14.2.19):

R3

dp

~

dt

d

= - [R 3 {p
dt

eq

+ p eq } ]

(15.6.11)

J

(15.6.12)

Using (15.6.10), this may now be written

[R
3

-d

dt

~ {Peq(T)

T

+ Peq(T)} =

This conservation law has a simple interpretation
(15.6.10) in (15.6.9) gives
dS( V, T)

=

1
V
T
d[{peq(T) + Peq(T)} VJ- T 2

0

in terms of the entropy. Using

{Peq(T)

+ Peq(T)}

dT
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so, except for a possible additive constant,
S( V, T)

v {Peq(T) + Peq(T)}
T

= -

(15.6.13)

The result (15.6.12) thus simply states the constancy of the entropy in a volume
R 3 (t):
R3
(15.6.14)
8
S(R3, T) = ~ {Peq(T) + Peq(T)}
T

=

In particular, when all the particles in equilibrium are highly relativistic,
can set E = q in (15.6.7) and (15.6.8), so that

we

Peq(T) = -!Peq(T)

(15.6.15)

Peq(T) oc T4

(15.6.16)

Then (15.6.10) gives

with a "constant" of proportionality that depends on just which particle types are
abundant in equilibrium at these temperatures. [This result can also be obtained
directly from (15.6.7) and (15.6.8).] Using (15.6.15) and (15.6.16) in (15.6.12) then
gives a temperature decrease
1

T oc R

(15.6.17)

We shall see that this holds through most, but not all, of the early history of the
universe.
Our next task is to decide which particles were in thermal equilibrium at
various times. One of the simplifications brought about by our neglect of the
chemical potentials is that the only particles that can be present in thermal
equilibrium with appreciable number densities (15.6.3) are those with mass
12
m < kT. For kT < mrr., or T < 1.5 x 10 °K, these are theµ±, e±, Vµ, vµ, ve, i\,
and y. (Gravitons are ignored here, for reasons discussed in Section 15.11.)
Throughout the early history of the universe, the processes of pair production
and annihilation and Compton scattering kept any extant charged particles in
thermal equilibrium with the photons. Hence the photons were described by the
Planck law (15.5.9), and the e± and µ± were described by a Fermi distribution
with zero chemical potential:

n,- (q) dq = n,, (q) dq =

[exp(
2

8nh- 3 q 2 dq

.Jq k;

m,2)+

IT'

(15.6.18)
nµ-

(q) dq =

nµ+

(q) dq = 8nh-

3 2

q dq exp

[

(

,Jq 2kT+ m µ 2)+

I

]-1
(15.6.19)
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What about the neutrinos and antineutrinos? We know that they can be
produced, destroyed, and scattered in reactions such as
e-

+

Ve+µvµ

As long as
order

kT<

mµ,

+

+
+--+Vµ +
+--+Ve +

µ+ +--+Ve

µ+

iiµ

e+

e

iie

e+

iiµ

+ µ+ µ+
+ µ-

+
+--+iiµ +
+--+ii e +
+--+iie

Vµ
e+

(15.6.20)

e

the cross-sections for all of these reactions will be roughly of
(15.6.21)

where Uwk = 1.4 x 10- 49 erg-cm 3 is the weak coupling constant, known from the
observed rate for the muon decay process µ+ ---+ e + + v e + i\. At these temperatures, all particle velocities are of order unity, and (15.6.18) and (15.6.19)
give the densities of the charged leptons e ± and µ ± as

,..,_,
(kT)
h
3

n1,..,_,

(15.6.22)

~

Hence the rate at which a single neutrino is scattered,
production per charged lepton, are both of order

and the rate of neutrino

(15.6.23)
The total energy density is roughly of order
(15.6.24)
so according to (15.6.2), the expansion rate is of order
H

=!!,_
~ (Gp) 1;2 ~ a112h- 3f2(kT)2
R

(15.6.25)

Hence, as long as kT > mµ, or T > 10 12°K, the ratio of the reaction rate un 1 to
the expansion rate His (now using c.g.s. units)
un1

H

~

a-112ri-11;2c-

112

2
gwk

(kT)3

~

(--!'____)
(15.6.26)
10100K
3

However, all of the reactions (15.6.20) require either the presence of a µ- orµ+,
or enough energy to make a µ- orµ+. When
< mµ, the number density of
muons, and the number densities of other particles with energy E > mµ, are
reduced by factors of order exp ( - mµ/kT), and in consequence the ratio of the
reaction rate to the expansion rate is of order

kT

un1

H

~

(~T)3
I0 10°K

ex

(-

p

10120K)

T

(15.6.27)
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The neutrinos and antineutrinos drop out of thermal equilibrium with the other
particles when this ratio falls below unity, that is, at about T ~ 1.3 x 10 11 °K.
Actually, it may be that the v e and ve remain in thermal equilibrium a little
longer than the vµ and vµ- According to present theories, 91 the weak interactions
arise from the coupling of a "weak current" to itself, either directly, or through
the agency of a charged spin-I particle, the ''intermediate vector meson.'' If this is
so, then there are additional reactions involving v e and ii e'

(15.6.28)
whose cross-sections are of order (15.6.21) for kT > me. These reactions do not
involve µ±, so the ratio of the ve and ve reaction rates to the expansion rate H
would be given by Eq. (15.6.26) for kT > me, that is, down to a temperature
T '.::::::'.
5 x 10 9 °K. The reactions (15.6.28) could then keep v e and ve in thermal
10 10 °K, where the ratio
equilibrium with y and e± down to a temperature T '.::::::'.
173
(15.6.26) drops to unity.The same may even be true
for vµ and iiµ.
We are now in a position to work out the thermal history of the early universe.
Let us start at a temperature between 10 12 °K and 1.3 x 10 11 °K, when theµ+
andµ- were rare enough so that their contribution to Peq and Peq could be neglected,
and yet abundant enough to keep the neutrinos and antineutrinos in thermal
equilibrium with the other particles. The important constituents of the universe
then were e±,y, ve, 1\, Vµ, and i\, all in thermal equilibrium. The photons had a
Planck distribution, thee± had the Fermi distribution (15.6.18), and the neutrinos
and antineutrinos had the Fermi distribution

nv)q) dq = nv)q) dq = nv,,_{q).
dq = nv,,_{q)dq
=

r

4nh-d{exp(k~)
+
3 2

q

(15.6.29)

Since all these particles were highly relativistic, the temperature was falling in
obedience to Eq. (15.6.17), that is, T oc R- 1 . When T dropped to about 1.3 x
10 11 °K, the vµ and iiµ, and possibly also the v e and i\, decoupled from the particles
in equilibrium and began a free expansion. However, this decoupling had no effect on
any of the distribution functions. The particles remaining in equilibrium still
constituted a highly relativistic gas, so their temperature continued to drop like
I/R. In addition, the number density of the free neutrinos and antineutrinos fell
like 1/R 3 and their momenta were red-shifted by a factor I/R (just as for photons),
so that the form of the distribution (15.6.29) was preserved, with a neutrino
temperature T v proportional to 1/R. Since T v equaled T before decoupling, and
T v and T both decreased like 1/R thereafter, the neutrinos and antineutrinos
continued to be described by the Fermi distribution (15.6.29) with T v = T. just
as if they had remained in thermal equilibrium with the other particles. There
may have been a second decoupling, of ve and v e at T ~ 10 10 °K, but again this
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made no difference to the neutrino and antineutrino distribution function, provided
that the ve and ve mostly decoupled while the e± were still relativistic. Thus, during
the whole of the era IO 12 °K > T > 5 x IO9 °K, the neutrinos and antineutrinos
behaved as if they were in thermal equilibrium, and all particles, y, e ±, vµ' vµ' v e'
and ve' were described by Planck or Fermi distributions with the same temperature
T, falling like 1/R. The energy densities of the neutrinos and antineutrinos were
thus
(15.6.30)
where

(15.6.31)
Also, for kT > me thee±

were relativistic,

so

Pe- = Pe+ = 2pv = ifaT 4

(15.6.32)

(The densities Pe± are twice Pv, because thee- and e+ each have two spin states.)
The total energy density of the universe during the era from T < 10 1 2 °K to
T :::::::'.
10 10 °K was thus
(15.6.33)
The story now becomes a little more complicated. Below 10 10 °K, the only
important particles left in thermal equilibrium were the e± and y. Their entropy
per volume R 3 is given by (15.6.14), (15.6.7), (15.6.8), and (15.6.18):
R3
8

=

T

{Pe-

+

Pe+

+

+ Pe- + Pe+ + Py}

Py

For T > 5 x 10 9 °K, the electrons and positrons were relativistic,
and (15.6.32) apply, and (15.6.34) gives
8

4R 3

= --

3T

{Pe-

+

Pe+

+

Py} = Va(RT)

3

(15.6.34)
so (15.6.15)

(15.6.35)

As T dropped below 5 x I0 9 °K, thee+ and e- annihilated, eventually leaving just
photons, with
s

4R 3

= --

3T

Py

=

fa(RT)

But s is constant, so the effect of the disappearance
RT by a factor 9 2

3

(15.6.36)
of e - and e + was to increase

(RT)r< 1090K (11)1/3
(RT)r> 5 x 109°K= 4

(15.6.37)
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The neutrinos and antineutrinos did not get heated by the electron-positron
annihiliation, so their temperature just continued to fall like R- 1 . Hence, for
T < 5 x 10 9 °K, we have to distinguish between the temperature Tv of the
neutrinos and antineutrinos, and the temperature T of the photons plus any
remaining charged particles. Since RT vis constant and RT jumped by the factor
(ll/4) 1 13, the photon temperature was eventually greater than the neutrino
temperature by just this factor:

(!:_)
TV

113

(!__!_)=

=

.
between 5 x 10 9 °K and

In order to determine the behavior of RT or T/Tv
10 9 °K, we have to use the expression (15.6.34), or
s - fa(RT)

3

(15.6.38)

l 401

4

T<109°K

(15.6.39)

.9' (:;)

where
Y(x)

l

+ _4_5 looy2 dy [-Jx2 + y2 +
2n4 Jo

x [exp ( ,Jx 2

+

y2)

+

1r

---:=y=2==]
+ y2

3 ,Jx2

1

(15.6.40)

The constant s can be expressed in terms of the constant RT v by replacing T with
T v in (15.6.35), so that
(15.6.41)
A numerical calculation 9 3 of the function 9' shows that T /T v had risen only to
1.001 by the time the temperature dropped to 3 x 10 9 °K, and T/T v did not reach
1.4 until T fell below 10 90 K. (See Table 15.4.)
For T < 10 9 °K, the only particles in thermal equilibrium with the photons
were the small number of nucleons and electrons left over after all the e- e + pairs
annihilated. Both T v and T continued to fall like l / R, with a ratio fixed at the
value (15.6.37). We saw in the last section that the photon temperature TY began
to differ from the matter temperature T after T dropped below 4000°K, but the
photon temperature continued thereafter to drop like 1/R. Thus there should now
be a cosmic "black-body" neutrino and antineutrino background described by Eq.
(15.6.29), with temperature
(-£)1f3T
T vO _
11

_ l •goK

yO -

From the time when T '.'.::::::'.
10 9 °K until the present, the energy density of the
photons, neutrinos, and antineutrinos has been

PR

=Py + Pve + Pve + Pvµ +

Pvµ

= aT y + 1aT
4
4 3
= [l + 1(A-)
1 ]aT y 4 = l •45aT
4 11
4

4
v

4
y

(15.6.42)
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This may be compared with the energy density mNnN of nonrelativistic
which scales as R- 3 , or TY 3 :

Hence the critical temperature

T =

Tc, at which mNnN equaled PR, is

= 4200oK [

mNnNo

l.45aT;

c

matter,

mNnNo

10-

0

3 0 g/cm 3

J

(15.6.43)

For mNnNo in the range 2 x 10- 29 g/cm 3 to 3 x 10- 31 g/cm 3 , this temperature
lies in the range 84,000°K to 1200°K. It may be noted that the temperature
TR ~ 4000°K, at which ionized hydrogen recombined, lies within this range, so we
are not certain whether the energy density of radiation was greater or less than that
of matter at the time when matter and radiation lost thermal contact. This
uncertainty did not affect our discussion of the microwave background in the last
section; the important point there was that the number density of photons is and
was much greater than that of baryons.
How long does all this take? During the era when the temperature was between
about 10 12 °K and 5 x 10 9 °K, and also after it dropped below about 10 9 °K, the
only particles present in large numbers were all highly relativistic, so that p ~ p/3.
According to (15.1.23), the energy density p varied as

During these periods, the dynamical equation (15.6.2) may be written

The solution is

t =

--- 3 )1/2
( 32nGp

+

constant

(15.6.44)

During the period when 10 12 °K > T > 5 x l0 9 °K, the energy density was
given by (15.6.33), so that (using c.g.s. units)

=

c2
( 48nGaT

= 1.09 sec

4

)112+ constant

J-2+ constant

--~T
[ 101 OoK

Starting at T = 10 12 °K, it took 0.0107 sec for the temperature
and another 1.07 sec for the temperature to drop to 10 1 0 °K.

to relax to 10 11 °K,
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During the period when 10 9 °K > T > Tc, the energy density was given by
(15.6.42), so that

t =

c2
( 15.5nGaTY

4

)112+ constant

= 1.92 sec __ T100K
Y_
[ 10

J-2+ constant

The time required for the temperature to drop from 10 9 °K to 10 8 °K was thus
about 5.3 hr. If radiation continued to dominate over matter until the hydrogen
recombined at T = 4000°K, then the age of the universe at the time of recombination was 4 x 10 5 years.
Unfortunately, if we want to describe the behaviour of T(t) and R(t) throughout the whole early history of the universe, we have to do a numerical calculation
to get through the era of electron-positron annihilation. In order to express R in
terms of T, we use the fact that (15.6.39) was constant from T < 10 12 °K until the
present, provided that after T dropped to 4000°K, we replace T with Ty· Thus
s

= 4a(R 0 T yo)3

(15.6.45)

and (15.6.39) can therefore be written
~lo=

(:,rrl/3(:;)

(15.6.46)

The energy density pis a function of T, which, for T less than 10 12 °K and greater
than both Tc and 4000°K, may be written

P = Py
=

+

aT 4

Pve

+

+

{aT

Pve + Pvµ, + Pvµ,+ Pe+

,4 +

3

16nh -

(

+

Pe-

2

E ,(q)q dq [ exp ( E;:))

r
1

+

1

Using (15.6.41) for T v' this is
(15.6.47)
where
tff(x)

1

+

-l(f'i-)4/3 g14/3(x)
(15.6.48)

Equations (15.6.46) and (15.6.47) can be used in the dynamical equation (15.6.2),
dt

=

(s"t)-112
a;

540

15

Cosmology: The Standard Model

and we find a formula for the time as a function of the temperature:

t =

-f

(JinGaT4s(me))-1;2
3
kT

(dT
T

+

d!/(me/kT))
3!/(me/kT)

(15.6.49)

Results 93 fort, R/R 0 , and T/Tv as functions of Tare given in Table 15.4.
The only really arbitrary assumption so far has been the conjecture that the
lepton number densities NE and NM are zero, or at least much less than ny. Let us
now consider what would be the effect of giving up this assumption. Once the
temperature had dropped below 10 12 °K, the only abundant charged particles were
the electrons and positrons, so charge neutrality required that N Q = ne+ - nevanished. The chemical potential of the electron must then have vanished, so the
only particles that might then have had nonvanishing chemical potentials were

Table 15.4 Thermal History of the Universe, from the Annihilation ofµ+µPairs Until the Decoupling of Matter and Radiationa
T (°K)

1012
6 x 1011
3 x 1011
2 x 1011
1011
6 x 1010
3 x 1010
2 x 1010
1010
6 x 10 9
3 x 10 9
2 x 10 9
10 9
3 x 10 8
10 8
107
10 6
10 5
10 4
4 x 10 3

R/R

1.9
3.2
6.4
9.6
1.9
3.2
6.4
9.6
1.9
3.1
5.9
8.3
2.6
9.0
2.7
2.7
2.7
2.7
2.7
6.3

x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x
x

0

10-12
10-12
10-12
10-12
10-11
10- 11
10-11
10-11
10-10
10-10
10-10
10-10
10- 9
10- 9
10- 8
10- 7
10- 6
10- 5
10- 4
10- 4

TfTv

t (sec)

1.000
1.000
1.000
1.000
1.000
1.000
1.001
1.002
1.008
1.022
1.081
1.159
1.346
1.401
1.401
1.401
1.401
1.401
1.401
1.401

0
1.94 x 10- 4
1.129 x 10- 3
2.61 x 10- 3
1.078 x 10- 2
3.01 x 10- 2
0.1209
0.273
1.103
3.14
13.83
35.2
1.82 x 10 2
2.08 x 103
1.92 x 10 4
1.92 x 10 6
1.92 x 10 8
1.92 x 1010
1.92 x 1012
1.20 x 1013

a The values for R/R 0 are derived assuming a present radiation temperature
Tyo = 2. 7°K. The
last few values for t are derived under the assumption that the energy density of matter was still
negligible compared with that of photons and neutrinos. Values of T /T v and t for T > I0 8 °K are
taken from P. J. E. Peebles, Ap. J., 146, 542 (1966).
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the neutrinos and antineutrinos. For T > 1.3 x 10 11 °K, these particles were in
equilibrium with y, e+, and e-, so they were described by the Fermi distributions

and likewise for

e~,;:,·)
Ir
1

n,.(q) dq =

41th
- q dq [ exp

n,.(q) dq =

41th-3q2
dq [exp (q

Vµ

NE

and
=

NM=

vµ.

3 2

+

:;,·)

+

lr

(15.6.50)

1

(15.6.51)

The lepton number densities were then

I
I

[n,.(q) - n,.(q)] dq

=

[n,.(q) - n,.(q)] dq =

41t
(~r.¥

(~;)

(15.6.52)

.¥ (~)

(15.6.53)

e:r

41t

where
(15.6.54)

Since electron-lepton number and muon-lepton number are believed to be conserved,89 the densities NE and NM must always vary as R- 3 • However, we
have seen that during the era when 10 12 °K > T > 5 x 10 9°K, T varies as 1/R.
Hence µv)kT and µv)kT must have been constant, from the annihilation of the
µ + and µ- until the decoupling of the neutrinos and antineutrinos.
After decoupling, the neutrinos and antineutrinos have expanded freely, with
number densities dropping as l/R 3 and momenta red-shifted by a factor I/R. This
free expansion preserved the form of the distributions (15.6.50) and (15.6.51) but
red-shifted the temperature and the chemical potentials by a factor 1/R. Hence
the neutrino distributions, during the whole period from T < 10 12 °K until the
present, are given by
n,.(q) dq =

n,.(q) dq

=

41th
- q dq [ exp e ;T:'·)
+ Ir
3 2

:T:'·)Ir

3 2

;T:'")
+ Ir

4nh- q dq [ exp ( q

n,.(q) dq = 4nh- q dq [ exp ( q

n,,.(q) dq =

1

3 2

1

(15.6.56)

+

41thq dq [ exp ( q :T:'")
+ Ir
3 2

(15.6.55)

1

(15.6.57)
1

(15.6.58)

where T v, µve' and µvµ all vary as 1/R, with T v = T before the electrons and positrons annihilate. The e + - e - annilhilation was not affected by the neutrino and
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antineutrino distributions, so all the previous results for T v and R as functions of
T still apply.
If NE and NM are much less than the photon number density ny ~ (kT/h) 3 ,
then (15.6.52) and (15.6.53) give
(15.6.59)
and the distributions (15.6.55)-(15.6.58) all reduce to the previously used distribution (15.6.29).
On the other hand, if NE or NM is comparable with or greater than ny, then
the constants lµv)kTvl or lµv)kTvl will be of order unity or larger, and the
distribution
functions (15.6.55)-(15.6.58) will be appreciably different from
(15.6.29). In the limit when, say, µv)kT v ~ 1, the distribution functions (15.6.55)
and (15.6.56) become

,....,{4nhnv ()q dq -

3 2

q dq

(15.6.60)

O

e

nvJq) dq ~ 0

(15.6.61)

This is the case of complete neutrino degeneracy. Of course, if µv)kTv ~ -1, then
the role of the neutrinos and antineutrinos is reversed in (15.6.60) and (15.6.61),
and we have complete antineutrino degeneracy. The possibility of complete
neutrino degeneracy was suggested 94 several years before the discovery of the
microwave background, when it seemed reasonable to suppose that the universe
has always been cold enough so that kT v ~ lµvJ.
The only effect that partial or complete degeneracy would have on the
calculations of this section is that it would shorten the time scale. The total energy
density of neutrinos and antineutrinos is given by
p,.,

-

I

[n,.(q)

- 4nnkT,)

+

n,.(q)
4

+

n,_(q)

+

n,)q)]q dq

[s-(:;-,)
+

% (:;,)]

(15.6.62)

where

ffe(x)

=

Loo
{[e,-·

+

1r 1 +

[e,+·

+

1r 1}y3 dy

This is always greater than the energy density (7/4)aT-: for zero chemical potential
[see (15.6.30) and (15.6.31)], so the expansion rate (15.6.2) is increased by degeneracy. In the limit where lµv)kTvl ~ l or lµv)kTvl ~ l or both, we have
(15.6.63)
The degenerate neutrinos or antineutrinos
the expansion rate.

then dominate the energy density and
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It is interesting to ask whether we could detect a cosmic background of
neutrinos and antineutrinos. The most stringent upper limit on lµveI and lµv,.I
comes from measurements of the deacceleration parameter q0 . Since q0 is not much
larger than unity, the total energy density cannot be much greater than about
10- 29 g/cm 3 (see Section 15.2), and therefore, according to (15.6.63),
1 4
] 1 ,....,
< 0.0075 eV
[µ 4VeO+ µ 4VµO

(15.6.64)

As we have seen, the present neutrino temperature T vo is about l.9°K, so kT vo
1.7 x 10- 4 eV. Thus the upper limit on the chemical potential may be written

lµvel < 45
kTV ,....,

l_&j < 45
kT

v

=

(15.6.65)

,....,

Measurements of q0 therefore do not rule out nearly complete degeneracy.
We can also try to measure the chemical potentials directly. In allowed pdecays, such as H 3 -+- He 3 + e- + ve,we normally expect the number of events
for an electron energy between Ee and Ee + dE e to be given by the Fermi function

where a is a constant, p e is the electron momentum, W O is the maximum electron
energy, and F(E e) is a known function that corrects for the Coulomb interaction
in the final state. However, in the presence of an antineutrino background (15.6.56),
the Pauli exclusion principle reduces the p- decay rate by a factor equal to the
fraction of antineutrino states at energy WO - Ee that are unfilled:

or, explicitly,

94

N(E,) dE, -

[1+exp(E,
- ~.o+
µ,,o)T'

ap,E,(W

0 -

E,) 2 F(E,) dE,
(15.6.66)

Since W O is much greater than lµveOI and kT vo for all known beta decays, this
correction has little effect over most of the electron spectrum. However, if
µveo < -kTvo, the function N(Ee) will show an anomalous depression over the
range W 0 >Ee~
W 0 - lµveol, very much as if the antineutrino had a mass
lµveol· If µveO > 0, there will not be much of a depression for Ee below W 0 , but
there will be events with Ee > W 0 , caused by absorption of cosmic'neutrinos in
reactions such as ve + H 3 -+- e- + He 3 • The rate for these events is given 94 by
the same formula (15.6.66) as for antineutrino emission, except that now µveo is
replaced with -µveo, and of course Ee> W 0 . Thus, for µveO > kTvo, the pspectrum will rise beyond the endpoint W Oup to an energy W O + µveo, giving the
appearance of a violation of the conservation of energy.
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By far the best data on the electron spectrum near the endpoint in fr decay
come from studies of the low-energy decay H 3 -+- He 3 + e- + ii e' with endpoint
W O = 18. 7 ke V. In a recent experiment, 9 5 there were found no anomalous
depressions extending more than about 60 eV below the endpoint, and no anomalous events more than about 60 eV above the endpoint. We can conclude that
(15.6.67)
for a chemical potential of either sign.
It is also possible to get indirect information about the cosmic neutrino and
antineutrino background from the survival of cosmic ray protons. A neutrino or
antineutrino with energy q that is struck at an angle (J by a relativistic proton of
energy ymP will appear in the proton rest-frame to have energy
E

~

yq(l - cos 8)

for y

~

1

The total cross-section for pv or pii reactions at a "laboratory"
u(E) ~ AE

energy E is roughly

2

where, in c.g.s. units,

The reaction rate for a relativistic proton of energy ymP in the degenerate ve (or
ii e) background (15.6.60) is then

r

=

i

lµveol

u( yq[l - cos 8])h - 3 q 2 dq sin (} d(J d<p

0

or, in c.g.s. units,
(15.6.68)
and similarly for degenerate vµ's or v/s. Bernstein, Ruderman, and Feinberg 96
have remarked that, since the cosmic ray protons observed with y > 10 6 have
certainly been traveling for more than 10 6 sec, both lµveOI and lµv,.oI must be less
than 10 3 eV. Cowsik, Pal, and Tandon 97 assume that protons with y ~ 10 9
could not scatter more than about 14 times during a flight time of order 5 x 10 7
years, and conclude that lµveol and lµv,.ol are both less than about 2 eV.
We can also look for kinks in the cosmic ray proton spectrum at the thresholds
for various vp or iip reactions. For instance, the threshold for the reaction p +
iie-+- n + e+ is at me + mn - mp = 1.8 MeV, so if µveOis less than -kTvo, there
should be a downward kink in the cosmic ray proton spectrum at
(15.6.69)
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Konstantinov,
Kocharov, and Starbunov 98 note the existence of a kink at
6
y ~ 2 x 10 , and suggest that this may be due to a degenerate antineutrino
background with
(15.6.70)
This estimate is very much larger in absolute value than the upper limit (15.6.64)
allowed by measurements of q0 .
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The relative abundance of the chemical elements has been under careful
study by geologists and astronomers since the pioneering work of Frank Wigglesworth Clarke 99 in the last century. Gradually these studies have revealed a
"cosmic" distribution of abundances, 100 with hydrogen and then helium by far
the most abundant elements, followed by the group C-N-0-Ne,
and with the
group Li-Be-B
and all elementEJ heavier than nickel scarce. The problem of
explaining these abundances has long been considered one of the major challenges
facing theoretical astrophysics.
One possible explanation lay in the nuclear reactions that provide energy to
the stars. Rutherford's demonstration of nuclear transmutation in the laboratory
led Eddington 101 in 1920 to suggest that the sun might derive its energy from the
fusion of hydrogen into helium. If so, then perhaps the stars (or at least the first
generation of stars) were formed from pure hydrogen, and have gradually produced
helium and heavier elements as ashes of their internal fires. The detailed reactions
by which the stars burn hydrogen to helium were laid out in 1939 by Hans
Bethe, 102 and the subsequent reactions in which helium fuses into heavier elements were explored in the 1950's in a series of papers by Salpeter, 103 the Burbidges, Fowler, and Hoyle, 104 Cameron, 105 and others. Most recently, Clayton
and Arnett 106 have emphasized the importance of stellar explosions as an agent
in nucleosynthesis.
There is one other competing theory of nucleosynthesis, worked out in the
late l 940's by George Gamm\· and his collaborators. 107 Gamow reasoned that,
although the early hot dense period of cosmic expansion was much briefer than the
lifetime of a star, there was a large number of free neutrons present at that time,
so that the heavy elements could be built up quickly by successive neutron
captures, starting with n + p -+- d + y. The abundances of the elements would
then be correlated with their neutron capture cross-sections, in rough agreement
with observation. We have already noted in Section 15.5 that the necessity of
avoiding too much helium production in this theory required the presence of
black-body radiation, with a present temperature that was estimated 52 as 5°K.
Both the stellar and the cosmological theories of nucleosynthesis have their
limitations. There are no stable nuclei with atomic weights A = 5 or A = 8, so
it is difficult to build up elements heavier than helium by p-tf.,, n-r:t., or 'Y.-'Y. col-
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lisions. In stars that have converted all hydrogen to helium at their cores, it is
possible to bridge the gaps at A = 5 and A = 8 by the production of small
amounts of the unstable nuclide Be 8 in r:t.-r:J..collisions, followed by the production
8
of C 12 in r:J..-Be
collisions. 103 However, the density of the expanding universe at
the temperature t ~ 10 9 °K is too low to allow much helium burning to occur. It
is generally accepted today that all elements heavier than helium were synthesized in stars.
On the other hand, several authors 108 have noted that the cosmic abundance
of helium is too large to be easily explained in terms of nucleosynthesis in stars.
The luminosity-to-mass ratio L/M of our galaxy is about one-tenth the solar ratio
L 0 / M 0 , or 0.2 erg/gm sec. If the luminosity of the galaxy has remained constant
during the last 10 10 years, then about 0.06 Mev per nucleon would have been
produced. In contrast, the fusion of hydrogen into helium releases about 6 MeV
per nucleon, so not more than about 1 % of the nucleons in our galaxy could have
been fused into helium (or heavier nuclei) by ordinary stellar processes. As we shall
see, estimates of the present helium abundance vary, but there is wide agreement
that the cosmic abundance of helium by mass is considerably greater than 1 %It is of course possible that the helium could have been synthesized in an earlier,
more luminous, epoch of our galaxy; as already remarked in Section 15.5, the
released energy could, if thermalized, account for the present 2. 7°K microwave
background. However, it is more interesting and more natural to assume that the
large cosmic helium abundance was produced during the early history of the
universe, with the energy of fusion mostly lost in the subsequent red shift.
Let us now calculate the cosmologically produced abundance of helium. It is
very convenient to divide this calculation into two parts. First, we calculate the
neutron-proton abundance ratio as a function of time, taking account only of the
weak interaction processes

n+v~p+e

+ii

n~p+e

(15.7 .1)
(Here v will mean v e·) In the second part of this calculation, we put in the nuclear
reactions that lead to helium synthesis.
The number densities of v, v, e-, and e- are given here by the Fermi distributions (15.6.3), with zero chemical potential and with different temperatures T or
Tv fore± (and y) or v and ii:
3

n,-(p) dp = n,+(P) dp = 8nh- p
3 2

n,(p) dp = n,(p) dp = 4nh- p

2

lr

[exp
(JV{~))+
[exp(~'~))
+
1

dp

r
1

dp

1

where

E)p)

=P
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The rates for the various reactions (15.7.1) are given by the" V-A" theory of weak
interactions, 109 except that the Pauli exclusion principle supresses these rates by a
factor equal to the fraction of all states that are unfilled:

r
r

1-[exp(:;)+= [1+exp(~·)r
1-[exp(:;)+ [1+exp(~:·)T'
=

The rates (per nucleon) of the processes (15.7.1) are then

A(n

+ +,-)

= A

v--> p

f v,E;p;

dp,[eE,/kT,

+

+

1r'[l

,-£,/kTrl
(15.7.2)

A(n

+,+--; +

V) = A

p

f E;p;

dp.[eE./kT

+

1r

+

'll

,-E,/kT,r

1

(15.7.3)

A(n

-->

p

+,-+

V) = A

f v,E;E;

dp,[l

+

1 [1

,-E,/kT,r

+

,-E,/kTr

l

(15.7.4)

(15.7.5)

A(p

+

V -, n

+

e+) = A

f

i·,E;p; dp,[eE,/kT,

+r +
1

1

[1

,-E./kTr

1

(15.7.6)

(15.7.7)
Here A is the constant

A

(15.7.8)

where gy an_d gA are the vector and axial vector coupling constants of the nucleon,
taken here to have the values

gy = 1.418 x 10-

49

erg cm 3

(15.7.9)
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Also, Ee and Ev are related by

Ee - Ev=

Q

for n

Ev - Ee=

Q

for n

Ev+

Q

for n

Ee=

+ v +---+-p + e + e + +---+-p + ii
+---+p + e - + ii

(15.7.10)
(15.7.11)
(15.7.12)

where

Q

= mn -

mp

= 1.293 MeV

(15.7.13)

The integrals (15.7.2)-(15.7.7) are taken over the positive values of Pv and Pe
allowed by these relations. It is very convenient to write all integrals in terms of a
variable of integration q, taken as Ev in Eqs. (15.7.2), (15.7.4), and (15.7.5), and
as -Ev in Eqs. (15.7.3), (15.7.6), and (15.7.7). Replacing Pe 2 dpe with veE/ dEe,
the total n -+-p and p -+- n transition rates are then

(15.7.14)
and

(15.7.15)
The integrals now run from - oo to + oo, leaving out a gap from -Q - me to
-Q + me. The differential equation for the ratio Xn of neutrons to all nucleons is

- dX,,_ = l(n -+-p)X
dt

n

- l(p -+-n)(l - X )

(15.7.16)

n

The solution of this equation has been calculated by Peebles, 93 and is presented
here in Table 15.5. Although the quantitative behavior of Xn(t) can only be
obtained by a numerical integration, it is possible to appreciate the main features
of this solution through a few qualitative observations:
(A) For kT ~ Q, we can set T = Tv and put Q and me equal to zero in Eqs.
(15.7.14) and (15.7.15). The transition rates are then
A(n ---+p) ce A(p ---+n) ce A

f~

q4 dq(l

+

1 (1

e-q/kT)-

+

e•lkT)-

t

00

5

=

..ln
1s

4

A(kT)

5

= 0.361 sec-

1

(~~T~)
10 100K

(15.7.17)
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Table 15.5 Neutron Fraction Xn as a Function of Temperature
Time, with Neglect of the Formation of Complex Nucleia
T (deg)

t (sec)

1012

3
1.3
1.2
I.I
1.0
9
8
7
3

0.496
0.488
0.462
0.380
0.241

0.01078
0.1209
1.103
13.83
98*
119*
146*
182.0
226*
290*
383*
2080
18700

3 x 1010
1010
x 10 9
x 10 9
x 10 9
x 10 9
x 10 9
x 10 8
x 10 8
x 10 8
x 10 8

10 8

or

xn

0
0.001129

3 x 10 11
1011

549

0.170
0.150
0.147
0.143
0.137
0.131
0.123
0.112
0.021
10- 8

a Values oft are taken from the calculations of P. J. E. Peebles, Astron. J., 146,
542 (1966), except that values marked with an asterisk are interpolated
from Peebles'
results. Values of Xn for T 2'.: 1.0 X 109 °K are taken from Peebles, op. cit., Table 4.
Values of Xn for T < 109 °K are calculated from the value at 10 9 °K, under the assumption that X n decreases exponentially at the rate ( 1013 sec) - 1 of free neutron decay.

This may be compared with the "age" t, given by Eq. (15.6.44) and (15.6.33):

t = 1.09 sec --- T

( 101 oaK

)-2

(15.7.18)

We see that the product Ji.t is larger than 10 for T ~ 3 x 10 1 0 °K, so at these
temperatures the neutron fraction Xn should be given by the equilibrium solution
of Eq. (15.7.16), which is

X

,...,
Ji.(p ~ n)
A(p ~ n) + A(n ~ p)

(15.7.19)

n -

Note that Eq. (15.7.17) will not be quantitatively correct when T drops to near
3 x 10 10 °K, because kT is then not very much larger than Q. However, e,en
though the rates Ji.(p ~ n) and Ji.(n ~ p) may differ somewhat from Eq. (15.7.17)
and from each other, they are still large enough for T ~ 3 x 10 10 =K to justify
the use of the equilibrium solution (15.7.19).
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(B) As long as Tv ~ T (that is, for T > 10 10 °K) the rates (15.7.14) and
(15.7.15) have the ratio

A(p

~

A(n

~

n)
p)

= exp

(-Q)

(15.7.20)

kT

Thus Eq. (15.7.19) gives the neutron abundance for T ~ 3 x 10 10 °K as
(15.7.21)
The neutron abundance starts at Xn ~ -! at very early times, and drops slowly as
the temperature falls, reaching Xn ~ 0.38 for T = 3 x 10 10 °K. It is a profoundly important fact that the initial condition for Eq. (15.7.16) does not have
to be chosen arbitrarily, and does not depend on any detailed model of the very
early universe, but follows directly from the singular behavior of the rates A as
t ~ 0109a.
(C) Once T drops to about 1.3 x 10 9 °K, the rates of the two- and three-body
reactions n + v ~ p + e - , n + e + ~ p + v, and p + e - + v ~ n become
negligible. The only remaining reaction is the "one-body" process n ~ p +
e- + v, which at these low temperatures proceeds at the rate of free neutron
decay, taken here to have the value used by Peebles 93 :

r

1

(n ~ p

+

e-

+ v) =

1013 sec

Thus the neutron abundance from the time when T
of nucleosynthesis is given by
[
X (t-) _ N exp--n

~

(15.7.22)

1.3 x 10 9 °K to the start

t(sec)J
1013

(15.7.23)

The only part of the theory of helium synthesis in which detailed numerical
calculations are really needed is the evaluation of the constant N. In carrying out
this calculation, it is convenient first to ignore neutron decay as well as nucleosynthesis, in which case the neutron abundance is a function X~0 >(t) that approaches
a finite limit as t ~ oo. (This is the quantity called Xn in Peebles' Table 193 . Peebles
also ignores the process p + e- + v ~ n, which is in fact negligible over the whole
period of interest.) Neutron decay has a negligible effect until t ~ 20 sec, whereas
after that time the temperature is below 3 x 10 9 °K, so that the rate ,1(p ~ n) is
negligible compared with A(n ~ p), and lepton degeneracy has little effect on the
rate of neutron decay. It follows that the whole effect of neutron decay is to
multiply X~0 >(t) with an exponential decay factor:
0

X,(t} "' X~ >(t) exp [ -

:~~i]

(15.7.24)
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Peebles 93 finds that X~ 0 ) approaches the value 0.1640 as t ~ oo, so comparing
(15.7.23) with (15.7.24), we have
N ~

x~0 )( oo)

= 0.1640

(15.7.25)

Now we can proceed to the second part of our calculation, and put in the
nuclear reactions that lead to the synthesis of complex nucleii. At early times,
when T ~ 10 10 °K, the various nuclei would be in thermal equilibrium, with the
number density ni of nuclide i given by Eq. (15.6.3). Since the nuclei are highly
nonrelativistic and nondegenerate during the whole period that concerns us here,
we can use the Maxwell-Boltzmann approximation to Eq. (15.6.3), and write for
the total number density of species i:

f.

2

00

ni = 4ngih _

=

g.I

3

exp {µi
~--~- mi}
kT

2nm-kT)
I
( h2

3 2

1

q 2 dq exp

O

exp {µ· I kT

{

- ~- q
2mikT

m.}

}

(15.7.26)

I

Of course, we are not given the chemical potentials µi, but we know that they are
conserved in all reactions. Hence, if nuclear reactions can rapidly build up a
nucleus i out of Zi protons and Ai - Zi neutrons, then µi is given by
(15.7.27)
It is convenient to write (15.7.26) as a relation between the fractions by weight of
nuclide i, free neutrons, and free protons:

where nN is the total number density of nucleons, bound or free:

Using (15.7.27), and approximating
3/2-power in (15.7.26), we have then
x.

,

=

ix
2

p

= mn = mN and mi = AimN in the

mp

z,xA,-Zig.A.lf2eA;-1
n

,

1

exp

(Bi)
kT

(15.7 .28)

where Bi is the binding energy
(15.7.29)
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and s is the dimensionless quantity

1.61 x 10-12

R
)- 3 ( T )- 3/2
PNO
( 10-30 g/cm3 ) ( 10-10Ro
10100K
(15.7.30)

Since sis very small in the period of interest, the abundance of a given complex
nuclide i will be very small until T drops to the value
(15.7.31)
Values of Ti are given for various nuclides and various values of the present
density PNo in Table 15.6. Note that Ti depends only very weakly on the present
density PNo, because PNo enters only in the quantity lln sl, and this quantity has
a value between 25 and 35 over the whole range of relevant temperatures and
densities.

Table 15.6 Values for the Temperature Ti Defined by Eq. (15.7.31), for Various
Nuclides and Various Values of the Present Density PNoa
Ti (10 9°K)

B
Nuclide

H2
H3
He 3
He4, etc.
a Heavier
maximum

k(A - 1)
(10 9°K)

25.8
49.3
44.6
109

PNO = 10-29

PNo

= 10-30

PNo ~ 10-31

g/cm 3

g/cm 3

g/cm 3

0.83
1.6
1.4
3.9

0.77
1.5
1.3

0.72
1.4
1.2
3.3

3.6

nuclides have about the same values of T I as He 4.In thermal
temperature at which a nuclide i could be abundant.

equilibrium,

T I is the

If nuclear abundances really were governed by the conditions of thermal
equilibrium down to temperatures of order l0 9 °K, then according to Table 15.6,
we should expect He 4 and heavier nuclides to appear first, followed by He 3 and
H 3 , and finally by H 2 . However, this is not at all what happens, because thermal
equilibrium is not maintained down to 10 9 °K. The number densities at all but the
very earliest times are too low to allow nuclei to be built up directly in many-body

7 Helium Synthesis
collisions like 2n + 2p ~ He 4 . Complex nuclei must instead
sequences of two-body reactions, such as
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be built up m

p+n~d+y
d

H

3

+
+

d ~ He

3

d ~ He

4

+
+

+p

n ~ H3
n

etc.

(15. 7.32)

There is no problem with the first step; the rate of deuterium production per free
neutron is
Ad = [4.55 x 10- 20 cm 3 /sec]np

= 27.4 sec-

1

R
( 10- 9 Ro

)-3(

10-

g/cm

)

X

PNo
30

3

(15.7.33)
P

and this is so much faster than the expansion rate 1/t [see Eq. (15.7.18)] that
deuterons will appear with the equilibrium abundance (15.7.28):
(15.7.34)
However, no appreciable quantity of H 3 , He 3,He 4, or heavier nuclei can be formed
until this equilibrium deuterium abundance is high enough to allow d-d, d-p, or
d-n reactions to proceed at an adequate rate. According to Table 15.6, the equilibrium deuterium abundance (15.7.34) is very small for T greater than about
0.8 x 10 9 °K. The low binding energy of deuterium thus serves as a "bottleneck,"
which delays the formation of complex nuclei until T drops to near 0.8 x 10 9 °K,
or a little earlier in models with a relatively high baryon number density.
Once nucleosynthesis begins, it proceeds very rapidly, because, according to
Table 15.6, any temperature less than 1.2 x 10 9 °K is low enough to permit
high equilibrium concentrations of nuclei heavier than deuterons. However, it is
not in fact possible to produce appreciable quantities of elements heavier than
helium because, as mentioned above, the lack of stable nuclides with A = 5 or
A = 8 impedes nucleosynthesis via n-a, p-a, or a-a collisions, whereas the
Coulomb barrier in the reactions He 4 + H 3 ~ Li 7 + y and He 4 + He 3 ~
Be 7 + y prevents them from competing effectively with p + H 3 ~ He 4 + y
or n + He 3 ~ He 4 + y. Thus the effect of the nuclear reactions (15.7.32) is very
rapidly to incorporate all available neutrons into He 4 nuclei, which have by far
the highest binding energies of all nuclei with A < 5.
The nucleosynthesis process can only be followed in detail by a numerical
integration of a large number of rate equations. This has been done by Peebles 93
for the reactions (15.7.32), and by Wagoner, Fowler, and Hoyle 110 for the reactions (15.7 .32) plus the radiative processes

p

+

+y
n + He 3

d ~ He 3

+ d ~ H3 + y
~ He 4 + y
d +
n

p

+

H 3 ~ He 4

d ~ He

4

+

y

+

y
(15.7.35)
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plus a large number of other processes leading (weakly) up to nuclei as heavy as
Mg 24 . Fortunately, none of these complications are relevant to our basic problem,
that of understanding the helium abundance. All processes proceeding by strong
and electromagnetic interactions, such as the reactions (15.7.32) and (15.7.35),
will conserve the total numbers of protons and neutrons. The only effect of nucleosynthesis on the neutron-proton ratio is that, by "turning off" the decay of free
neutrons, it freezes this ratio at the value it had just before the onset of nucleosynthesis. Before nucleosynthesis begins, the ratio of neutrons to all nucleons is
simply the quantity Xn given by Eq. (15.7.23). After nucleosynthesis is over, we
have essentially nothing left but free protons and He 4 nuclei, so the fraction of
neutrons to all nucleons is one-half the fraction of all nucleons that are bound in
helium, or one-half the abundance by weight of helium. Thus the abundance by
weight of cosmologically produced helium is simply given by

Y

=

XHe4 (after nucleosynthesis)

= 2Xn (just before nucleosynthesis)
(15. 7.36)

According to the detailed calculations of Peebles, nucleosynthesis begins abruptly
at a temperature 0.9 x 109 °K for PNo = 7 X 10- 31 g/cm 3 or at 1.1 x 10 9 °K
for PNo = 1.8 x 10- 29 g/cm 3 , just about as we should expect from our qualitative
considerations. Using Eq. (15.7.36), we can read off from Eq. (15.7.23) or Table
15.5 that for these two values of the present density, the helium abundance by
weight should be 26.2% or 28.6%, respectively. (Peebles 93 actually gives 25.8%
and 28.2% in these two cases. This very slight discrepancy is simply due to the
small number of free neutrons that decay during the brief duration of nucleosynthesis.) It is safe to say that in the class of cosmological models considered
here, a helium abundance by weight of about 27% would be produced cosmologically for any reasonable value of the present density. The reason the helium
abundance is so insensitive to the baryon number density is that the neutronproton ratio before nucleosynthesis is determined by the interaction of the
nucleons with the huge number of leptons, not with each other, while the onset of
nucleosynthesis is essentially determined by the temperature, not the nucleon
density.
Wagoner, Fowler, and Hoyle 110 have calculated the cosmologically produced
abundances, not only of the isotopes of hydrogen and helium, but also of Li 7 and
heavier elements. Their results are given in Table 15.7. Note that the abundances
of all nuclides except H 1 and He 4 are extremely small, so that production or
destruction of these nuclides in stars could have a serious effect on their observed
"cosmic" abundances. For this reason it is primarily the cosmic abundance of
He 4 that serves as a check on models of the early universe. (However, Geiss and
Reeves 11 Oa argue that the H 2 and He 3 observed in the solar system does in fact
arise from the early universe. If this is correct, then the cosmic density must be
rather low, with a present value of order 3 x 10- 31 g/cm 3 , to prevent the nuclear
reactions, which build up H 2 and He 3 into He4, from proceeding to completion.)

v,
v,
v,

Table 15.7

Cosmologically Produced Abundances (by Weight) of Various Nuclides, for Various Values of the Present
Density PNoa
PNo (g/cm3)
3.1 x 10- 31

10-31

H1
H2
He 3
He 4

Li 7
. Other

0.763
6.2 x 106.3 x 10-

4
5

0.236
5.2 x 10- 10
< 10-12

0.748
8.9 x 10:LS x 10-

5
5

0.252
2.1 x 10- 10
< 10-12

3.1 x 10- 30

10-30

0.737
2.3 x 102.1 x Ioo.2n:1
4.4 x 10< 10-12

a Results are taken from Tables 3A and 3B of R. V. Wagoner,
black-body radiation temperature.)

0.728
2.7 x 10!l.!I x 10-

5
5

9

7

0.272
2.1 x 10-s
< 10- 12

6

10-29

3.1 x 10- 29

0.719
2.5 x 10- 12
5.6 x 10- 6

0.709
< 10-12
4.4 x 10-

0.281
4.3 x 10- 8
<10-12

0.291
1.1 x 10- 7
6 x 10- 12

3.1 x 10- 28

10-2s

0.701
< 10-12
6

3.5 x 10-

0.691
< 10-12
6

0.299
2.9 x 10- 7
1.0 x 10- 10

W. A. Fowler, and F. Hoyle, Ap. J., 148, 3 (1967). (A value of 3°K is assumed

2.4 x 10-

6

0.309
6.8 x 10- 7
1.9 x 10- 9

for the present
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There are a number of different methods by which the helium abundance
be measured in different parts of the universe.

can

(A) Stellar Masses and Luminosity.
The theory 111 of stellar structure and
evolution allows us in principle (and even in practice) to calculate a star's luminosity L as a function of time if we are given its mass M and initial chemical
composition. The chemical composition is usually specified by three numbers, X,
Y, Z, defined as the fraction by weight respectively of H1, of He4, and of everything else, with

(The heavy-element abundance Z, though usually small, is an important parame~er
for any star in radiative equilibrium, such as the sun, because it determines the
opacity of the star at a given density and temperature. The helium abundance Y
is important because it governs the mean molecular weight appearing in the idealgas law.) If we can guess Zand the age of a given star, then comparison of theory
with measured values of Mand L allows us to compute Y.
The best-studied star is, of course, the sun. Its mass and luminosity are known
quite accurately, and its age is believed to be close to the age of the earth, or about
4.5 x 10 9 years. From the absorption lines of hydrogen and heavy elements it has
been estimated 112 that Z/X is about 0.026 to 0.027 in the solar photosphere,
though a more recent study 113 gives Z/X ~ 0.019. (Unfortunately, helium lines
are much too weak for Y/X to be measured in the sun by this method.) Usually
solar evolution calculations are carried out for values of Z in the range 0.01 to
0.04. At the time of the discovery of the cosmic microwave radiation the best
solar models 114 gave an initial helium abundance Y = 0.27 for Z = 0.02 (or
Y = 0.32 for Z = 0.04), so it was regarded as a great victory for the "big-bang"
cosmology that, with Tyo ~ 3°K, it gives a primordial helium abundance Y ~ 0.27.
Unfortunately,
this happy state lasted only until the advent of neutrino
astronomy. The same solar models that are used to calculate Y also can be used
to predict the flux of neutrinos from various nuclear reactions in the sun. The sun
derives its energy from the fusion of hydrogen into helium in a proton-proton
cycle, starting with the reactions
H

1

H1
H

2

+
+
+

+

H1 ~ H2
H1
H

1

+

e+

e- ~ H 2

~ He

+

3

+v
+v

(Ev

= 0.263 MeV)

(Ev

= 1.4 MeV)

y

The cycle can then terminate with the "PP I" branch
He 3

+

He

3

~ He 4

+

2H

or it can produce Be 7 by the reaction
He 3

+

He 4 ~ Be 7

+

y

1
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In the latter case, one Be 7 nucleus and one proton are converted into two He 4
nuclei by either the "PP II" branch
Be 7

+

e-

Li 7

+

H1

+

----+-Li 7
----+-He

4

v

+

(Ev

0.80 MeV)

He 4

or the "PP III" branch
Be 7
B8
Be 8

+

H1

----+-Be
----+-2

+y
+ e+ + v

----+-B

8

He

8

(Ev

7.2 MeV)

4

(Mean neutrino energies are given in parentheses.) Pontecorvo 11 5 and Alvarez 116
suggested that the neutrinos could be detected in Cl 3 7 through the endothermic
reaction

v

+

Cl 3 7

----+-e -

+

Ar 3 7

(15.7 .37)

The Ar 3 7 decays by electron capture with a convenient half-life of 35 days, so it
can be detected by its radioactivity after chemical separation. As pointed out by
Bahcall, 11 7 the energetic neutrinos from B 8 beta decay are particularly effective
in the reaction (15.7.37), because they can induce superallowed transitions to an
excited state of Ar 3 7 . Hence, even though the PP III branch is much less important
than the PP II branch, about 90% of the neutrino absorption events in Cl 37
would be expected to arise from B 8 neutrinos, and about 10% from Be 7 neutrinos.
Using the extant solar models 114 with Y = 0.27, Bahcall 1 1 7 calculated a neutrino
captute rate on the earth of (4 ± 2) x 10- 3 5 sec - 1 per Cl 3 7 atom, and Davis 118
set out to measure this rate, using 100,000 gallons of perchlorethylene (C2 Cl4 ), a
common cleaning fluid, in the Homestake gold mine at Lead, South Dakota. In
1968 Davis et al. 119 announced that they had failed to detect any solar neutrinos
and could set an upper limit of 0.3 x 10- 3 5 sec- 1 on the absorption rate per Cl 3 7
atom, about an order of magnitude less than what had originally been expected!
This discrepancy between theory and observation, in the first experiment that ever
looked directly into the solar interior, has shaken the general faith in accepted
solar models, and in the values they yield for the initial helium abundance of the
sun. Needless to say, a great deal of work has been put into recalculation of the
expected neutrino fluxes, using improved values for the opacity and for various
nuclear reaction rates. In a companion paper to the letter of Davis et al., 119
Bahcall et al. 120 estimated an absorption rate for Z = 0.015 of (0.75 ± 0.3) x
1o- 3 5 sec - 1 per Cl 3 7 atom, still too large by a factor of two, and calculations using
the Berkeley stellar structure code gave slightly larger rates. 12 1 Iben 122 has
noted that both Y and the neutrino absorption rates are increasing functions of Z,
and that the minimum possible absorption rate, attained by Z = 0 and Y ~ 0.17,
is just about the same as Davis et al. 's upper limit. The latest calculation of
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Bahcall and Uhlrich 122 a gives a counting rate of (0.9 ± 0.5) x 10- 35 sec- 1 per
0137 atom.
Meanwhile, Davis' group continued their observations, and have recently
announced a counting rate of (0.15 ± 0.1) x 10- 35 sec- 1 per 0137 atom, 122 b
about six times less than expected. In view of this discrepancy, the question of the
initial solar helium abundance must for the present be regarded as unsettled.
The masses and luminosities are also known for a number of nearby Population
I stars that happen to belong to binary systems. Comparison of these M and L
values with the theoretical Y-dependent M-L relation yields Y values 123 for
these stars lying generally in the range 0.25 to 0.35. It would be very interesting
to carry out this analysis for stars of Population II, because they represent an
earlier stellar generation, and also because the Davis neutrino experiment has
shaken our faith in the theory of stars of Population I. Unfortunately, there are
very few stars of Population II near the sun. One of them,µ Cassiopeiae A, belongs
to a binary system whose separation has recently been measured by a very
ingenious method. 124 The resulting mass value, together with the observed values
for Land Z/X, does not agree with theory 125 for any value of Y, but fits best a
low helium abundance, with Y ;S 0.05. However, the validity of this mass determination has since been put into doubt. 125 a
(B) Direct Solar Measurements.
There are a number of different methods for
estimating the present helium abundance of the sun, which do not rest on any
detailed theory of solar structure and evolution. Measurements of the ratio Y/Z
in solar cosmic rays, 126 together with the spectroscopic determination of Z / X in
the solar photosphere mentioned above, suggest a helium abundance 12 7 Y ~
0.20 to 0.26. During periods of quiet sun, the He 4 /H ratio in the solar wind suggests
a value 12 8 Y about equal to 0.15, but the helium content of the solar wind roughly
doubles during magnetic storms. 129 Unfortunately, the solar surface is too cool
to allow a spectroscopic determination of Y, but a value of Y ~ 0.38 is suggested
by observation of solar prominences. 130
(C) Globular Clusters: Theory. As already mentioned in Section 15.3, the
comparison of the numbers of stars in different regions of the Hertzsprung-Russell
diagrams of globular clusters with theory yields results for both the age and the
initial helium abundance of these clusters. Iben 1 31 derives values of Y in the
range of 0.24 to 0.33, corresponding to ages 18 x 10 9 years to 9 x 10 9 years.
Comparison of the stellar pulsation theory of Christy 132 with the location of
variable stars in the Hertzsprung-Russell
diagrams of the globular clusters M3,
Ml 5, M92 yields Y ~ 0.26 to 0.32 for these clusters. 133 These studies should be
given particular weight, because the globular clusters are believed to be among
the first objects to condense out of the primordial gas of hydrogen and helium.
(D) Stellar Spectra. Helium lines are visible in the photospheres of a large
number of hot stars of both populations. In general, helium abundances appear to
be high, 12 3 with Y/X of order 0.4, and some stars are apparently superabundant
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in helium. There are several classes of old stars that show anomalously weak
helium lines, such as the blue Population II stars on the horizontal branch of the
Hertzsprung-Russell
p.iagram of globular clusters. 134 One peculiar star, 3 Centauri A, has a low abundance of helium, most of which is in the form of the isotope
He 3 ! Planetary nebulae 13 5 and novae 12 3 generally appear to be superabundant
in helium.
(E) Spectroscopy of Interstellar Matter. Optical frequency
emission lines
from H II regions in our galaxy yield helium-hydrogen number ratios 12 3 that are
consistently in the range 0.10-0.14, corresponding to a helium abundance by weight
Y ~ 0.27-0.36. It is also possible to observe the recombination of ionized helium
at radio frequencies; 136 the radiation emitted in a transition n + 1 ~ n has a
wavelength proportional to n 3 for n ~ 1, so that transitions with n ~ 100 have
wavelengths of the order of centimeters. The helium-hydrogen number ratios 123
deduced from radio observations of interstellar matter range from 0.06 to 0.16,
corresponding to Y ~ 0.14- to Y ~ 0.40.
(F) Extragalactic Measurements.
The emission lines of helium observed 12 3
in H II regions in galaxies within and without our local group indicate a helium
abundance similar to that of the H II regions in our own galaxy. On the other
hand, quasi-stellar sources show remarkably weak helium lines. 123
There is clearly a good deal of evidence for a universal helium abundance by
weight not too different from the predicted value of 27%. Unfortunately, there is
also a large body of evidence for a much smaller helium abundance. The clarification of this problem would be of the highest importance for cosmology, because the
cosmologically produced helium. together with the 2.7°K radiation background,
may be the only relics of the primordial fireball that can serve as clues to the early
history of the universe.
In order to keep an open mind about the synthesis of the elements in the early
universe, it is useful to consider the possible modifications in physical or astrophysical theory that could affect the production of helium:
(A) Cool Models. If the observed microwave background proves not to be
black-body radiation left over from the early universe, then we would have to
face the possibility that the true present black-body temperature Tyo is very much
less than 2.7°K. In this case, the baryon number density at any given past temperature could be much greater than assumed above, with a consequent increase in the
rate of nuclear reactions and in the abundance of complex nuclei produced in the
early universe. Indeed, it was the high helium abundance produced in such cool
models that led Gamow and his collaborators 51 to suggest the presence of a hot
radiation background.
(B) Fast
the expansion
of additional
new kinds of

or Slow Models. Various mechanisms might increase or decrease
rate. In particular, if the universe contained a thermal distribution
massless quanta, such as gravitons, Brans-Dicke scalar particles, or
neutrinos, then the energy density at a given temperature would be
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greater, and so, according to Eq. (15.6.44), the time required to reach that temperature would be shorter. The rate (15.7.33) of deuteron production per free
neutron is normally larger than the expansion rate at T = 10 9°K by a factor 10
to 10 3 (for a present density of 10- 31 g/cm 3 to 10- 29 g/cm 3), so for a moderate
shortening of the time scale there would still be plenty of time for nucleosynthesis
to occur at T ~ 10 9°K. In this case, the only effect of the faster expansion would
be to cut down the time available for the conversion of neutrons into protons, so
that the neutron fraction at 10 9°K would be closer to its initial value of-!-, and
more helium would be produced. However, if the time scale were extremely short,
there would not be time for complex nuclei to be formed before the density (and,
for He 3 and He 4 formation, the temperature) falls too low. The detailed calculations of Peebles 137 show that for Tyo = 3°K and a present density of 7 x 10- 31
g/cm 3 to 1.8 x 10- 29 g/cm 3, the He 4 abundance rises as the time scale is shortened until it reaches a maximum of 60% to 80% (by weight) for a time scale
shortened by a factor 10- 1 to 10- 2, and then falls off again. The deuteron abundance continues to rise with shortening time scale, reaching a maximum of about
9% (by weight) when the time scale is shortened by a factor 3 x 10- 3 to 3 x
10- 4 , and then falls off again. On the other hand, if the expansion time scale were
somehow lengthened, the only effect would be that more neutrons would decay into
protons before nucleosynthesis occurs, so that less helium would be produced.
(C) Neutrino-Electron Interactions.
The thermal history of the early universe
was worked out in the last section under the assumption that both electron- and
muon-type neutrinos lose thermal contact with the e+ - e- - y plasma before
the onset of e+ - e- annihilation. This assumption is probably valid if the
neutrino-electron
scattering is produced by the usual Fermi weak interaction
with the same strength as in nuclear beta decay or muon decay. However, the
neutrino-electron interaction has not yet been measured experimentally, and it
could be somewhat stronger than expected. 138 In this case, the ve and ve (and
possibly also the vµ and iiµ)might remain in thermal equilibrium with the e + - e- - y
plasma until nearly all e+ -e- pairs have annihilated. The effect would be to increase the energy density at any given temperature, and also to eliminate the
p) and A(p----+n). Detailed calculadistinction between Tv and Tin the rates .1c(n----+tions1 39 show that if electron-type neutrinos remain in thermal equilibrium until
helium synthesis, then the abundance of cosmologically produced helium would be
about 29% instead of 27%.
(D) Neutrino or Antineutrino Degeneracy.
It is also interesting to consider
the effect of a ve or ve degeneracy on the helium abundance. One effect is that the
increased density would speed up the expansion. In addition, the imbalance
between neutrinos and antineutrinos
would affect the relative abundance of
protons and neutrons. The difference between the neutron and proton chemical
potentials in thermal equilibrium is given by Eq. (15.6.4):
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We saw in the last section that, during the period of interest, µe- is required to be
negligible to maintain charge neutrality, whereas µv)kT is a constant v (with

!vi ;S

45):

The equilibrium neutron fraction is then given by Eq. (15.7.19) as

xn = --~~
np

+

nn

=

[1+ (v+ -2_)]exp

l

kT

=

where Q
mn - mp. Thus, if v were large and positive, the neutron fraction would
start small and remain small, so that very little nucleosynthesis would occur. If v
were moderately negatiYe, say v ~ -1, then the initial neutron fraction would
be high, so that after some neutrons were converted to protons, the neutron
fraction at the onset of nucleosynthesis could be close to the optimum value of
50%, and essentially all the matter of the universe could be converted to helium.
If v were large and negatiYe, then the initial neutron abundance would be extremely high, and no nucleosynthesis could occur until some neutrons could decay
into protons, at which time the nucleon density would have been too low to allow
much synthesis of complex nuclei. Detailed calculations of the abundance of H 2 ,
He 3 , He4, and Li 7 as functions of v have been carried out by Wagoner, Fowler,
and Hoyle, 140 taking into account the effects of the neutrino or antineutrino
degeneracy on the rates (15.7.2)-(15.7.7). These calculations show that if the
"missing mass" consists of degenerate neutrinos or antineutrinos with !vi~ 30,
then the cosmologically produced abundance (by weight) of helium would be
considerably less than 1 %- On the other hand, if the lepton number density NE
of the universe is of the same order as the baryon number density NB, then (15.6.52)
shows that lvl is of order l 'cr.or about 10- 9 . [See Eq. (15.5.15).] In this case the
slight excess of neutrinos or antineutrinos
has no appreciable effect on the
synthesis of helium.
One final warning: Even if a large cosmic abundance of helium is definitely
established, it would not necessarily follow that this helium was formed in the
early universe. Geoffrey Burbidge 141 has particularly emphasized the possibility
that helium could have been synthesized in an earlier, more luminous phase of our
galaxy's history, perhaps in massive galactic objects. A good part of the calculations discussed in this chapter would also apply to nucleosynthesis in the collapse
of massive stars. 142

8

The Formation of Galaxies

In the last two sections we have considered two constituents of the present
universe-helium
and the microwave background-which
may be relic;-; d an
earlier era of cosmic history. Looking at the night sky, we see one other possible
relic-the
clumping of stars into clusters, galaxies, and clusters of galaxies. It is
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natural to interpret this clumping as the effect of gravitational attraction acting
on initially uniform diffuse matter, as first suggested by Newton in a famous
letter to Dr. Richard Bentley. 143 Unfortunately,
we still do not have even a
tentative quantitative theory of the formation of galaxies, anywhere near so
complete and plausible as our theories of the origin of the cosmic abundance of
helium or the microwave background.
The first serious theory of galaxy formation was proposed by Sir James Jeans
early in this century. 144 Jeans supposed the universe to be filled with a nonrelativistic fluid, with mass density p, pressure p, velocity v, and gravitational
field g, governed by the equation of continuity

~p

at

+

V · (pv) = 0

(15.8.1)

the Euler equation

av
~ +
at
and the gravitational

(v · V)v

1

= - - Vp +
P

(15.8.2)

g

field equations
V x g = 0

(15.8.3)

V · g = -4nGp

(15.8.4)

The effects of gravitation were ignored in the unperturbed
be that for a static uniform fluid:

p = constant
If we add small perturbations
(15.8.4) become

p

= constant

v

"solution,"

taken to

= 0

p 1 , p 1 , v 1 , g 1 , then to first order Eqs. (15.8.1)-

ap1

at

+

pV·v1

V x gl

V · g1
where vs2 is the speed of sound,

=

=

0

0

= -4nGp

1
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and all quantities that do not carry a subscript "l" are now understood to refer
to the unperturbed "solution." Combining these equations gives a differential
equation for p 1 :

The solution takes the form

p 1 oc exp {ik · x - iwt}

(15.8.5)

with w and k related by the "dispersion relation"
(15.8.6)
This result bears 1:1,very close resemblance to the dispersion relation for longitudinal
electrostatic oscillations in a plasma, 49
(15.8.7)
where e, me, and ne are the (unrationalized) charge, mass, and number density of
electrons. The difference between (15.8.6) and (15.8.7) is that in (15.8.6), ne is
replaced with the number density p/m, me is replaced with m, e 2 is replaced with
the Newtonian "coupling constant" Gm 2 , and an extra minus sign is inserted to
take account of the attractive nature of gravitation. Because of the minus sign
in (15.8.6), the "gravitostatic"
waves exhibit an instability that is not present in
plasma waves: w is imaginary for wave numbers below the critical value

_ (4nGp)
1
-~
1 2

kJ -

(15.8.8)

vs 2

so that p 1 can grow (or decay) exponentially,

with an e-folding rate
for k 2 <

k/

(15.8.9)

Unfortunately, Jeans's theory is not applicable to the formation of galaxies
in an expanding universe, because Jeans assumed a static medium, whereas the
rate of expansion of the universe is given by Eq. (15.1.20) in all cases of interest as

. (8npG
)1/2- (~)i;2k

!!__"'

R

-

~~

3

-

3

Jvs

(15.8.IO)

which is of the same order as the maximum value of the growth rate (15.8.9). The
first satisfactory theory of the instabilities of an expanding universe was giYen in
1946 by Lifshitz. 145 He sho-wed that disturbances at wave numbers belo·w k 1
grow, not exponentially, but like a power oft or of R(t). This result will be derived
and discussed in detail below, using both the nonrelativistic treatment suggested
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in 1957 by Bonner 146 (Section 15.9) and a simplified version of Lifshitz's relativistic theory (Section 15.10).
Although we are not yet in a position to determine the rates with which
disturbances actually grow, we can rather easily decide which disturbances can
grow and which cannot. For sufficiently large wave numbers, the waves described
by Jeans's theory become ordinary sound waves, with
(15.8.11)
What are the conditions for this simple dispersion relation to be valid? Gravitational forces will be negligible if the gravitational energy of a sphere of radius
jkj- 1 is much smaller than its thermal energy:

Also, the expansion of the universe will have negligible effect if the expansion rate
is much less than the frequency:

Both of these conditions will be satisfied by the relation (15.8.11), as long as the
wave number satisfies the condition

just as in J eans's theory. Thus, even when the expansion of the universe is taken
into account, we expect there to be a critical wave number, of order k 1 , above
which disturbances cannot grow, but only oscillate like sound waves.
Since the expansion of the universe causes k to decrease as 1/R, it is convenient
to characterize disturbances by a constant, the rest-mass within a sphere of radius

2n/lkl:
(15.8.12)
where n is the hydrogen number density. According to the above analysis, the
only growing disturbances are those with wave number less than k 1 , and hence
with mass M greater than the Jeans mass
M

1

(It proves convenient

= 4nnmH (2n)
3

k1

3

=

2

4nnmH (

3

nvs
)
G[p + p]

3 2

1

(15.8.13)

here to replace p with p + p; this is permissible, because
arguments, and pis never more than p/3.)

M 1 is used only in order-of-magnitude
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We can gain a good deal of insight into the history of a protogalactic fluctuation
by following the variations in M 1 caused by the expansion of the universe. (See
Figure 15.6.)
From the time of e+ - e- annihilation (T ~ I0 10 °K) until the time of recombination of hydrogen (T ~ 4000°K), it is a good approximation to take the
contents of the universe as nonrelativistic ionized hydrogen plus black-body
electromagnetic radiation, both in thermal equilibrium at temperature T. Also,
since the photon entropy (jk is so large, we may neglect the pressure, thermal
energy, and entropy of the matter. The total energy density, pressure, and specific
entropy are then (aside from the uncoupled neutrinos)
p

=

nmH

+ aT 4

= taT4

p

4aT
(j

3nk

)11< B

A
Unstable

)11
E

Acoustic

(15.8.14)
(15.8.15)

3

(15.8.16)
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Figure 15.6 Jeans mass as a function of
radiation
temperature.
Solid line is for
a = 0.8 x 10 8 , corresponding
to T, 0 =
2.7°K,p 0 = 3x 10- 29 g/cm 3 .Dashedlineis
for a = 2.4 x 10 9 , corresponding to Ti' 0 =
2.7°K, Po = 10- 3 o g/cm 3 . The drop in
Jeans mass at recombination
is somewhat
more gradual than shown here.
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(j is constant, son varies as T 3 , and hence

In an adiabatic disturbance

The speed of sound is therefore
2

Vs

=

(bp)
~p

1(

adiabatic

=

3

mH

kT(j
)
+ kT(j

(15.8.17)

and the Jeans mass (15.8.13) has the value
(15.8.18)
or, in terms of the solar mass,
(15.8.19)
Once the hydrogen recombines at TR ~ 4000°K, the radiation pressure
becomes ineffective, and the equations of state are those for a monatomic ideal
gas with y = 5/3:
p

=

nmH

+

(15.8.20)

{nkT

p = nkT

(15.8.21)

The speed of sound here has the familiar value
2

v
s

5 kT
3 mu

= ---

(15.8.22)

and the Jeans mass (15.8.13) has the value
M J -- 4

(5kT)3/2
(7[)
3
-rT
s;2

n

-1/2

mH

-2

(15.8.23)

Just after recombination, the matter temperature Tis the same as the radiation
temperature, so T can be expressed in terms of n and the specific photon entropy
(15.8.16); this gives
(15.8.24)
As long as no additional heat is put into the gas, its temperature will drop as
2
[see Eq. (15.5.16)], and since n drops as R- 3 , the Jeans mass (15.8.23) will
decrease as R- 3 I 2 .

R-
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We can now see how profound an effect the black-body radiation has on the
growth of fluctuations. 14 7 As emphasized in Section 15.5, the present microwave
temperature 2.7°K indicates that (J is very large, of order 10 8 to 10 9 . In consequence, the Jeans mass (15.8.19) starts at T = 10 9 °K at a very low value
10 13M 0 /(J, of order 10 5 M 0 to 10 4 M 0 ; then rises like T- 3 until T reaches a
temperature mH/k(J, of order l0 5 °K to 10 4 °K; then levels off at a very high value
9(J2 M 0 , of order 10 1 7 M 0 to 10 19 M 0 until the recombination
of hydrogen;
following this, M 1 drops precipitously to the value (15.8.24), of order 10 6 M 0 to
3 x 10 6 M 0 ; and it continues to drop as R- 3 12 thereafter. Ifwe fix our attention
on a particular fluctuation whose mass M has the value Ma ~ 10 11 M 0 of a
typical good-sized present galaxy, we may distinguish three distinct phases in its
growth:
(A) The Jeans mass (15.8.19) will be less than the galactic mass until the
temperature drops to the value
TA=

(9Mo)1/3 mH
(JMG

k

~

1010K

(15.8.25)

During this period, the amplitude of the fluctuation will have a chance to grow
under the influence of its own gravitation.
Since the total energy density is
dominated in this early phase by radiation, this is a relativistic problem, and the
growth rate must be calculated in a general-relativistic
formalism. It is shown in
Section 15.10 that the fastest-growing normal modes have a density contrast
bp/ p that grows as t.
(B) From the time when T drops below the value (15.8.25) until the recombination of hydrogen at T ~ 4000°K, the Jeans mass will be larger than the
galactic mass, so the protogalactic disturbance will behave like a packet of ordinary
sound waves. No appreciable growth is possible during this phase. For a relatively
high present density, say of order 3 x 10- 29 g/cm 3 , there is a long period before
recombination when (JkT < m H• so that the total energy density is dominated by
the hydrogen rest mass, and the protogalactic sound waves can be treated by
Newtonian mechanics (see Section 15.9). For a relatively low present density, say
of order 10- 30 g/cm 3, we have CJkT > mH throughout virtually all of Phase B,
so that a relativistic treatment is required. (See Section 15.10.)
(C) From the time of recombination until the present, the Jeans mass will be
much less than the galactic mass, so the fluctuation amplitude can again grow.
The total energy density in this phase is dominated by hydrogen rest-mass, so
this is a nonrelativistic problem, and the growth rate can be calculated by Xewtonian methods. The density contrast bp/ p is shown in Section 15.9 to grow
roughly as t 2 l 3 .
There is one disappointing aspect of this general picture: Nothing so far giY-es
any clue to the reason for the observed galactic mass distribution. (The .Jeans
mass just before recombination is very much larger than any galactic mass,
whereas the Jeans mass just after recombination appears to be related to the mass
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of a globular cluster 147 a rather than a galaxy.) Such a clue has recently appeared
in calculations 148 of the damping of protogalactic fluctuations while they are
undergoing essentially acoustic oscillations in Phase B. Dissipation will be important whenever some particle's mean free time is too long to maintain perfect
thermal equilibrium. For' photons, the chief collision mechanism during Phase B
is scattering by nonrelativistic electrons, and the mean free time here is
Ty

=-

1

(15.8.26)

n(JT

where

(JT

is the Thomson cross-section
4

8ne
=-3me2
~ = 0.6652

(JT

x 10-

24

cm 2

In contrast, the mean free time of an electron or a proton, taking into account
only Coulomb collisions, will be of order

~

T

e

[n(kT)l/2
~J-1
me

(kT)2

which is shorter than TY by a factor of order (kT/me) 3 12 . Thus the dominant
dissipative effects in Phase B will arise from the failure of perfect thermal equilibtrium between matter and radiation, rather than from any dissipation in the matter
itself. Also, for any reasonable value of the present baryon number density, a
fluctuation of mass 10 11 O will have a radius
!kl much larger than the photon
mean free path TY throughout virtually all of Phase B, so the interaction between
matter and radiation can be treated to first order in Ty· In this approximation,
the medium of protons, electrons, and photons behaves like an imperfect fluid
(see Section 2.11 ), with coefficients of shear viscosity, bulk viscosity, and heat
conduction given by 149

M

2n/

(15.8.27)

[1
3 - (ap)
op ]
2

' = 4aT

4
T:;

(15.8.28)

n

(15.8.29)
In general, a sound wave in an imperfect fluid will be damped at a rate

I'=

k2

2(p+ p)

{ (+t11+x

x

149

)-1

0
( _p_

oT n

[P + p _ 2T(op) + vs2T(op) _ n2 (op)
oT n
oT n vs on T

J}

(15.8.30)

8 The Formation

Using Eqs. (15.8.14), (15.8.15), and (15.8.26)-(15.8.29)
damping rate here as

efGalaxies

569

in Eq. (15.8.30) gives the

(15.8.31)

the two terms in the brackets representing the effects of shear viscosity and heat
conduction, respectively. (The bulk viscosity (15.8.28) vanishes here, because
with the matter pressure and thermal energy neglected, (8p/8p)n is just t,) Since
k 2 oc M- 2 13 , the protogalactic sound wave will be damped in amplitude by a
factor of form
(15.8.32)

where Mc is some critical mass (and a subscript R denotes the time of hydrogen
recombination). For a relatively high present density, there was a long period
before recombination "Whenthe energy density was dominated by hydrogen restmass, so that
~ (6nnmHG)-

1 2

1

k2

- -- oc t2/3
60"yn

and the critical mass in Eq. (15.8.32) is
(15.8.33)

For instance, for a present mass density 3 x 10- 29 g/cm 3 , the critical mass is
5 x 10 12M 0 . For a relatively low present density, the energy density during
virtually all of Phase B was dominated by radiation (including neutrinos), so that

t

r

~

(15.5naT 4G)- 1 12

~

--2k

2

oc t 1 12

15cryn

and the critical mass in Eq. (15.8.32) is

Mc

~

32n4 (4mH)3/2
_
4 OO"y
3

(15.5naT4G)-

3/4(n R m H )-1;2

(15.8.34)

For instance, for a present mass density 10- 3 0 g/cm 3, the critical mass is 2 x
10 14M 0 . A fluctuation will presumably be unable to survive the damping in
Phase B if the exponent (Mc/M) 2 13 in Eq. (15.8.32) is greater than about 10, so
we can conclude that the fluctuations surviving at the time of recombination have
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a minimum mass between 1.6 x l0 11 M 0 and 6 x 10 12 M 0 , just about the mass
of a large galaxy.
So far, we have learned that any small fluctuation of mass between about
10 11 M O and 10 1 7 M O will grow in Phase A, undergo damped oscillations in
Phase B, but will survive to trigger new growth in Phase C. One may still wonder
why there is a fairly definite upper limit on galactic mass, of order 10 12 M O to
10 13 M 0 , rather than a smooth distribution of masses extending from 10 11 M O
up to much higher values. One possible answer lies in the well-known property of
nonlinear effects, 1 5 0 of transferring energy from long wavelengths to the shortest
wavelengths that can survive the effects of dissipation. Unfortunately, the application of the theory of turbulence to problems of galactic growth has just barely
begun. 151
The theory of the origins of galaxies is of more than academic interest, because
the value (Jn/n)R of the fractional change in density at the time of recombination
may become accessible to observation in the near future. 152 For fluctuations that
are approximately adiabatic, the number density is proportional to the cube of
the temperature, so the temperature fluctuations at the onset of recombination
will be given by

(15.8.35)

If the universe has remained

optically thin since this time, then these fluctuations will show up in the cosmic microwave background, as fluctuations of
the observed cosmic radiation temperature with angle. (Note, however, that
Thomson scattering could wash out such inhomogeneities 152 a without affecting the
Planck shape of the distribution function; see Section 15.4.) According to Eqs.
(15.5.35)-(15.5.37) and (15.8.12), a fluctuation of mass M will appear to have
angular scale

or, since n oc R-

3

,

(15.8.36)
For instance, for q0 = -f,H 0 - l = 13 x 10 9 years, and a present density n 0 mH =
1.1 x 10- 2 9 g/ cm 3, the fluctuation corresponding to a nascent galaxy of mass
10 11 M 0 should have an angular scale O = 30". As indicated in Section 15.5, the
measurement of even small fluctuations with this angular scale is well within the
reach of present techniques. It is therefore a matter of some importance to calculate
how strong a fluctuation has to be at the time of recombination to grow into a
galaxy by the present time. This problem will be addressed in the next section.
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Newtonian Theory of Small Fluctuations

We here calculate the behavior of small fluctuations, using the Newtonian
equations (15.8.1)-(15.8.4), but now taking into account the expansion of the
universe. As remarked at the end of Section 15.1, we can safely employ Newtonian
mechanics to deal with astronomical problems in which the energy density is
dominated by nonrelativistic particles, so that p ~ p, and in which the linear
scales involved are small compared with the characteristic scale of the universe. 153
As shown in Section 15.1, there is a simple spatially uniform solution of Eqs.
(15.8.1)-(15.8.4), with

(15.9.1)

(15.9.2)

(15.9.3)
where R(t) is a scale factor satisfying the differential equation

R2 +

k

= 8npGR

2

(15.9.4)

3

or equivalently

R

(15.9.5)

R

We now seek a perturbed solution, by adding to the "zero-order" solution
(15.9.1)-(15.9.3) the small perturbations
p 1 , v 1 , and g 1 . The hydrodynamic
equations (15.8.1)-(15.8.4) then give, to first order in these perturbations,

R

/J1

R

+3-pR

i

R

v1 +-vR

+ - (r · V)p 1 + pV · V1 =0
R

R

i

+ - (r · V)v 1
R

vx

g1

--

1
p

Vp1 +

g1

(15.9.7)
(15.9.8)

= 0

V · g 1 = -4nGp

(15.9.6)

1

Also, since these are for the moment supposed to be adiabatic
pressure perturbation is given by

(15.9.9)
fluctuations,

the

(15.9.10)

572

15 Cosmology: The Standard Model

where vs is the speed of sound. (Here and below, p denotes the mass density
(15.9.1) in the unperturbed solution.)
The equations (15.9.6)-(15.9.10) are spatially homogeneous, so we expect to
find plane-wave solutions. Indeed, solutions can be found with the spatial
dependence

p 1 (r, t) = p 1 (t) exp {ir.

q}

R(t)

and likewise for
means that the
the universe, as
become coupled

(15.9.11)

v 1 and g 1 . (The appearance of the factor 1/R in the exponential
wavelength of these modes is stretched out by the expansion of
anticipated in the last section.) Equations (15.9.6)-(15.9.10) now
ordinary differential equations:

3R
'R-1 pq . v 1 =0
P1 + - p 1 + i
R

(15.9.12)

iv 2
_s_ qp1 + g1
pR

(15.9.13)

R

-

v1 + -Vi
R

= 0

q x gl

(15.9.14)

iq · g 1 = -4nGRp

The "field equations"

(15.9.15)

1

(15.9.14) and (15.9.15) have the obvious solution
gl =

4niGp 1 Rq

(15.9.16)

q2

To solve the equations of motion, it is convenient
perpendicular and parallel to q,
vi(t) = v 1 1.(t)

+

to decompose v 1 into parts
(15.9.17)

iqs(t)

where

= 0

q·v11.

c

iq • V1

_

= ---

q2

It is also convenient to express p 1 in terms of a fractional change in density b:
3

p 1 (t)

=

p(t)b(t) = Po [

Ro_Jb(t)
R(t)

(15.9.18)

Then (15.9.13) splits into two uncoupled equations,

.

R

V11.+-V11.=

o

R

t

+

(15.9.19)

2

!!__8

R

= (- vs + 4nGpR)
b
2
R

q

(15.9.20)
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and (15.9.12) simplifies to

q2
-e

(15.9.21)

R

Inspection of Eqs. (15.9.19)-(15.9.21) shows that there are two quite different
types of normal mode here. The rotational modes, described by v 1 .1, simply decay
as 1/R:
(15.9.22)
On the other hand, the compressional modes, described bye and 6, have a more
interesting time dependence. Using Eq. (15.9.21) to eliminate e in Eq. (15.9.20),
we find

(v

2 2
.. + 2R
- c'5. + ~
2

c'5

R

R

4nGp )

c'5

=

0

(15.9.23)

Note that this goes over to the Jeans dispersion relation (15.8.6) if we set R
constant and define the wave number k as q/R. Equation (15.9.23) is the fundamental differential equation that governs the growth or decay of gravitational
condensations in an expanding universe.
The above Newtonian theory becomes applicable at the onset of the matterdominated era, when the energy density of radiation drops below the rest-mass
density, so that p ~ p. Unfortunately, Eq. (15.9.23) is a little too complicated to
allow a solution in closed form that would be valid throughout the whole of the
matter-dominated
era. We can, however, answer the most interesting questions
about the behavior of c'5(t)by solving Eq. (15.9.23) in a number of special cases.
(A) Zero Pressure Solutions
According to the general picture outlined in the last section, a galaxy is
supposed to grow out of the small fluctuations present at the time of hydrogen
recombination, which are left over from the previous phase of damped acoustic
oscillation. The most important problem facing us is how much such a protogalactic fluctuation could have grown from the time of recombination until the
present. Or, to put this in terms relevant to observations, how large would a
fluctuation have to be at the time of recombination to have a chance of growing
into a galaxy by the present time?
To answer these questions we can simplify Eq. (15.9.23) by neglecting the
pressure term v/q 2 /R2 • This term will be negligible compared with the gravitalql/R is much less than the Jeans
tional term 4nGp if the wave number lkl
wave number (15.8.8) or, equivalently, if the fluctuation mass (15.8.12) is much
greater than the Jeans mass (15.8.13). We saw in the last section that the Jeans
mass is of order 10 6 M 0 to 3 x 10 6 M 0 immediately after recombination, and
drops as R- 3 12 thereafter, so a galactic mass of order 10 11 M 0 will certainly be
much greater than the Jeans mass once the hydrogen recombination is oYer.
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In order to carry the solution of Eq. (15.9.23) forward to the present time, it
will be necessary to use the parametric formulas for R(t) and p(t) derived in
Section 15.3. For positive, zero, and negative curvature, these are:
k

= +1
R(t)

~

=

-

1)

t = q0 (2q 0

-

1)-

Ro
H

0

-1

q0 (2q 0

p

=

(1 312

cos())

(8 - sin 8)

2

3H 0 (2q0 - 1) 3
4nGq 0 2 (1 - cos 8) 3

k=O
2 3

R(t) = (3H 0 t) 1

2

R0
p

k

=

(6nGt 2 )-

1

= -1
R (t) =
Ro

q O(1 -

2qO) -

H 0 t = q0 (1 - 2q0 )p

=

1 ( cosh

312

q, - 1)

(sinh q, - \JI)
3

3H/(l - 2q0 )
4nGq/(cosh q, - 1) 3

With the pressure term neglected, the differential equation (15.9.23) now takes the
following forms.

k = +1
( 1 - cos 8)

d 2 [)

~

d8 2

+

.
d[)
sm 8 - - 3[)

ae

= 0

(15.9.24)

k=O
4 .
2
6+-()-~()=0
3t
3t 2

k = -1

(15.9.25)

a2 1J + smh
.
d6
q, ~ 2

(cosh q, - 1) -

aq,

In each case there are two independent

k

aq,

oc

() _

oc

= 0

(15.9.26)

solutions, which we shall call [)+ and [)_ :

= +1
()+

3[)

38 sin(}
(1 - cos ())2
sin 8
(1 - cos ())2

+

5 + cos()
1 - cos 8

(15.9.27)

(15.9.28)
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k=O
(15.9.29)
(15.9.30)

k = -1
3 q, sinh q,

'5+ oc _..

u_

(cosh q, - 1)

5 + cosh
+ ----~

2

q,

cosh q, - 1

sinh q,

OC-----

(15.9.31)

(15.9.32)

(cosh q, - 1) 2

In all three cases, the solutions <:5+ and()_ go over to t 2 13 and t- 1 , respectively,
for R(t) ~ R 0 , so that if a disturbance starts with comparable amplitudes for the
'5+ and()_ modes at recombination, then it will soon be almost purely in the '5+
mode. We therefore concentrate entirely on the <:5+ mode from now on.
The disturbance is supposed here to start at a time tR corresponding to the
large red shift
l

=R(t

+z
R

0)

R(tR)

The initial values of the parameters
are then

eR~

~ 4000°K ~ 1500
2.7°K

e, t,

or q, for k = + 1, k = 0, or k = -1
1 2

[2(1 - COS8o)J/
1 + ZR

tR ~ to(l

+ zR)-

3/2

q,R ~ [2(cosh lJ10 1 + ZR

1)]
1 2
/

Hence the density contrast <:5could at most grow by an amplification

factor

(15.9.33)
given by
_ 5_(l_+_z_R_)_{ -38
(1 - cos Bo)3

0

sin 80 + (1 - cos 80 )(5 + cos 80 )}

5 1
( + zR)
{ -3lJ1
(cosh q, 0 - I) 3

0

sinh q, 0 + (cosh ll10

-

(k

= + 1)

(k

= 0)

l)(cosh ll1o + .S)}
(k = -1)

(15.9.34)
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The parameters 80 and 'P O can be expressed in terms of q0 by using Eq. (15.3.10)
or (15.3.19). We then find that A 0 is a monotonically increasing function of q0 for
q 0 > 0, rising from A 0 ~ 5q0 (1 + zR) for q0 ~ -±,to A 0 = 1 + zR at q0 = -±,
to A 0 = 1.45(1 + zR) at q0 = 1, and approaching the upper bound A 0 = 5(1 +
zR) for q0 ~ 1. With q0 between 0.014 and 2 and 1 + zR = 1500, a small fluctuation would have grown from the time of hydrogen recombination until the present
by a factor A 0 between 100 and 3000.
The condensations observed in the present universe cannot be considered
"small disturbances." For instance, the mass density in a typical cluster of galaxies
is of order 10- 2 8 g/cm 3, an order of magnitude greater than the maximum likely
value for the universe as a whole, and the mass density within a galaxy is of course
even greater. The simple linear instability theory described above is therefore not
applicable to the whole history of inhomogeneities up to the present moment.
However, it seems reasonable to suppose that the present strong condensations
grew out of small disturbances, so that a necessary (if perhaps not sufficient)
condition for their formation is that the perturbation c:5
+ (t) calculated in linear
stability theory should have become of order unity at some time before the present.
This then sets a lower limit on the magnitude of the initial disturbance at the time
of recombination,
lc:5+(tR)I~ -

1

(15.9.35)

Ao

so that lc:5+(tR)Ishould be greater than about 10- 2 to 3 x 10- 4 , depending on the
value of q0 . In order to say how much greater, it would be necessary to know the
time at which the disturbance reached the beginning of the nonlinear regime, with
154
jc5+ (t) I ~ 1. According to Weymann,
the observed binding energies of galaxies
indicates that this must have occurred after a time of order 7 x 107 years; if c:5+
reached unity this early, then it must have been already quite large at the time of
recombination. On the other hand, if the concentration of quasi-stellar object red
shifts at z ~ 2 marks the onset of galaxy formation, then (15.9.35) provides a
reasonably good estimate of the actual value of lc:5
+ (tR)j. As remarked at the end
of the last section, the protogalactic fluctuations at the time of recombination
would produce fractional fluctuations in the observed microwave background
temperature equal to lc:5+(tR)l/3over angles of order 30", provided that Thomson
scattering during or after recombination does not smooth out the fluctuations. 152 a
Even if the nonlinear regime was reached rather recently, ~Ty/Ty would be of
order 3 x 10- 3 to 10- 4 , which should be observable.
(B) Zero Curvature

Solutions

It is also interesting to consider the behavior of the solutions when the pressure
term vs2 q 2 /R2 in Eq. (15.9.23) is not neglected, particularly in order to locate the
precise dividing line between stable and unstable fluctuations. In order to obtain
exact solutions, it is necessary now to restrict our attention to early times, when
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R2

=

and SnpGR 2 /3 in Eq. (15.9.4) are much larger
± 1 we can use the k = 0 formulas for Rand p:
R oc t 2 ! 3

(15.9.36)
(15.9.37)

(This is not much of a limitation, because for recent times, when these formulas
may not be valid, the Jeans mass is so small that its precise value is of little
interest.) For a general specific heat ratio y, the pressure varies as p"t, and the
speed of sound is
vs

=

1/2

;
(

oc p1/2(y-1)

oc t1-y

(15.9.38)

2)'5=0

(15.9.39)

)

Hence Eq. (15.9.23) reads here

- 4 (---~A

<:5+-o+~

2

t 2 y- 2J3

3t

3t 2

where A 2 is the constant

A2

=

t2y-2f3v

R2

2q2

(15.9.40)

s

The solutions of Eq. (15.9.39) for y > 4/3 are

~

u±

OC

t

- i;6J

+5/6v

(At-v)
-V-

(15.9.41)

where J is the usual Bessel function, and
V=}'-->0

4

3

(15.9.42)

The Bessel functions oscillate for t ~ A t/v, whereas for t ~ A t/v the solutions
behave like
(15.9.43)
By using Eqs. (15.9.37) and (15.9.40), the condition t > A t/v for growth in the
mode can be written

<)+

V 2q2
_s __

R2

> 6nGp

"'

which is substantially the same as the Jeans condition v/k 2 > 4nGp.
The solutions (15.9.41) will apply after recombination, with y ~ 5 '3. Also,
for a relatively high present density, there is an appreciable period before recombination when the total energy density is dominated by hydrogen rest-mass,
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but the pressure is dominated by radiation. The cosmic medium then behaves
like a nonrelativistic fluid with y = 4/3, so that Eq. (15.9.39) reads
..

c5+

-4

3t

~

o

+

[A

2

-

2

6
= 0
t

3 ] -2

(15.9.44)

with
(15.9.45)
The solutions of Eq. (15.9.44) are quite simple:
(15.9.46)
Both solutions undergo a gently damped oscillation for A > 5/6, and decay for
5/6 > A > ,J2/3, whereas for A < ,J2/3, 6+ grows and c5_ decays. The condition for growth in the 6 + mode is then

v/q 2
---~-<

6nGpR

2
2

3

which is precisely the same as Jeans's condition vs2 k 2 < 4nGp.
It is not difficult to incorporate dissipative effects in this formalism. The most
interesting case here is the damping owing to a finite photon mean free path during
the matter-dominated
part of "Phase B," that is, during the period prior to
recombination when the radiation density aT 4 is much less than the matter
density nm H and the Jeans mass is much greater than a galactic mass. According
to Eqs. (15.8.27)-(15.8.30), the effects of viscosity are negligible here compared
with the effects of heat conduction, so dissipative effects can be taken into
account 15 5 by using the equation of state to express the pressure perturbation p 1
in Eq. (15.9.7) in terms of the temperature and mass-density perturbations T 1
and p 1 , and supplementing Eqs. (15.9.6)-(15.9.9) with the usual nonrelativistic
equation of radiative heat transfer. We need not go into this further here, since
heat conduction as well as viscosity will be incorporated into the generalrelativistic theory described in the next section.

10

General-Relativistic Theory of Small Fluctuations

The nonrelativistic analysis presented in the last section is adequate for -the
study of compressional and rotational perturbations during the matter-dominated
era, when p ~ p. However, a relativistic treatment is needed to deal with the
radiation or lepton-dominated eras, when p is of the same order as p, or to treat
the propagation of gravitational radiation in any era.
The relativistic theory of small disturbances in an expanding universe is
rather complicated, so the theory presented here will deal only with the simplest

1o
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case, when the unperturbed Robertson-Walker metric has curvature k = 0. This
is not too severe a restriction, because the results for k = + 1 or k = -1 are
essentially the same as for k = 0, provided that we keep to the early universe
when R2 ~ lkl, and provided that we keep to perturbations of wavelength much
less than R. These are the most interesting cases in any event, particularly since
the growth of condensations in the recent past can be treated for any value of k
by the nonrelativistic theory of the last section.
It proves convenient here to include the effects of dissipation from the beginning. The medium will be characterized by a coefficient of shear viscosity 1Jand
a heat conduction coefficient x; as mentioned in Section 15.8, the bulk viscosity (
will be negligible once the pressure and kinetic energy density of matter drop
below those of radiation. The effects of dissipation can be taken into account by
adding suitable terms to the energy-momentum tensor. These terms were calculated in Section 2.11 for a relativistic imperfect fluid in the absence of gravitation;
the correct energy-momentum tensor in the presence of gravitation can be immediately obtained by writing Eq. (2.11.21) in a generally covariant form:

Tµv = pgµv

+

(p

+ p)UµUv

- 17HµpHvuwpu
- x(Hµpuv

+

HVPUµ)Qp

(15.10.1)

where
(15.10.2)
(15.10.3)
(15.10.4)

It is easy to check that the dissipative terms in Tµv vanish for a RobertsonWalker metric (with any k), so the Friedmann solutions still provide our starting
point. In particular, for k = 0 the Einstein equations have the familiar unperturbed solution
(15.10.5)
U1 = 1

(15.10.6)

where xi (with i = 1, 2, 3) are a set of quasi-Euclidean
and

R2 =

8npGR

comoving coordinates,

2

(15.10.7)

3
The only independent nonvanishing components of the unperturbed
nection are then given by Eqs. (15.1.3)-(15.1.5) as

P.IJ = RR{>..
I]

.

R /5..

rt'.J = -R

I]

affine con-

(15.10.8)
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We shall consider a disturbance, in which the metric is gµv + hµv• with hµv
small. Before we write down the field equations for hµv• it is useful to recall the
remark of Section 10.9, that by performing a coordinate tra,nsformation (10.9.6),
we can convert the solution hµv into an equivalent solution
h:v

= hµv + Bµ;v + Bv;µ

with eµ an arbitrary small vector field. Using Eq. (15.10.8), this new solution takes
the form
* = h .. + ae.
ae.1
.
h-.
-axj1 + -axi
2RRf>.I)·Br
(15.10.9)
I]
I)

h,:l't= h.
It

+

htt* = h t t

+

aei
at

+

aet - 2 ~
axi
R

B·

(15.10.10)

I

2 aet

(15.10.11)

at

It is extremely convenient to choose eµ so that

ht= h~ = 0
thus maintaining to the greatest possible extent the form of the unperturbed
metric (15.10.5). This can be accomplished by constructing eµ according to the
prescriptions

--lef h,,dt

Br=

f

-R2

[h·It

+ axi
aet]

R-2 dt

Dropping the asterisk, it will simply be assumed from now on that the coordinate
system is chosen so that

hit = htt = 0

(15.10.12)

The perturbation f>gµv= hµv produces in the affine connection a perturbation
(10.9.1), which here has the components

(15.10.13)

br 1k = --Hhtj;k

=

! ahjk
2 at

+

htk;j - hjk;rJ
(15.10.14)
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(15.10.15)

= Jr;t = Jr~t = o

(15.10.16)

we find also that
(15.10.17)

it being understood that repeated Latin indices are summed over the values 1, 2, 3.
The perturbation in the Ricci tensor is then given by
JR ij = (bf i) ;j

(Jrfi)

-

_ cbri

;µ

aJr~j

- 2;1 -

aJr~j

a7 - at

.

- RRbijJrt

R

t

•

- - c'5rij+ RR[Jr:j
R

.

.

+ Jrfi]

JRti = (£5fr);i - (<:5r~);µ

=

cbr, _ obr l _ !!_Jr. + !!_Jr~.
cxi

R

cxi

R

I

JI

JRrr = (bfr):r - (Jrfr);µ

= cb~_r+

ct

!li
Jr!
R

it

or, more explicitly,
JR .. -

1

I)

2R 2

[,2h
..- oxia2hikoxk -

a2hjk
axi oxk

lj

2
R ·
- ~21 a-fcth.. + -2R
[hij

+ b,2

- [-2h I]..
R2

+

a2hkk
axi oxi

J

·

- J ijhkk]

+ J ..hkk]

(15.10.18)

I]

(15.10.19)

f>R,,=

-2 1

2R

R
R

[··hkk - 2 - hkk

(R
zR - R)
- hkkJ
R
2

+

2

(15.10.20)
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According to Eq. (15.10.1 ), the source term on the right-hand side of Einstein's
field equations is

Sµv

= Tµv -

,JlµvT\ = !(p - p)gµv

+

(p

+ p)UµUv

- 17HµpHwrWP<T
- x(Hµpuv

+ HvpUµ)QP

(15.10.21)

In order to preserve the normalization of the velocity U, we must have

The perturbations

hij, Uu, p 1 , p 1 , and T 1 then produce in Sµv the perturbations
i

bSii = z(P - p)hii
bSit = -R 2(p
bSu = !(p

1

+

+

+ p)U/

R2

2

4

..

btiP1 - P1) - 17R bW' 1

+

- xTbHit

xR 2bQi

(15.10.22)
(15.10.23)
(15.10.24)

3Pi) - 2xTbHtt

where
(15.10.25)

owij =

R-2 [au~1
oxl

+

R-

2

+ au~j

~ {R-

ox'

- 2-J..v.
3

lJ

u1

J

2[hii - tbiihkk]}

(15.10.26)

(15.10.27)

Finally, the perturbed Einstein field equations here take the form
(15.10.28)

Putting together Eqs. (15.10.18)-(15.10.20) and (15.10.22)-(15.10.28), we find

(15.10.29)
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(15.10.30)

.. 2R

hkk

-

-

R

hkk

+2

(R
R)
2 - 2

R

R

= -SnG(p

hkk

1

+

3pi)R

2

(15.10.31)

The equations of motion for the fluid can be obtained either from the conservation equations Tf; = 0, or directly from the field equations. By applying the
operators a/axiand a/at+ 3R/R to Eqs. (15.10.29) and (15.10.30), and using
(15.10.30), (15.10.31), and the trace of (15.10.29) to simplify the result, we obtain
the momentum conservation equation

(15.10.32)
(The vector U 1 is understood to have components U 1 i, not U 1 i·) Also, by taking
the divergence of Eq. (15.10.30) and using Eqs. (15.10.31) and the trace of Eq.
(15.10.29), we obtain the energy conservation equation

3R

Pt + R

(Pi

+ Pi)

{i(2~:)
+ v.u,}
+ z{tv
· +~ +; !
-(p

+ Pl

U1

2

2

V T1

2

(R2V · U,)}
(15.10.33)

As usual in dealing with dissipative processes, we must also make use of the conservation law for the particle current nUµ:

(Strictly speaking, n should be taken as the density of baryon number or lepton
numbers.) For the unperturbed solution, this gives the familiar result

n oc Rand to first order in the perturbations

3

n 1 , U 1 , and hii• we have

584
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or, using (15.10,17),

!]_(~)
at
n

= -

v . u1 -

(15.10.34)

<}_(~) 2
at
2R

Equations (15.10.29)-(15.10.34) provide a convenient set of fundamental equations,
but it should be kept in mind that these equations are not all independent, as
shown by the way they were derived.
One solution of these equations can be found immediately:

h ..(x t) = R 2 (t) {' aJ/~)+
IJ

axJ

'

aJi~)}
axt
(15.10.35)

with fan arbitrary function of position. [To verify Eq. (15.10.29), use Eq. (15.1.20).]
However, reference to Eqs. (15.10.9)-(15.10.11) shows that thi~ is not a physical
disturbance, but represents the effects of an infinitesimal coordinate transformation
of the form (10.9.6):

E' = 0

i:(x, t) = R 2 (t)f(x)

(15.10.36)

whose structure is such as to preserve the vanishing of hit and hu- We are interested
only in physical disturbances, whose form necessarily differs from (15.10.35).
The manifest spatial homogeneity of equations (15.10.29)-(15.10.34) allows us
to find solutions with the spatial dependence
(15.10.37)
with q a constant wave number. Just as in the nonrelativistic case, it is convenient
to analyze the general solution into normal modes. Now there are modes of three
different kinds:

Radiative Modes
There is a simple class of solutions with
(15.10.38)
Equations (15.10.30)-(15.10.34) are here trivially
together with Eq. (15.1.20), gives

..
h-·
IJ

+ [ --R
R +

J, + [q- 2

16nGn., n IJ..

~

R2

satisfied, and Eq. (15.10.29),

RJ
h. . = 0

2.R 32nG11
R

R

IJ

(15.10.39)
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For very large wave numbers, we can find a general second-order WKB solution

(15.10.40)
With R and r, slowly varying, this result may be converted from the comoving
spatial coordinate system to a nearly Minkowskian system by multiplying hii by
a scale factor l/R 2 • Thus (15.10.40) corresponds to a plane gravitational wave of
the form (10.2.1), with

eµ, oc

1

exp {-8nG

k=~

f

q dt)

R

According to Eq. (10.3.7), the energy density -r~0 of these gravitational
decreases as
,~

0

oc Jl-

4

exp { -16nG

f

q dt)

waves

(15.10.41)

The factor R- 4 is just what we should expect for the free expansion of any wave
representing a massless particle. [Compare Eq. (15.1.23).J The extra factor in
(15.10.41) tells us that gravitational waves in a viscous medium are absorbed at a
rate: 156
(15.10.42)
Generally, Y/ will be of the order of the thermal energy density times some typical
mean free time T, so that
is at most of order R2 r/R 2 • Hence as long as the
9
1
collision rate T- is much greater than the expansion rate R/R, the damping rate
r 9 will be much less than the expansion rate R/R, and viscosity will have little
effect on the wave propagation. With viscosity neglected, and with R(t) assumed
to have a power-law time dependence

r

(15.10.43)
we can find a solution of Eq. (15.10.39) valid for all wave numbers,

h .. oc t1/2(n+ OJ
I)

(

iqlt

±v (1 - n)R

)

(15.10.44)

where J ± v is the usual Bessel function of order ± v, and
V=---

3n - 1

2 - 2n

(15.10.45)

(In the matter-dominated
or radiation-dominated
eras, Eq. (15.10.43) hold~ with
n = 2/3 or n = 1/2, respectively.) Unlike the case of electromagnetic wa,-es in a
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plasma, there is no sharp lower limit to the frequencies at which gravitational
waves can propagate; instead, the solutions start at lqlt ~ R with the behavior

h l)..
and gradually go over for

lqlt ~

0C t 2 n

or

(15.10.46)

tl-n

R to the wavelike solutions (15.10.40).

Rotational Modes
There is also a simple class of solutions with
(15.10.47)
Here Eqs. (15.10.31 ), (15.10.33), and (15.10.34) are trivially satisfied, and Eq.
(15.10.32) becomes an equation for the transverse part of U 1 :

[ti+

5

16nGq] [R {p

+p

-

3

2

x'I'}U 1 ] = -qR q U 1

(15.10.48)

Equations (15.10.29) and (15.10.30) then dictate the gravitational field produced
by the rotations represented by U 1 ; these field equations are automatically
consistent with (15.10.48), because the equations of motion from which (15.10.48)
was derived were themselves derived from the field equations. With dissipation
neglected, Eq. (15.10.48) simply tells us that U 1 has a time dependence inversely
proportional to R 5 (p + p),
1
U 1 oc ---(15.10.49)
Rs(p + p)
which may be regarded as the relativistic generalization
of the Newtonian result (15.9.22).

(in comoving coordinates)

Compressional Modes
Once
modes, in
to vanish.
(15.10.32)

again, the richest time dependence is displayed
which the quantities hkk' q · U 1 , p 1 , p 1 , T 1 , and
Equations (15.10.31), (15.10.33), (15.10.34), and
here provide a set of coupled equations for these

by the compressional
n 1 are not constrained
the divergence of Eq.
quantities:

(15.10.51)
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:ie::)-iq. u, - ~ G;~)

(15.10.52)

=

[~ + 16nG~] [iq. U,Il'{p +

+

p - x'i'}

xR' {q2 T,- i
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tt(Ilq. U,)}]
2

(15.10.53)

If we use the equation of state to express p 1 and p 1 in terms of n 1 and T 1 , these
can be regarded as four equations for the four unknowns
q · U 1 , n 1 , and T 1 .

hkk,

The reader may check that these equations yield the
fluctuation wave numbers that are much larger than
gravitation and the expansion of the universe may
nonrelativistic limit with damping neglected, these
previously derived Newtonian equations (15.9.20) and
identify

{iq
.u

8= _qR

2

1

damping rate (15.8.30) for
the Jeans limit, for which
be neglected. Also, in the
equations reduce to the
(15.9.21), provided that we

+!f
2

(hkk)}

at R

2

For a thorough discussion of the normal modes described by Eqs. (15.10.50)(15.10.53), the reader is directed to the review of Field. 15 7 For our present purposes, it will be sufficient to consider only the limiting case of very small wave
numbers. In the limit q ---t 0, all dissipative effects vanish; indeed, by eliminating
in Eqs. (15.10.51) and (15.10.52), we can show that the perturbations keep the
entropy constant, so that

hkk

(15.10.54)
Also, it is convenient to use Eq. (15.1.21) to write Eq. (15.10.51) as

_ ! f (hkk)
=
2 at R 2

_l

p

_

+p

{Pi_/J(l p++vs )P1}
2

p

{P1-

= _1_
p+p

(p

+ P)P1}

p+p

a ( P1 )
=at
p+p

hkk/R

2
The addition of a time-independent term to
would correspond to a mere
coordinate transformation of the form (15.10.36), so the solution is essentially
unique,

(15.10.55)
with 6 now defined by

P1 =

(p

+ p)6

(15.10.56)
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Using Eqs. (15.10.54)-(15.10.56) in (15.10.50) yields the second-order
equation

..

b

2R .

+-

R

b - 4nG(p

+ p)(l +

2

3vs )b

= 0

differential

(15.10.57)

We are now at last able to calculate the growth rate in "Phase A," that is, in the
early period when the Jeans mass is very small and the energy density is dominated
by radiation (and neutrinos). In this case, we have
R oc t 1 12

P

=

3
32nGt 2

p

=

f!_

3

vs

=

1

.)3

and Eq. (15.10.57) reads

(15.10.58)
Again, there is a growing solution b + and a decaying solution b _ :

(15.10.59)
but no exponential

11

growth.

The Very Early Universe

The thermal history of the universe was traced in Section 15.6 back to an era
when the temperature was about 10 1 2 °K. At this early time, the universe was
filled with particles-photons,
leptons, and antileptons-whose
interactions are
hopefully weak enough to allow this medium to be treated as a more or less ideal
gas. However, if we look back a little further, into the first 0.0001 sec of cosmic
history when the temperature was a hove 10 1 2 °K, we encounter theoretical problems of a difficulty beyond the range of modern statistical mechanics. At such
temperatures, there will be present in thermal equilibrium copious numbers of
strongly interacting particles-mesons,
baryons, and antibaryons-with
a mean
interparticle distance less than a typical Compton wavelength. These particles
will be in a state of continual mutual interaction, and cannot reasonably be
expected to obey any simple equation of state.
However, the temptation to try to construct some sort of model of the very
early universe is irresistible. There are in fact two extremely different simple
models that have been widely considered in recent years, and that reflect two
divergent views of the nature of the strongly interacting particles. Although
neither model can be taken seriously in detail, the hope is that one or the other
of these models may come close enough to reality to lead to useful insights about
the very early universe.
The first of these two pictures may be called the elementary particle model.
It is supposed that all particles are made up of a small number of elementary
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particles-say,
photons, leptons, "quarks," and their antiparticles. It is further
supposed here that at very high temperatures the forces that bind the elementary
particles become negligible, just as the neutron-proton
force becomes cosmologically unimportant
at temperatures
above the dissociation temperature
of
deuterium. Let there be JV different kinds of elementary particles, counting spin
states and antiparticles separately, and counting fermions as i of a particle.
(See Eq. (15.6.32). For instance, if we include only the familiar photons, leptons,
and antileptons, plus three kinds of spin } quarks and antiquarks, we have
JV = 26.) Then for kT above the mass of the heaviest elementary particle, the
contents of the universe will behave as if they consisted of JV /2 different kinds of
black-body radiation, with pressure, energy density, and specific entropy given by
3p ~ p ~ }JVaT
(J~

(p

+ p)

nnkT

4

(15.11.1)

2aT 3
~~-JV
3nnk

(15.11.2)

where nB is the number density of baryons minus antibaryons. (The extra factor
constant arising from
the two photon polarization states.) For an adiabatic expansion (J is constant,
and since (J at present has the value (15.5.18), the temperature in the very early
universe is given by

-!-enters here to cancel the factor 2 in the Stefan-Boltzmann

:!___=
Tyo

(~!L)1;3
= (~)1;3
(Ro)
.!Vnno

JV

(15.11.3)

R

The relation between the energy density p and the time t here is the same as
(15.6.44), and so

(15.11.4)
In contrast, in a composite particle model, it is supposed that there are no true
elementary strongly interacting particles but instead that all such "hadrons"
must be regarded as composites of one another. We then face a question of principle, whether thermodynamic
calculations can be carried out including as
"particles" only the one absolutely stable hadron, the proton, or also slowly
decaying hadrons, such as the neutron and pi-mesons, or perhaps all resonant
hadron states, including such rapidly decaying resonances as the rho-meson and
the "3-3" n-N resonance. It is an attractive conjecture, that if all resonances were
included in our thermodynamic
calculations, then to a first approximation,
it
might not be necessary to take any further account of the particles' mutual
interactions. (See Section 11.9.) If so, then the contents of the early universe
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could be treated as consisting of a great many ideal gases, with JV(m) dm types
between mass m and m + dm. But what is the function JY~(m)? The greatest
possible contrast with the elementary-particle model is achieved for a distribution
that grows as fast as possible, that is,
JV(m)

---t

form

Am-B exp(_!!!__)
kTM

---t

oo

(15.11.5)

,vhere A, B, and TM are unknown constants. Thermodynamic quantities will
generally involve integrals of JV(m) dm, with weighting factors that behave like
e-m/kT
for m ---t oo, so these quantities would not converge for a distribution
function that grew faster than (15.11.5), and, even for the distribution function
(15.11.5), would not converge for T > TM. An ideal-gas model with a number of
species giveRby Eq. (15.11.5) is thus characterized by a maximum temperature TM.
The analysis of secondary particle emission in very high-energy reactions 158 and
the recent Veneziano model of hadron interactions 159 both independently suggest
a number of hadron species given by Eq. (15.11.5), with B of order 2 to 4, and with
TM of order 1. 7 x 10 12 °K. Leaving aside mesons, leptons, and photons for the
moment, the total energy density, pressure, and baryon number density are given
by the usual Fermi distribution as

f
f
f

f
f
f

p

= h-3

p

= -:\-h-3 .,V(m) dm

n = h-3

%(m)dm

f(m)dm
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{[e(E-µ)/kT

ue<E-µ)/kT

+

+
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(15.11.6)
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+

r
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[e(E+µ)/kT

1 }E-

1p2

d3p

+ 1r'}d'p

(15.11.7)
(15.11.8)

where E is the particle energy (p 2 + m 2 ) 1 12 , and µ is the chemical potential
associated with baryon number. The dimensionless entropy per baryon a i:defined by the second law of thermodynamics
as the integral of the perfect
differential

and a straightforward

integration
(J

gives
(p + p
= ~----~

- µn)

nkT

(15.11.9)

In an adiabatic expansion, p and p drop from presumably infinite initial value:-.
while a must stay constant. The only way that p and p can approach infinity whil,·
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a remains fixed is for µ to become infinite while T approaches a finite value T 1
less than TM· In this limit, the integrals (15.11.6)-(15.11.8) approach the values 160
p---+ A'eµfkTMµs12-•kT,

csc (~)

x{1+(nk:}B
- !) cot(~)+
(3!:M
}B- !) +0(:2)}
(15.11.10)
(15.11.11)
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+ ( -11
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3
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cot

(nT+
1

TM )

(3kTM)
~

(B -

1)}

1
,d
+ 0 ( µ2

(15.11.12)
where A'

(kTM) 3 12 h- 3 (811r 1 12 A. The entropy (15.11.9) then takes the value

(15.11.13)
Since a is very large, the initial temperature
temperature TM:

T 1 is very close to the maximum

(15.11.14)
With a finite initial temperature, the energy density and pressure of mesons,
leptons, and photons is negligible in the limit t ---t O in comparison with the
baryonic contributions (15.11.10) and (15.11.11), justifying the neglect of all
particles but baryons in the above calculations. The baryon number density must
vary as R-3, so Eqs. (15.11.12) and (15.11.10) give for R ---t O

(15.11.15)
and

(15.11.16)
The Einstein field equation (15.1.20) then has a solution (with k neglected) of the
form 160
R oc t2/31ln ti1;2
(1.5.11 17)
in contrast with the behavior R oc t 1 12 expected in an elementary-particle model.
How can we distinguish among models of the very early universe? As pointed
out in Section 15.6, most of the constituents of the universe were in thermal
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equilibrium at temperatures above 10 12 °K, so that the present contents of the
universe for the most part depend only on the entropy per baryon, and perhaps
on the ratio. of the lepton numbers to the baryon number, in the hot early universe.
In order to learn something about the behavior of the universe before the temperature dropped to 10 12 °K, we need to look for fossils, particles that might have
escaped thermal equilibrium before the temperature dropped below 10 12 °K.
One such possible fossil particle is the quark, the hypothetical fundamental
particle of the strong interactions. Zeldovich 161 has estimated, on the basis of
·what we have here called an elementary-particle model, that if quarks really can
exist as free particles, the density of leftover quarks, which escaped fusion into
nucleons in the early universe, would be about the same as the observed present
density of gold atoms. Efforts to find quarks in nature have so far failed, so one
can conclude either that free quarks do not exist, or that the thermal history of
the very early universe was very different from (15.11.4).
One other, less hypothetical, fossil particle is the graviton. As shown by Eq.
(15.10.42), a graviton in an imperfect fluid with shear viscosity Y/will have a mean
free time 1 5 6
T

9

= (l6nG17)- 1

(15.11.18)

If r 9 is not much longer than the expansion time t, then the transport of momentum
by gravitons will give the medium a viscosity
(15.11.19)
Eliminating

Y/from these two equations then gives

149

(15.11.20)
In an elementary-particle model, Eqs. (15.11.20) and (15.11.4) give the ratio of
the graviton mean free time to the expansion time as
(15.11.21)
If .ff is not too large, r 9 will be not much greater than t, so that (15.11.19) and
(15.11.20) will be roughly correct, and r 9 will thus vanish for t ~ 0 like t. In an
elementary-particle model, then, the "optical depth" J r9 - 1 dt of the very early
universe for gravitational radiation diverges logarithmically for t ~ 0, and the
present universe should thus contain left-over black-body gravitational radiation, 162 with a temperature

T, = (T~:·-= (
0

0

~r
13

T,
0

(15.11.22)

For instance, if .ff = 26 and Tyo = 2.7°K, then the present gravitational radiation background temperature is about 0.9°K. In contrast, in a composite-particle
model, the product RT vanishes for t ~ 0, so even if the universe is "optically
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thick" to gravitational radiation, the present graviton background temperature
would be very much less than the value (15.11.22). Thus the presence or the
absence of a gravitational radiation background with temperature of order 1°K
would provide clear evidence for the behavior of matter in the very early universe.
Unfortunately, there does not seem to be any way to detect a 1°K gravitational
radiation background directly. 162 Its most important effect would be to shorten
somewhat the expansion time scale during the radiation-dominated
era, very
slightly increasing the cosmic production of helium.
It may be that the heat represented by the huge entropy per baryon in the
microwave background provides the most useful clue to the very early history of
the universe. Of course, it is possible that this heat was put in at the initial
singularity, in which case we must regard a as a dimensionless fundamental
constant, like the fine structure constant. However, it is more attractive to
suppose that the present entropy per baryon was generated by physical dissipative
processes acting in the early, or the very early, universe.
One such nonadiabatic mechanism for entropy generation is provided by the
phenomenon of bulk viscosity. We saw in Section 15.10 that the shear viscosity
and heat conduction can play no role in a Robertson-Walker
model. The only
dissipative effect that can enter in the energy-momentum tensor for an isotropic
homogeneous expansion is the term in Eq. (2.11.21) proportional to the bulk
viscosity, (, which in general coordinates takes the form

/:).Tµv= -((gµv

+

UµUv)U)..;_

where Uµ is the fluid velocity four-vector. In a Robertson-Walker
U;.,;. = 3R/R, so the total energy-momentum
tensor here is

Tµ' ea pUµU'

+

model, we have

(p- 3( 1)(gµ' + UµU')

The whole effect of the bulk viscosity is thus to replace the pressure p with

R

p* = p - 3( R

(15.11.23)

The bulk viscosity therefore has no effect in the formula, Eq. (15.1.20), for R in
terms of p. However, it does appear in the energy-conservation equation, which
now, in place of (15.1.21), reads
_!,__
(pR 3 ) = -3p*R
dR
Since n oc R-

3

2

= -3pR

2

+

9(RR

the specific entropy will in general increase at a rate
(1'

=___!_
[:!:.
({!_)
+ p ~ (!)]
kT dt n
dt n
-- _Ii__[£(
R3 + ±_(R3)]
nR 2 kT dR p )
p dR

(15.11.24)
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and (15.11.24) gives this as 149

(15.11.25)
For instance, for a fluid consisting of material particles with a very short mean
free time plus photons with mean free timer, the bulk viscosity is 149

( = 4aT

4
T

[1
3 - (op) ]
Op

2

n

(15.11.26)

and Eq. (15.11.25) gives an entropy production rate

! 3~~}
-3G:)J
(~~;)
=

(15.11.27)

(For neutrinos, just multiply by a factor of i.) The production of entropy here
can be understood as due to the fact that the frequency of a free photon will vary
as 1/R between collisions, whereas the temperature of the material medium will
not vary as 1/R unless (op/op)n
takes the value t, so that the expansion of the
universe is continually pulling radiation and matter out of thermal equilibrium
model (op/8p)n
will be
with each other. 163 However, in an elementary-particle
close to tin the very early universe, whereas in a composite-particle model, the
photons (or neutrinos) have only a small share of the total entropy, so that the
last factor in (15.11.27) is small. Estimates of a/ado not indicate that bulk viscosity
can account for the high entropy of the present universe. 149
If the present entropy of the universe is not due to bulk viscosity, then
perhaps it is produced by the effects of shear viscosity or heat conduction in an
initially anisotropic or inhomogeneous expansion. Indeed, it may be just these
dissipative processes that are responsible for smoothing out initial anisotropies,
and hence producing the high degree of isotropy observed in the cosmic microwave
radiation background. Misner 164 has shown that neutrino viscosity, acting before
the temperature dropped to 2 x 10 10 °K, would have reduced the present anisotropy of the black-body radiation, produced in an initially homogeneous but
anisotropic expansion, to less than 0.03%. (However, see pp. 525-6.)
Another possible explanation for the observed high entropy per baryon is
that the mean baryon number density really vanishes, as in the theories of
Klein 165 and Alfven. 166 When (and if) the temperature was above 10 13 °K, the
number density of nucleons plus antinucleons would have been of order

so if a has remained constant, the fractional excess of nucleons over antinucleons
in the very early universe would have had the very small value

nN - nN
nN + nN

"'!"'
a

10-s

to

10-9
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In the symmetric cosmology of Klein and Alfven this small nucleon excess is
interpreted as a purely local phenomenon-it
is supposed that in other parts of
the universe there was a small antinucleon excess, giving rise at present to galaxies
of antimatter.
The detailed calculations of Omnes 166a show that reasonable
physical processes in a symmetric plasma of matter and antimatter could have
produced the required small separation of matter and antimatter. Unfortunately,
observational astronomy has not yet provided any definite information as to
whether distant galaxies consist of matter or antimatter. Only the gamma-ray
spectrum provides a hint 166b that antimatter may exist on a cosmological scale.
As long as we have the temerity to speculate about the very early universe,
we may as well carry our speculations back to the very beginning. The Friedmann
solutions, taken literally, indicate that R vanishes as t --t 0, as t 1 12 in the elementary-particle models and as t 2 13 jln ti112 in a composite-particle model. For all we
know, this singularity actually occurs, but it is natural to wonder whether it can
be avoided.
One way to avoid a singularity in the very early universe is for the energy
density p to vanish, owing perhaps to some very short-range attractive force that
overbalances the particles' rest masses. If p vanishes at some critical value Re of
the scale factor R(t), then R vanishes at Re (or, for finite curvature, near Re) so
that R might have decreased to Re before beginning its present increasing phase.
Even if the energy density is always positive, it is still conceivable that the
universe could escape a general singularity, through anisotropies or inhomogeneities that invalidate the simple Friedmann solutions. Penrose 167 and Hawking1 6 8 have proYed a number of powerful theorems that show that a singularity
is inescapable under Yery general conditions. For instance, one of Hawking's
theorems states that a singularity is unavoidable, provided that general relativity
is valid, that each point of space-time has a small neighborhood that no curve
with timelike or null tangents cuts more than once, that the energy-momentum
tensor satisfies the positivity condition

for all vectors Wµ with Wµ W µ < 0, and that there is a point p such that all the
past-directed timelike geodesics through p start converging again within a compact
region in the past of p. The last condition is satisfied if there is enough matter to
make the world lines through p converge in the past, and Hawking and Ellis 169
have shown that the cosmic microwave background does provide enough energy
density in the past to satisfy this condition. However, it is important to note that
the Penrose-Hawking theorems do not say that there is a singularity in the past
that involves all space, as in the Friedmann solutions, but only that there is some
singularity somewhere. The singularity might consist merely of one or more isolated
points, which behave like time-reversed collapsing stars.
Finally, it may be that classical general relativity itself breaks dmn1 in the
very early universe. One simple way for this to happen is through the effects of a
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cosmological constant, to be discussed in the next chapter. A more intriguing
idea is that quantum effects might become important, invalidating any purely
classical field theory of gravitation. For a system, consisting of point particles
with a mean particle energy E, the relative importance of gravitational "radiative
corrections" will be described by a "gravitational fine structure constant"

GE2

IY.,g

=--

h

analogous to the usual electromagnetic fine structure constant 1 17 . Quantum
effects will become important when r:1.,0 is of order unity, or when E reaches a
critical value, given in c.g.s. units by

_ (.hcs)1;2
= 1.22 x

E c

G

10 28 eV

(15.11.28)

corresponding to a temperature 1.4 x 10 32 °K. The temperature in a composite
particle model never gets anywhere near so high, but kT would have been greater
than Ee at the very beginning of a Friedmann universe composed of a finite
number JV of species of elementary particles. In fact, a great many other quantum
effects become important at that time. 1 7 For instance, the oscillation rate of a
typical particle wave function at temperature Tis kT/h, while the expansion rate
of the universe at this time is given by Eq. (15.11.4) as

°

~=~

=

(~(,-;a7'T'

Recalling that a = n 2 k 4 /15h3, the ratio of these rates is

Hence for temperatures above the critical temperature Ec/k, the wave functions
of typical particles have an oscillation rate slower than the expansion rate of the
universe, so that no classical or semiclassical description can be applied to the
particles in thermal equilibrium at that time.
The consideration of first things naturally leads to speculation about last
things. 1 71 We saw in Section 15.1 that a Friedmann universe with k = + 1 will
eventually cease its expansion and begin to contract. Taken literally, such models
require that a singularity with R = 0 will be reached at some finite time in the
future, of order 75 x 10 9 years for H 0 = 75 km sec- 1 Mpc- 1 and q0 = 1.
However, if it is possible to escape a general singularity in the past, either through
negative energy densities, anisotropies, or quantum effects, then presumably it
ought to be possible to escape the general singularity in our future. In this case, we
might suppose that the universe undergoes an oscillation, with periods of contraction and expansion succeeding one another eternally.
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Could this oscillation be periodic? That is, can we restore a steady state
picture of the universe, by viewing cosmic history on a sufficiently grand time
scale? One obvious objection is that entropy is presumably created, not destroyed,
in each cycle. It has been suggested that entropy might be destroyed during
contracting phases, 172 because it is the expansion of the universe that, by providing a heat sink, sets the direction of time's arrow in thermodynamic processes.
However, there is no detailed model that describes how this can come about. In
particular, it is hard to see how time's arrow could be reversed just at the moment
when R(t) reaches its maximum value, at which time the background radiation
temperature is so low, of order 1°K, that it can hardly affect terrestrial processes.
If somehow or other the second law of thermodynamics can be evaded, and the
universe really does expand and contract periodically, then any particles that are
not brought into thermal equilibrium during the contracted phase, such (perhaps)
as gravitons or neutrinos, would have to be present in large numbers: If N particles
are produced in a given comoving volume during each cycle, and the probability
that one of these particles is absorbed in one cycle is P, then there would have to
be a mean number N/P of particles in this volume in order to maintain a more or
less constant population. It is therefore not out of the question that some day we
may detect remnants of previous cycles of the history of the universe. For the
present, however, such matters remain at the furthest bounds of cosmological
speculation.
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"And as for certain truth,
no man has seen it, nor will
there ever be a man who
knows about the gods and
about all the things I
mention. For if he succeeds
to the full in saying what is
completely true, he himself
is unaware of it; and
Opinion is fixed by fate upon
all things." Xenophanes of
Colophon

16 COSMOLOGY:
OTHERMODELS

The big-bang Friedmann model discussed in the last chapter does not at any
point come into clear conflict "ith observation. However, it also cannot yet be
said to have been definitely confirmed by observation. Therefore in this chapter we
shall take a brief look at some of the other cosmological models that still compete
with the "standard" theory.

I

Naive Models: The Olbers Paradox

Throughout the eighteenth and nineteenth centuries, perhaps a majority of
astronomers would have subscribed to a simple cosmological picture, in which the
universe is supposed to be infinite, eternal, and Euclidean, and the stars are more
or less at rest, with constant average luminosity per unit volume. Such naive
models would seem to be ruled out by the discovery of the general red shift of
distant galaxies, but it is still of some interest to note an argument against the naive
cosmologies, which was offered in 1744 by the Swiss astronomer J. P. L. de
Cheseaux, 1 and, independently in 1826, by Heinrich Wilhelm Matthias Olbers 2
(1758-1840). Their argument was based on the most ancient of all astronomical
observations, that the sky grows dark when the sun goes down.
To see the significance of this observation, note that if absorption is neglected,
the apparent luminosity of a star of absolute luminosity L at a distance r in a
naive cosmological model will be L/4nr 2 • If the number density of such stars is a
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constant n, then the number of stars at distances between rand r
so the total radiant energy density due to all stars is

J1

dr is 4nnr 2 dr,

00

00

Ps =

+

2

(

0

L ) 4nnr dr = Lnf
4nr 2

(16.1.1)

dr
O

The integral diverges, leading to an infinite energy density of starlight!
In order to avoid this paradox, both de Cheseaux and Olbers postulated the
existence of an interstellar medium that absorbs the light from the very distant
stars responsible for the divergence of the integral (16.1.1 ). However, this resolution
of the paradox is unsatisfactory, 3 because in an eternal universe the temperature
of the interstellar medium would have to rise until the medium was in thermal
equilibrium with the starlight, in which case it would be emitting as much energy
as it absorbs, and hence could not reduce the average radiant energy density.
The stars themselves are of course opaque, and totally block out the light from
sufficiently distant sources, but if this is the resolution of the Olbers paradox, then
every line of sight must terminate at the surface of a star, so the whole sky should
have a temperature equal to that at the surface of a typical star.
To see how modern cosmological models avoid the Olbers paradox, we note
that according to Eq. (14.4.12), the apparent luminosity of a star of absolute
luminosity L at a comoving coordinate r 1 is (now neglecting absorption)

l =

LR2(t1)

4nR 4 (t0 )r1 2
where t0 is the time the star is observed and t 1 is the time the light was emitted.
Also, according to Eq. (14.7.4), the number of stars of luminosity between Land
L + dL, whose light, observed at time t0 , was emitted between times t 1 - dt 1
and dt 1 , is

where n(t 1 , L) dL is the number density of stars at time t 1 with luminosity between
Land L + dL. The total energy density of starlight is therefore

Pso =

ff

l dN =

f

to
-

1 )]
fi'(t 1 ) [R(t
-R(t
00
0)

4

dt 1

(16.1.2)

where ff is the proper luminosity density

In a "big-bang" cosmology, there is obviously no paradox, since the integral
(16.1.2) is effectively cut off at a lower limit t 1 = 0, and the integrand vanishes at
t 1 = 0, roughly like R(t 1 ). The question of an Olbers paradox arises only in models.
such as the steady state cosmology, in which the universe is supposed to have
0
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existed for an infinitely long time. In such models, a necessary condition
avoidance of the Olbers paradox is that

for

(16.1.3)
For neutrinos there is a slightly stronger condition, 4 with R 3 (t 1 ) in place of R 4 (ti),
because one of the factors of R(t 1 )/R(t 0 ) in Eq. (16.1.2) arose from the loss of
energy by individual red-shifted photons, and for neutrinos the number density as
well as the energy density is in principle observable. The only popular cosmology
in which (16.1.3) is not satisfied is the oscillating model discussed in Section 15.11.
In this case, absorption is needed to avoid an Olbers paradox, but the absorption
occurs during the highly contracted era, and the red shift during the subsequent
expansion saves us from an intolerably bright night sky. From this point of view,
the 2.7°K microwave background appears as the pale image of the fiery furnace
with which we were threatened by de Cheseaux and Olbers.

2

Models with a Cosmological Constant

When Einstein formulated the general theory of relativity in 1916, the universe
was generally believed to be static. According to Eqs. (15.1.18) and (15.1.19), the
scale factor R(t) can only be constant if
p

= -3p = 3k/8nGR

2

However, this requires that either the energy density p or the pressure p should be
negative. In order to avoid this unphysical result, Einstein in 1917 modified his
equations to read 5
(16.2.1)
where A is a new fundamental constant, the so-called cosmological constant.
We have already noted at the end of Section 7.1 that Eq. (16.2.1) is the most
general modification of Einstein's equations that preserves the feature that Tµv
is set equal to a tensor that is constructed from gµv and its first and second derivatives, and is linear in the second derivatives of gµv· However, for our present
purposes it is more convenient to move Agµvto the right-hand side of the equations,
writing
(16.2.2)
Rµv - igµvRPP = -8nGlf\v
where

'l\v is a modified energy-momentum tensor:
T- µv

=T µv -

A
~g
8nG µv

If T µv has the perfect-fluid form (15.1.12), the:q so does

lf\v = pgµv

+

(p

+

p)UµUv

(16.2.3)

'l\v:
(16.2.4)
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with a modified density and pressure

-

-

;.

p=p-~

p =p

8nG

;.
+~

(16.2.5)

8nG

All of the results obtained in Section 15.1 still apply to theorief:) with a cosmological
constant, provided that we replace the quantities p and p with the modified
density and pressure (16.2.5).
In particular, the conditions for a static universe now read

_
p

For a "dust"-filled

3- _

= -

p -

3k
8nGR

2

(16.2.6)

universe with p = 0, this gives
(16.2.7)

;.
P

=

4nG

(16.2.8)

In order to have p positive, Eq. (16.2.8) requires that A should be positive, and Eq.
(16.2.7) then tells us that
(16.2.9)
k = +l
and
(16.2.10)
The static Einstein universe is therefore finite (though of course unbounded), with
a positive curvature and a density that are fixed by the fundamental constants;_
and G.
Of course, the discovery during the 1920's of a systematic relation between
red shift and distance removed any interest in the static Einstein universe as a
realistic cosmological model. Nevertheless, the existence of a cosmological constant
remains a logical possibility, and cosmologists have thoroughly explored the
dynamics of expanding universes with a cosmological constant. 6 We shall restrict
our attention here to models with zero pressure, so that Eq. (15.1.21) gives pR 3
constant. It is convenient to express this constant in terms of the value it would
have in a static Einstein model:
pR

3

=---

(X

(16.2.11

4nGJIJI

The dynamical equation (15.1.20), with p replaced by the modified density
defined in Eq. (16.2.5), now reads

R2 =

H1:'- + 3~~,ll}
kR

p

(16.2.12)
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The qualitative behavior of R(t) depends on the pattern of zeros, maxima, and
minima of the cubic on the right-hand side. There are three special cases of particular interest, associated with the names of de Sitter, Lemaitre, and Eddington
and Lemaitre.
In the de Sitter model, 7 space is essentially empty and flat, so that k = a = 0,
and).. is positive. Equation (16.2.12) then has the simple solution
(16.2.13)
(16.2.14)
The metric here is the same as in the steady state model discussed in Section 14.8,
with the difference that instead of matter being continuously created, there is no
matter at all! As discussed in Section 13.3, this metric has a ten-parameter group
of isometrics, which is just the group of "rotations" in five-dimensions that leave
invariant a diagonal matrix with elements + 1, + 1, + 1, + 1, -1. This group is
therefore often called the de Sitter group. Although the absence of matter in the
de Sitter model removes it from consideration as a serious model of the universe,
it should be noted that any model with A > 0 goes over to a de Sitter model for

R

--+

oo.

In what is known as the Lemaitre model, 8 space is positively curved, A is
positive, and more matter is present than in a static Einstein model, so that
k = + 1, and a > 1. According to Eq. (16.2.12), the scale factor R starts expanding at t = 0 like t 2 13 , but the expansion then slows down, reaching a minimum

Ji,

after which it speeds up again, ultimately approaching the
rate at R = a 1 ! 3 /
de Sitter result (16.2.13). The most remarkable feature of this model is the
existence of a "coasting period" during which R(t) remains close to the value

R = a 1 13 JJi at which R has its minimum. During this period, the differential
equation

(16.2.12) with k =

+ 1 takes

b,2 ~ a2;3 -

the approximate
1

+ (fi R -

form

a1;3)2

The solution is

R
where tm is the time at which R reaches its minimum. If a is very close to unity,
then R will remain close to the static Einstein value for a long time, of order
(16.2.15)
The Eddington-Lemaitre model is a limiting case of the Lemaitre models,
given particular prominence through the work of Eddington. 9 It has the same
curvature and mass as the static Einstein model ; that is, k = + 1 and a = 1,
and behaves like a Lemaitre model with an infinitely long "coasting period."
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Thus, if we start with R

=

0 at t

=

0, then R asymptotically

approaches the

Ii

Einstein value 1/ ,Ji for t -+ oo. On the other hand, if we start with R = 1/
for t = 0, then R grows monotonically, ultimately approaching the de Sitter
exponential growth (16.2.13). This incidentally shows that the Einstein model is
unstable, because if it is subjected to an infinitesimal expansion or contraction,
then R must go on expanding or contracting, with a time dependence given by the
Eddington-Lemaitre
model.
The observed concentration of the red shifts of quasi-stellar objects around
z ~ 2 (see Sections 11.6, 14.8) has revived interest in the Lemaitre models, 10
since it suggests that an unusually large number of QSO's were present at a
particular value of the scale factor, R ~ R 0 /3, as would be expected in a Lemaitre
model for which the "coasting" radius rx.1 / 3 / ,Ji had this particular value. By
taking rx.close to unity, we can make the "coasting period" as long as we want, so
that the predominance of the particular red shift z ~ 2 can be made as pronounced
as may be needed to account for the QSO observations. With this new motivation,
there have recently been carried out studies of the propagation of light signals
around the universe, 11 of the radio number counts, 12 and of the formation of
galaxies, 1 3 in Lemaitre models. There is no definite evidence against the
Lemaitre models, but they seem an artificial way to account for what may be
merely a detailed feature of the evolution of the quasi-stellar objects.

3

The Steady State Model Revisited

If the universe is not only isotropic and homogeneous in space, but also
homogeneous in time, then, as shown in Section 14.8, its metric must have the
Robertson-Walker form, with
k = 0

R(t) oc eHt

(16.3.1)

where His the Hubble constant, here truly a constant of nature. Also, all scalars,
such asp and p, must be time- as well as position-independent:

p=jJ=O

(16.3.2)

The field equations underlying the steady state model were left unspecified in
Section 14.8, but it is clear that Einstein's theory would need to be modified to
be used here. The Einstein field equations are only consistent with the Bianchi
identities if the energy-momentum tensor is conserved, but a constant pressure
would violate the energy-conservation equation (14.2.19) unless p = -p, which
would require either the energy-density or the pressure to be negative.
It is therefore necessary to modify the Einstein equations by adding a correction term 1 4 Cµ v :
(16.3.3)

3 The Steady State Model Revisited

A straightforward
gives
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calculation, using Eq. (16.3.1) in (15.1.6), (15.1.7), and (15.1.11),

so the form of the correction term required by the steady state model is
(16.3.4)
where Uµ is the velocity four-vector, with ur = 1 and Ui = 0.
In order to learn anything from Eq. (16.3.4), we need to impose some a priori
ideas as to the form of the tensor Cµv· Hoyle 14 suggests that in general
(16.3.5)
where C is a scalar, called the C-field. Hoyle further suggests that in the absence of
all inhomogeneities or anisotropies, C is simply proportional to the cosmic time
coordinate used in the Robertson-Walker coordinate system :
C = At

A constant

(16.3.6)

It is easy to calculate the second covariant derivative:
(16.3.7)
Comparison of (16.3.7) with (16.3.4) shows that the density must take the value
p

and the constant of proportionality
A

3H

2

8nG

(16.3.8)

in C is

= 8nG(p + p)
H

(16.3.9)

The pressure can take any value.
The predicted density (16.3.8) is the same as given by a Friedmann model
with vanishing curvature. [See Eq. (15.2.1).J Thus the verification of Eq. (16.3.8)
would not really serve to confirm the steady state model. Also, the steady state
cosmology does not require that the Cµv tensor take the form (16.3.5), (16.3.6),
so we would not be forced to give up the steady state metric if the density were
found to be different from (16.3.8).
The clearest evidence against the steady state model is the observed cosmic
microwave background, which seems to be a remnant of a quite different earlier
stage of the universe. (See Section 15.5.) However, it is not out of the question for
a microwave background to be created along with the baryons in a steady state
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model. According to Eq. (15.4.9), the number density of photons per unit frequency
interval in a steady state model is
n,(v) - Srrv2

f~

f

O

exp ( 00

{

A( veH<,,- n) - Q(veH!<o- t'l))

dt')

x O(veH(to- t)) dt

where A(v) is the absorption rate of a photon of frequency v, and 8nv 2 !1(v) d\ 1'
the emission rate per unit volume of photons between frequency v and v ---r ri\
By a simple change of variables this can be written in the t 0 -independent form

ny(v) = 8nv 2

f

00

v

dv' O(v') exp ( Hv'

-

f

v'

v

-dv" [A(v") - O(v")] )
Hv"

(16.3.10)

Differentiating with respect to v yields a differential equation for ny(v), which
can also be written as a formula for O(v) in terms of A(v), ny(v) and n; (v):
O(v) = [A(v)

+

2H]ny(v) - Hvn;(v)
+ ny(v)

8nv 2

(16.3.11)

Thus, by a suitable choice of the photon emission rate, we can arrange to get any
background distribution function ny(v) we want. For instance, if we demand the
observed Rayleigh-Jeans
low-frequency behavior ny(v) oc v [see Eq. (15.5.19)]
then (16.3.11) yields in the limit v -+ 0:
0(0)

=

A(O)

+

H

(16.3.12)

The term H represents a purely cosmological continuous creation of photons,
unrelated to any absorption processes. We can also obtain a Planck distribution
function
8nv 2
[exp (hv/kT) - l]
by choosing 0( v) as
O(v) =

e-hv/kT

A(v)

+

Hhv/kT
[exp (hv/kT) - l]

(16.3.13)

The first term represents simply the usual emission processes that will always
accompany any absorption [compare Eq. (15.4.7)], while the second term represents
a continuous creation of photons. Ho,,·ever, there is no a priori reason why the
rate of continuous creation of photons should have the particular frequency
dependence shown in Eq. (16.3.13), so from the standpoint of a steady state model,
the Planck distribution law is possible but quite artificial. Indeed, there is no
particular reason why low-frequency photons should be continuously created at
precisely the rate 8nHv 2 dv required by Eq. (16.3.12), so even the Rayleigh-Jeans
low-frequency behavior is somewhat unnatural.

4 Models with a Varying Constant

efGravitation
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Some support for the steady state model comes from quite a different quarter.
From time to time attempts have been made to formulate electrodynamics and
other field theories in terms of a direct action at a distance. 15 Such attempts
generally foundered, because the electromagnetic effects of charged particles were
found to correspond to an equal mixture of advanced and retarded solutions of the
Maxwell equations, rather than the usual retarded solution. In 1945 Wheeler and
Feynman 16 showed that this difficulty could be overcome by taking into account
the electromagnetic interaction at a distance of the accelerated and test charges
with all the other charges in the universe. However, they considered a static
cosmological model, and so could obtain a net electromagnetic interaction corresponding to either a pure retarded or a pure advanced solution. Hogarth 1 7 later
suggested that this ambiguity could be removed by considering a more realistic
model, taking into account the expansion of the universe. According to Hoyle and
Narlikar, 18 only a purely retarded solution is possible for a steady state model,
while only a purely advanced solution is possible for a Friedmann model with
k ~ 0. Hoyle and Narlikar subsequently extended these considerations to the
O-field, 19 to the theory of gravitation, 20 and to quantum electrodynamics. 21
This line of development certainly represents an intriguing approach to the old
problem of relating the physics of the microcosm to the properties of the universe
as a whole, a problem to which we shall return in the next section. However, it is
too early to conclude that a steady state universe is in any sense required by
considerations of microphysics, because there is no reason to suppose that electrodynamics and other field theories need to be formulated in terms of an action at a
distance.

4

Models with a Varying Constant of Gravitation

Gravitational forces are remarkably weak by the standards of atomic or
nuclear physics. For instance, the ratio of the gravitational to the electric force
between the electron and the proton has the value
Gm me
P e2

= 4 .4

X

10-

40

(16.4.1)

Despite many attempts, 2 2 there have been no convincing explanations of why
such a tiny dimensionless number should appear in the fundamental laws of
physics. However, there is one clue, which suggests that numbers like (16.4.1)
are not determined solely by considerations of microphysics, but in part by the
influence of the whole universe. This clue is simply the fact that, from the quantities
G, h, c, and the Hubble constant H 0 , it is possible to construct a mass, which is not
too different from the mass of a typical elementary particle, such as the pion:

(

o)l/3
~
·- m1r

h2GHc

(16.4.2)
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(For H O - 1 = 10 1 0 years, the left-hand side has the value 60 MeV /c2, while the
pion mass is 140 MeV/c 2 . If e2 /c were used in place of h, the left-hand side of
(16.4.2) would become of the same order of magnitude as the electron mass.) Of
course, one is perfectly free to regard (16.4.2) as a meaningless numerical coincidence, but it should be noted that the particular combination of h, H 0 , G, and c
appearing in (16.4.2) is very much closer to a typical elementary particle mass
than other random combinations of these quantities; for instance, from h, G, and
c alone one can form a single quantity (hc/G) 1 12 with the dimensions of a mass, but
this has the value 1.22 x 10 22 MeV/c 2 , more than a typical particle mass by
about 20 orders of magnitude!
In considering the possible interpretations
of Eq. (16.4.2), one should be
careful to distinguish it from other numerical "coincidences" such as the rough
relation among G, H 0 , mp, and the present cosmic baryon number density n 0 :
(16.4.3)
This is a relation between two cosmological parameters, n 0 and H 0 , and is in fact
required by various cosmological models, such as the Friedmann models (unless
q0 ~ 1 or q0 ~ 1) and Hoyle's version of the steady state model. [See Eqs.
(15.2.6) and (16.3.8).] In contrast, Eq. (16.4.2) relates a single cosmological
parameter, H 0, to the fundamental constants h, G, c and mrc, and is so far unexplained.
There are other numerical coincidences that have been noticed from time to
time, but most of these are combinations of (16.4.2) and (16.4.3), sometimes with
e2 /c = 137h iri place of h and with other masses in place of mrc. For instance, it
has often been remarked that the ratio of the atomic time unit e2 /mec 3 to the
Hubble time H 0 - l is of the same order of magnitude, about 10- 40 , as the ratio
(16.4.1) of gravitational and electric forces in atoms, but this is equivalent to
(16.4.2), with e 2/c in place of h and me 213mP 1 13 in place of mrc.
If we choose to regard the numerical relation (16.4.2) as having a real though
mysterious significance, then we must face the problem that in most cosmologies
H O is not a constant, but a function of the age of the universe. One way of dealing
with this problem is to replace H 0 with a quantity of comparable magnitude that
is a constant; for instance, in a closed Friedmann model we can use the reciprocal
of the time it takes for the universe to expand to its maximum extent, while in a
steady state model, the Hubble constant itself will do. The only trouble with this
approach is that it does not lead anywhere, and in particular, it leaves us with
fundamental dimensionless constants, such as (16.4.1) or Gm 2 /hc, which are
inexplicably tiny.
In 1937 a very different approach was suggested by Dirac. 2 3 He proposed
that relations like (16.4.2) are fundamental though as yet unexplained truthE-.
which remain valid, with a constant factor of proportionality, even though the
Hubble "constant" .R/Rvaries with the age of the universe. It follows then that
one or more of the "constants" h, G, c, and mrcmust vary over cosmic time scales.
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In order to avoid having to reformulate the whole of atomic and nuclear physics,
Dirac chose Gas the "constant" that varies with time, and in order to preserve
(16.4.2), he proposed that

R

G oc ~
R

(16.4.4)

In addition, Dirac suggested that relations like (16.4.3) also remain true, with a
constant factor of proportionality, as the universe expands. Since n oc R- 3 , it
follows that
(16.4.5)
Eliminating

G(t) from (16.4.4) and (16.4.5) then yields a differential equation for

R(t):

with solution
R oc t 1 ! 3

Either (16.4.4) or (16.4.5) then gives the gravitational

(16.4.6)
constant a time dependence
(16.4.7)

Thus in Dirac's cosmology, there is no fundamental significance to very small
dimensionless numbers like 10- 4 o; the reason that (16.4.1) is this small is simply
that the universe is old.
For k = ± 1, there are still significant cosmological parameters that are
constant and grossly different from unity, such as the number nR 3 of particles
within a sphere whose radius is of the order of the radius of curvature of space.
To avoid this, Dirac also proposed that space is flat, with k = 0, so that the
absolute value of the Robertson-"\Valker scale factor R(t) and pure numbers like
nR 3 should be of no physical significance.
If the gravitational constant varies, then general relativity needs to be replaced
with some other field theory of gravitation. Dirac did not specify what this field
theory would be like, so his cosmological model remained incomplete. Nevertheless,
it made a number of definite predictions. First, Eq. (16.4.6) gives a relation between
the present Hubble constant H O and the present age of the universe t 0 :
(16.4.8)
Even for H 0 - i as large as 13 x 10 9 years, this gives an age of only 4.3 x J0 9
years, less than the age of the earth and moon determined by radioactive dating
(which does not involve assumptions about G). Thus the Dirac theory appears
already to conflict with observation. Equation (16.4.6) gives a deacceleration
parameter q0 =:= 2, which cannot be ruled out with present data. (See Section

622

16 Cosmolo9y: Other Models

14.6.) Finally, Eq. (16.4.7) gives a present rate of decrease of the "constant"
gravitation

of

(16.4.9)
The observable implications of a decreasing gravitational constant are discussed
at the end of this section.
Dirac's theory inspired a number of attempts to formulate a field theory of
gravitation in which the effective "constant" of gravitation is some function of a
scalar field. Jordan 24 proposed one theory, which involved a nonconserved
energy-momentum tensor, and was severely criticized on these and other grounds
by Fierz 25 and Bondi. 26 A subsequent reformulation 27 removed most of these
objections, but Jordan's theory still did not successfully incorporate nonrelativistic
matter. The most interesting and complete scalar-tensor theory of gravitation is
that proposed by Brans and Dicke 28 in 1961, which we have already discussed in
some detail in Sections 7.3 and 9.9. In this theory, the gravitational constant G
is replaced with the reciprocal of a scalar field </J.In order to incorporate relations
such as (16.4.3) into the theory, </Jis assumed to obey a field equation
(16.4.10)
where Tµv is the energy-momentum tensor of matter (not including </J)and w is a
dimensionless coupling parameter. In order not to interfere with the successes of the
Principle of Equivalence, </Jis assumed not to enter into the equations of motion of
ordinary matter and radiation, so that Tµv obeys the familiar conservation law
(16.4.11)
The Bianchi identities then require the gravitational
form (7.3.14), or equivalently,

field equations to take the

_Sn[T
<P
µv

(16.4.12)
This theory becomes equivalent to that of Jordan 27 in the special case of an
energy-momentum tensor with vanishing trace.
In applying the Brans-Dicke theory to cosmology, we again consider d:f·
universe to be smeared out into a homogeneous isotropic continuum, as in Chapters
14 and 15. The metric then has the Robertson-Walker form (14.2.1); the energymomentum tensor has the perfect fluid form (14.2.12), and the scalar field </Jis a
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function of time alone. A straightforward calculation using Eqs. (15.1.6), (15.1. i'),
(15.1.11), and (15.1.13) gives the time-time component of Eq. (16.4.12) as
3
R

= --~(3

R

+

{(2

+

w)p

+

3(1

2

+ w)p}

- w<i,

<}_

<P

(16.4.13)

¢2

w)p - wp}

+ -<i,R

(16.4.14)

2w)¢

-

while the space-space components of Eq. (16.4.12) give

2R2

~
---{(l
(3 + 2w )<P

2k

R

+

¢R

and the time-space components simply say that zero equals zero. The field equation
(16.4.10) for <Phere reads

~

(¢R 3 ) = --~

dt

and the conservation

(3

+

(p - 3p)R

3

2w)

(16.4.15)

laws (16.4.11) give, as in Chapter 14,

.

3R

= ---

p

R

(p

+ p)

(16.4.16)

By eliminating R from Eqs. (16.4.13) and (16.4.14), and using Eq. (16.4.15) to
eliminate ¢, we can derive a first-order equation analogous to (15.1.20):
R2

k

-+-=~-2
2
R

R

8np

3¢

<i,R
¢R

w<i,2

+~

6¢ 2

(16.4.17)

We can recover (16.4.13) and (16.4.14) from the derivative of (16.4.17), so the
fundamental equations of the Brans-Dicke cosmology may be taken as Eqs.
(16.4.15)-(16.4.17), plus an equation of state giving p as a function of p. In addition, Eq. (9.9.11) shows that the gravitational "constant,"
measured by the
observation of slowly moving particles or in time-dilation experiments, is
G

=

(2w
+ 4)<P_
+3

1

(16.4.18)

2w

For any given equation of state p = p(p), Eqs. (16.4.15)-(16.4.17) may be
regarded as a second-order differential equation plus two first-order differential
equations for the three variables R, <P,and p. It follows that these equations
uniquely determine R(t), </)(t),and p(t) for all t, provided we are given the present
value of four variables, say R 0 , R0 , <Po,
and p 0 , as well as the constants w and k.
This is rather surprising, because in a Friedmann model we only need to be given
the initial values of three quantities, say R 0 , R0 , and of course G, in order to be
able to calculate R(t) and p(t) for all t. [See Eq. (15.2.1).]
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Originally, Brans and Dicke 28 eliminated this extra degree of freedom by
3
imposing one additional constraint, that ef>R
vanishes at the initial singularity
where R = 0:
for R ~ 0
(16.4.19)
With this initial condition, and with a given w, k, and equation of state, ·we can
obtain a complete solution for R(t), p(t), and ¢(t) by specifying only three present
or, more conveniently, H 0 , G0 , and q0 (or p 0 ).
parameters, such as R 0 , R0 , and <Po,
A few years later, Dicke 29 suggested that the relevant solutions may in fae-t
be those that do not satisfy the constraint (16.4.19). In general, all solutions haw a
singularity with R = 0 at a finite time, which as usual we define to be t = 0.
Equation (16.4.15) then has the solution:
3
ef>(t)R
(t) =

Sn
2w

+

3

Jt[p(t')

-

3p(t')]R 3(t') dt' -

C

(16.4.2(•,

0

where C is an integration constant, which may be positive, negative, or zero. For
C = 0, we obtain the three-parameter
family of models satisfying the initial
condition (16.4.19). For C ::/=0, we obtain a four-parameter family of solutiom.
the extra parameter being needed to fix the value of C.
The properties of these various solutions are sufficiently subtle to make it
worth our while to study in some detail the one case where (16.4.15)-(16.4.17) can
be solved analytically, the case of zero pressure and zero curvature:

p=O

k = 0

Here (16.4.16) gives
(16.4.21

so Eq. (16.4.20) gives immediately

ef>= _!1!1!____
(t - tc)
2w + 3

(16.4.2:?

where
tc

(2w + 3)0
=~--8npR3

(16.4.23)

It proves extremely convenient to introduce a new dependent variable

u

= (t -

•

t ) </!.= 8np(t - tc)
c ¢
(2w + 3)¢

By expressing p and ef>/<P
in Eq. (16.4.17) in terms of
immediately solve for R/R:
. = -u
_2_(t_-_t_c)_R

R

2

> 0

u, and setting k =

+ ( 3 + 2w )1/2 (u 2 + 4u)1/2
3

(16.4.~4

0, we C'a.u

(16.4.~
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Also, Eq. (16.4.21) and the logarithmic derivative of (16.4.22) give

or, using (16.4.24) and (16.4.25),

+

(t - t,)U = !u { u

+

4

3

(3+ )1'
2

3

2

(u

w

2

+

1 2

4u) 1

}

(16.4.26)

This first-order equation must be integrated to find u(t), following which (16.4.24)
and (16.4.25) can be integrated to determine ¢(t) and R(t).
One obvious class of solutions to Eq. (16.4.26) are those with u a constant,
equal to one of the zeros of the expression on the right-hand side of Eq. (16.4.26).
In order to have such a zero with u > 0, we must take the upper sign of the square
root in Eqs. (16.4.26) and (16.4.25), and the solution is
2

U=---

3w

+

(16.4.27)
4

For this solution, we must take tc = 0, because otherwise Eq. (16.4.25) would give
R = 0 only at the time t = tc, and we have agreed to set out clocks so that this
singularity occurs at t = 0. With tc = 0, Eqs. (16.4.24) and (16.4.25) yield the
solutions 2 8
<P OC t2/(4+ 3w)
(16.4.28)
R

OC t(2w+
2

4npt
<P

2)/(3w+4)

(16.4.29)

(2w

+

3)

(3w

+

4)

(16.4.30)

For tc =/:-0, it is necessary to analyze how u in Eq. (16.4.26) moves between
the singular points u = 0, u = 2/(3w + 4), and u = oo. The results depend
critically on whether tc is positive or negative.
t

tc > 0. Here u drops monotonically from u = oo at t = 0 to u = 0 at
= tc, and then rises monotonically to the value (16.4.27) as t ~ oo. The sign of

the square root in Eqs. (16.4.25) and (16.4.26) switches at tc from the bottom sign
fort < tc to the top sign fort > tc. The solutions of (16.4.26) are thus given by

In ( 1 -

D J:
=

-2

;,{u

+ 4 + 3(1 + ::/3)
fort

ln

t
--1
( tc

) =2

iu
O

u{u

+

4 - 3(1

+

+

1/2(u2

4u) 1/2)

< tc

du
2w/3) 1f 2 (u 2

+

4u) 1 12 }
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These integrals can be done in closed form, but it is more interesting to look at the
behavior of the solutions at very early and very late times. For t ~ tc, we find

u

~

(3[1

+ 2w/3] 1 12 (4 + 3w)(t/tc)

1)

~~~~~~~~

so Eqs. (16.4.24) and (16.4.25) have the solutions

29

</>OC t<l-3[1+2w/3]1/2)/(4+3w)

R

(16.4.31)

OC t(l+w+[1+2w/3]1/2)/(4+3w)

(16.4.32)

For t ~ tc, u approaches the value (16.4.27), and the solutions of (16.4.24) and
(16.4.25) go over to the forms (16.4.28) and (16.4.29).

tc < 0. Here u drops monotonically from u = oo at t = 0 to the value
(16.4.27) as t ~ oo. The square roots in (16.4.25) and (16.4.26) keep the upper sign.
so (16.4.26) has the solution

1
00

ln

Fort

~

(

l+-

Itel,we

t )

Itel

=2

u u{3(1

du

+ 2w/3) 112 (u 2 +

4u) 1 12

-

u - 4}

find

u

~

+ 2w/3] 1 12 +
(4 + 3w)(t/1tel)

(3[1

so Eqs. (16.4.24) and (16.4.25) have the solutions
</>OC t(3[1+2w/3]

R

1)

~~~~~~~~

29

1/2+1)/(4+3w)

OC t<1+w-[1+2w/3]1/2/(4+3w)

(16.4.33)
(16.4.34)

For t ~ Itel, u approaches the value (16.4.27), and the solutions of (16.4.24) and
(16.4.25) again go over to the forms (16.4.28) and (16.4.29).
Thus there are three kinds of solution, all of which behave alike for t ~ Itel,
but which differ radically for t :S ltej. Only the simple solution with te = 0 goes
over smoothly to the zero curvature Friedmann solution (</>constant, R oc t 2 13 )
in the limit of large w; the solutions with tc > 0 or te < 0 have</> ~ oo or</> ~ 0,
respectively, as t ~ 0 for any finite w.
Although these solutions were derived under the assumption of zero pressure
and zero curvature, they exhibit many of the properties of the much more complicated general solutions. In general, the solutions may be classified according to
whether the integration constant C in (16.4.20) is zero, or positive, or negative.
For sufficiently large t, the integral in Eq. (16.4.20) is dominated by the matter-
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era, in which p oc R- 3 , so the integral grows like t, and thus the
constant eventually becomes negligible. In this limit, we have
ef>=

8npt
2cv + 3

(16.4.35)

and all solutions converge to the C = 0 solution, which unfortunately must be
calculated by a numerical solution of (16.4.17) and (16.4.35) with p oc R- 3 . On the
other hand, for t sufficiently small, the integration constant will dominate in
(16.4.20), provided of course that C =/=-0. In this case, the curvature and density
terms in (16.4.17) become negligible for t ~ 0, and the solutions go over to the
previously derived forms
</>OC t(1+3[1+2w/3]1/2)/(4+3w)

R

OC t(l+w±[1+2w/3]1/2)/(4+3w)

(16.4.36)
(16.4.37)

with upper sign for C > 0 and lower sign for C < 0. The C = 0 solutions go over
smoothly to the Friedmann-model solutions for large cv, but the C =/=-0 solutions
behave peculiarly at t = 0 for any cv.
The Brans-Dicke theory does not offer a satisfactory solution to the numerical
relations discussed at the beginning of this section. Generally¢/</> and 1/t will be
of the order of the Hubble "constant" H, and¢ is of the order of 1/G, so once the
integration constant C becomes negligible, Eq. (16.4.35) will become more or less
the same as the relation (16.4.3). However, Eq. (16.4.3) is not even approximately
valid at very early times when C is not negligible. More important, the mysterious
relation (16.4.2) is not explained at all by the Brans-Dicke theory. Indeed, in the
simplest case of zero pressure. zero curvature, and zero integration constant tc,
Eqs. (16.4.29) and (16.4.28) show that H oc 1/t while G oc t- 2 1<4 + 3 w), so the mass
(h 2 H/Gc) 1 13 decreases ·nith time. and the relation (16.4.2) can only be valid for a
brief period in the history of the universe.
Now let us turn to the observational implications of this theory. Neither the
gravitational field nor the Brans-Dicke field have any direct effect on the nuclear
processes that are believed to produce helium in the early universe, but they do
affect the rate of expansion of the universe, which in turn governs the amount of
helium that can be produced. (See Section 15.7.) For solutions with C = 0, the
numerical integration 29 of Eqs. (16.4.17) and (16.4.20) shows that in the case
cv = 5, k = 0, H 0 -i = 9.5 x 10 9 years, p 0 = 2 x 10- 29 g/cm3, the effect of
the Brans-Dicke field is to shorten the time required for the temperature to drop
to 10 9 °K by a factor of 0.45, so that more neutrons are left when nucleosynthesis
begins, and the cosmologically produced abundance of helium is about 42 % by
weight, rather than 27%. Fork = -1 models with a smaller present density, the
difference between the Friedmann and Brans-Dicke models is considerably less. 3 0
On the other hand, with a nonvanishing integration constant in (16.4.20), we can
make the expansion rate in the early universe essentially anything we like. As
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remarked in Section 15.7, for a moderate speed-up of the expansion the helium
production is enhanced, but if the expansion is speeded up too much, then there
will not be enough time for the reaction n + p ~ d + y to produce enough
deuterium to initiate nucleosynthesis, and very little helium will be produced.
During the more recent epoch within the range of optical telescopes, the
integration constant C has presumably (though not certainly) been negligible, so
that for large w the relations among curvature, density, age, Hubble constant.
and deacceleration parameter are pretty much the same as for the Friedmann
models. For instance, for a zero-pressure zero-curvature model in the limit t ~ Itel·
Eqs. (16.4.28)-(16.4.30) give the relations

Hoto =
qo
4nGp 0

H20

+ 2w)
(4 + 3w)
w + 2
2w + 2
(4 + 3w)(4 + 2w)
(2 + 2w) 2
(2

(16.4.38)

(16.4.39)

(16.4.40)

For w = 6 these three quantities have the values 0.64, 0.57, 1.80, while the
corresponding values for a Friedmann model with k = 0 are 0.67, 0.50, and 1.50.
Certainly the most distinctive observable feature of both the Dirac and th(·
Brans-Dicke theories is the decrease of the gravitational constant G with time.
In the Brans-Dicke theory the present rate of change of G is given by (16.4.35)
as
(16.4.41 l
In general, in order to express p 0 and t 0 in terms of G0 , H 0 , and q0 , it would be
necessary to resort to a numerical solution of the differential equations (16.4.35
and (16.4.17). However, if w is reasonably large (say w ~ 5), then the rate of
decrease of G may be calculated to a sufficient degree of accuracy by using for p,-,
and t 0 in (16.4.41) the values calculated using the Einstein equations in Section:15.2. and 15.3. The general Friedmann-model result for p 0 is
(16.4.42)
Values for H 0 t0 and the resulting values for the rate (16.4.41) are given in Tabk
16.1.
In the special case k = 0, where we have an analytic solution, Eqs. (16.4.18).
(16.4.28), and (16.4.29) yield the "exact" result

m.
=

Ho
(1

+ w)
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so the estimate of this rate given in Table 16.1 is in this case about 12% too low
for w = 6. The estimates in Table 16.1 are in good agreement with the "exact"
results that have been computed 30 fork = -1 and w = 5 or w = 10.

Table 16.1 Rate of Decrease of Gin Various Brans-Dicke Models and in the
Dirac Modela
Model

Brans-Dicke

~I

Brans-Dicke

Dirac

I

2

2

3

n

I

Brans-Dicke

Brans-Dicke

(G/G) 0

qo

I

2

n

~I

2-J2q
I

2

-

3

1.71H

0

co+

2

3.34H

0

(w

0

-3H

+

-J%
2)

0

aThe values of (G/G) 0 in the Brans-Dicke models are estimated from Eq. (16.4.41), using for t 0
and p 0 the Friedmann model (i.e., w = 00) results given in the third column and in Eq. (16.4.42),
respectively.

For H 0 - l = 10 10 years, q0 between 0.01 and 1.0, and w = 6, Table 16.1
gives a rate of decrease in G between 4 x 1o- 1 3 parts per year and 2 x 1o- 11
parts per year. In contrast, the Dirac model predicts a much more rapidly decreasing gravitational "constant"; for H O - 1 = 10 10 years, the rate of decrease of G is
3 x 10 - 1 0 parts per year.
The best experimental upper limit on the present rate of change of G comes
from the analysis of radar observations of Mercury and Venus. 31 For a planet in a
circular orbit with radius r and velocity v, we have M 0 G = v 2 r, so if the orbital
angular momentum mrv stays fixed while G changes, then r and v will vary as
1

roc-ocv

1

G

(16.4.43)

and the orbital period 2nr/v will vary as

r

1

2n - oc ~
v
G2

(16.4.44)
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By repeated comparison of the orbital periods of the inner planets over the period
1966-1969, with time as told by an atomic clock (which does not depend on G),
Shapiro et al. 31 have set an upper limit

I:1.;S 4 x

10-

10

/year

This is almost good enough to rule out the Dirac theory, but is not yet sufficiently
stringent to put a useful limit on the Brans-Dicke coupling parameter w. However,
the error in these measurements of (G/G)
0 is expected to decrease approximately
with the 5/2-power of the time span of the observations, so another five years of
observation should reduce the upper limit on G/G to the value expected in a
Brans-Dicke model with q0 of order unity and w = 6.
There is also a prospect of setting an upper limit on the rate of change of G
from analysis of the flight time of laser signals, sent from the earth to the moon,
and reflected back to earth by the corner reflectors placed on the moon's surface
by the Apollo expeditions. 32 However, the analysis of these observa.tions is
seriously complicated by tidal effects, which play a major role in the dynamics of
the earth-moon system. (Fortunately, such tidal effects do not seriously affect the
planetary motions that were studied by Shapiro et al.)
Variations in Gover the last few millenia can perhaps be determined from the
study of ancient eclipse records. 3 3 A total eclipse of the sun occurs only over a
very small portion of the earth's surface, so the knowledge that a particular total
eclipse was seen at some particular place provides precise information on the
ratio of the length of the day, which does not strongly depend on G, to the length
of the year and the lunar month, which vary like 1/G 2 . The analysis by Curott 34
and Dicke 35 of five eclipses, which occurred between 1062 B.C. and 71 A.D., gives
an average rate of decrease in the earth's rotation rate relative to planetary
periods of (15.9 ± 0.7) x 10- 11 parts per year. The earth's rotation rate is subject
to a number of known influences, 3 6 in particular a tidal deacceleration, between
23.5 x 10- 11 and 25.6 x 10- 11 parts per year, and an acceleration owing to the
rise in sea level and the isostatic recovery of the geoid, between 0.5 x 10- 11 and
3.0 x 10- 11 parts per year. This leaves a residual unexplained acceleration of the
earth's rotation between 4 x 10- 11 and 10 x 10- 11 parts per year. Since the
eclipse data measure the rate of the earth's rotation relative to planetary periods.
this apparent residual acceleration could be explained in terms of a deacceleration
of planetary motions, owing to a decrease of Gata rate between 2 x 10- 11 and
5 x 10- 11 parts per year. [See Eq. (16.4.44).J However, the eclipse data are
somewhat ambiguous. (Was Archilochus on Paros or Thasos during the eclipse of
648 B.C. ?) More important,
there are many uncertainties in the complicated
dynamics of the earth-moon system that could account for the small residual
apparent acceleration of the earth's rotation, without appealing to a decrease
in G.
It may be possible to measure changes over the past 350 million years in the
number of days in a lunar month or a year, by counting monthly or annual growth
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bands and daily growth ridges on fossil corals. 3 7 However, this approach has not
yet yielded results that are precise enough to be of use to cosmologists.
A secular decrease in the constant of gravitation over billions of years would
have interesting effects on the evolution of the earth and stars, but unfortunately,
none of these effects would yield unambiguous information about whether G
really does decrease. With decreasing G, the radius of the earth would increase
roughly as a- 0 · 1, causing complicated damage to the earth's crust. 38 If G were
larger in the past, then stars would have run through their thermonuclear evolution
more rapidly; 39 for G decreasing at a rate of (1-2) x 10- 11 parts per year, a
star whose true age is 6 to 8 billion years would appear to us to be 15 to 25 billions
years old. 4 Finally, if G were greater in the past, then the sun's luminosity L O
would have been greater by a factor 41 roughly proportional to G 8 , and the radius
r a, of the earth's orbit ·would have been smaller by a factor proportional to a- 1 ,
so the surface temperature of the earth, which varies more or less as (L 0 /rEB2 ) 1 14 ,
would have been greater by a factor proportional to G 2 · 5 . If G decreases as t- 0 · 09 ,
as would be expected according to Eq. (16.4.28) for a Brans-Dicke model with
k = 0 and w = 6, and if the age of the universe is 8 x 10 9 years, then the temperature of the earth's surface 2 x 10 9 years ago would have been only about
20°C higher than at present, which need not have had any drastic effect on biological evolution. On the other hand, if G has decreased as 1/t as expected in Dirac's
cosmology, then the temperature of the earth's surface 10 9 years ago would have
been above the boiling point of water. unless the earth's albedo was very much
higher than at present. 42 Thus. too large an early value of the constant of gravitation could have prevented the eYolution of life forms capable of curiosity about
the universe.
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APPENDIX
SOMEUSEFULNUMBERS*

Numerical Constants
n = 3.1415927
e

= 2. 7182818

l"

In 10

4.8481 x 10-

6

radians

2.3025851

Physical Constants
c = 2.9979250(10) x 10 10 cm sec-

Speed of light
Gravitational

constant

G
G/ c 2

Planck's constant

h

= 6.6732(31) x 10-s dyn cm 2 g7 .425 x 10 -

29

cm g -

6.582183(22) x 10-

h = 2nh
Electron volt
Electronic charge (unrat.)

*

1 eV
e

6.625 x 10-

27

2

1

16

1.0545919(80) x 10-

1

eV sec

27

erg sec

erg sec

1.6021917(70) x 104.803250(21) x 10-

12

10

erg
esu

Taken from "Review of Particle Properties," Particle Data Group, Rev. Mod.-Phys. 43, No. 2, Part II,
(1971) and Astrophysical Quantities, by C. W. Allen (Athlone Press, London, 1955). Where figures are
given in parentheses, they indicate the one standard deviation uncertainty
in the last digits of the main
numbers.
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Appendix
a = e 2 /hc = 1/137.03602(21)

Fine structure constant

me = 9 .109558( 54) x 10mec 2 = 0.5110041(16) MeV

Electron mass

Proton mass

mp

24

= 1.67 x 10-

28

g

g

2

mPc = 938.2592(52) MeV
mnc2

:Neutron mass

=

939.5527(52) MeV

mee 4 /2h 2 = 13.605826(45) eV

Rydberg
Thomson cross-section

8ne 4 /3m/c

4

=

0.6652453(61) x 10-

gvc/h3 = 1.02 x 10- 5 mP-

Weak coupling constant

1

k-

cm 2

2

k = 1.380622(59) x 10-

Boltzmann constant

24

16

1

erg °K-

= 11604.85(49)°K/eV

Black-body constant

a=
Typical stellar mass

n 2 k 4 /15c 3 h 3

=

7.5641 x 10-

m;

=

3.77 x 10 33 g

(hc/G)3 12

2

15

erg cm-

General Astronomical Constants
1 year

=

3.1558149984 x 10 7 sec

1 light year

=

9.4605 x 10 1 7 cm

1 a.u.

=

1.495985(5) x IO 13 cm

1 pc

=

3.0856(1) x 10 18 cm

Sidereal year (1900)
Light year
Mean earth-sun distance
Parsec

= 3.2615 light year
Hubble time for a Hubble constant of 100 km sec[100 km secSolar mass

1

Mpc-

1

r

1

Mpc-

1

9.78 x 10 9 years

M 0 = 1.989(2) x 10 33 g
M 0 G/c 2

Solar radius

=

1

=

1.4-75km

R 0 = 6.9598(7) x 10 5 km

Dimensionless solar surface potential

M 0 G/R 0 c 2 = 2.12 x 10Solar luminosity
Earth mass

L

O

6

= 3.90(4) x 10 3 3 erg sec

M (£) = 5.977(4) x 10 27 g
M (BG/c2 = 0.443 cm

3

°K-

4
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R€B = 6.37817(4) x 10 3 km

Earth equatorial radius

Dimensionless earth surface potential
2
M €BG/R€Bc
= 6.95 x 10-

10

Acceleration due to gravity at earth's surface
g

= 980.665 cm sec -

2

Velocity of earth satellite in low orbit

= 7.9 km sec- 1
v €£> = 29. 78 km sec vs

Mean orbital velocity of earth
Lunar mass

M

(l

M 1,.G/c2

Lunar radius

Rl

1

= 7.35 x 10 25 g

= 5.45

x 10-

3

cm

= 1738 km

Dimensionless lunar surface potential

M (l G/R t c 2 = 3.14 x 10Mean earth~moon distance

r(\,.

11

= 3.84 x 10 5 km

Apparent luminosity of star with apparent bolometric magnitude m

l = 2.52 x 10-

5

erg cm-

2

sec-

1

x 10-

lm/ 5

Absolute luminosity of star with absolute bolometric magnitude M
L = 3.02 x 10 35 ergsec-

1

x 10-ZM/ 5

Elements of Planetary Orbits
Period
Planet

Icarus
Mercury
Venus
Earth
Mars
Jupiter
Saturn
Uranus
Neptune
Pluto

Symbol

~
~
EB

d'
~

li

0

1'
Q.

T (trop year)

1.12
0.24085
0.61521
1.00004
1.88089
11.86223
29.45772
84.013
164.79
248.4

Semilatus
L(l0

6

Rectum
km)

51.0
55.46
108.20
149.54
225.95
776.5
1423
2863
4498
5500

Eccentricity
e (in 1900)

0.827
0.205615
0.006820
0.016750
0.093312
0.048332
0.055890
0.0471
0.0085
0.2494
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Selected Galaxies*

Local Group

Type

Distance
(Mpc)

mpg

cz (obs.)
(km/sec)

Galaxy and Nearest Neighbors
Galaxy
LMC
SMC
Ursa Minor
Draco
Sculptor
Fornax
Leo I
Leo II
NGC6822

Sb or Sc
Ir or SBc
Ir
dE
dE
dE
dE
dE
dE
Ir

0.049
0.058
0.077
0.08
0.09
0.13
0.23
0.23
0.52

0.86
2.86

10.5
9.1
11.27
12.85
9.21

+280
+ 167

+

40

-

40

Other Members of Local Group
NGC224(M31)
NGC205
NGC22l(M32)
NGC147
NGC185
NGC598(M33)
IC1613
Maffei 1
Miscellaneous

Ir
E

0.65
0.65
0.65
0.65
0.65
0.74
0.74
""1

4.33
8.89
9.06
10.57
10.29
6.19
10.00
""5.8(vis)

-270
-240
-210
-340
-210
-240

Bright Galaxies

NGC303l(M81)
NGC3034(M82)
NGC5236(M83)
NGC4826(M64)
NGC5128(Cen A)
NGC4 736(M94)
NGC5055(M63}
NGC5194(M51}
NGC5457(~Il01)

*

Sb
E6p
E2
dE4
EO
Sc

Sb
Sep
Sc
EOp(R)
Sbp
Sb
Sb
Sc

2.0
2.0
2.4
3.7
-4.0
4.3
4.3
4.3
4.3

7.85
9.20
7.0
9.27
7.87
8.91
9.26
9.26
8.20

+

80
+400
+320
+360
+260
+350
+2600
+550
+400

Distances, types, and magnitudes are mostly taken from the compilation ofS. van den Bergh, Observors
Handbook of the Royal Canadian Astronomical Society, 1971. Under "Type," E denotes "elliptical," with
EO, El, ... increasingly flat; S denotes "spiral," with SO, Sa, Sb, Sc, ... increasingly open; SB denotes
"barred spiral," with SEO, SBa, SBb, SBc, ... increasingly open; Ir denotes "Irregular";
p denotes
"peculiar";
d denotes "dwarf"; R denotes "strong radio source." For Maffei 1, see H. Spinrad et al.,
Ap. J., 163, L25 (1971).
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Messier Galaxies in the Virgo Cluster (Visual Magnitudes)
NGC4472(M49)
NGC4579(M58)
NGC462l(M59)
NGC4649(M60)
NGC4303(M61)
NGC4374(M84)
NGC4382(M85)
NGC4486(M87)
NGC450l(M88)
NGC4552(M89)
NGC4569(M90)
NGC4192(M98)
NGC4254(M99)
NGC432l(Ml00)
NGC4594(Ml04)

E4
SBb
E5
E2
Sc
E?

so
EOp(R)
Sb
EO
Sb
Sb
Sc
Sc
Sb

15± 5
15±5
15 ± 5
15± 5
15± 5
15±5
15±5
15± 5
15± 5
15±5
15±5
15± 5
15± 5
15±5
15± 5

8.9
9.9
10.3
9.3
9.7
9.8
9.5
9.3
9.7
10.3
9.7
10.4
9.9
9.6
8.1

Selected Clusters of Galaxies
Cluster

Est. No. Galaxies

cz(km/sec)

Virgo
Pegasus I
Pisces
Cancer
Perseus
Coma
Hercules
Pegasus II
Cluster l
Ursa Major I
Leo
Gemini
Cor. Bor
Bootes
Ursa Major II
Hydra

2500
100
100
150
500
1000

1150
3800
5000
4800
5400
6700
10300
12800
15800
15400
19500
23300
21600
39400
41000
60600

400
300
300
200
400
150
200

+ 1220

+ 1020
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