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 1.0 Introduction

 The term stochastic was introduced in music by
 Xenakis (1963). It is a synonym of random, but it has
 been preferred as a more scientific, less com-
 monplace term, used by Xenakis to qualify his use of
 probability theory. Earlier, this use set it apart from
 the then frequent use of "random" sections in con-
 temporary music, which are in fact improvised
 sections-random only from the composer's point of
 view! Cannon is a term Xenakis coined to name

 algorithms "shooting" random values according to a
 specific probability distribution. (In French we say
 tirer au hasard for "choose at random." literally
 "shoot at random.")

 In 1954, Xenakis set forth two criticisms of serial
 composition, which was then undeniably the most
 widely used technique among avant-garde compos-
 ers: "The serial system is brought back into question
 in its two foundations which bear the seed of their

 own destruction and transcendence" (1971a, p. 120).
 His first criticism is general. To begin with,

 Xenakis stated, serial manipulations are nothing but
 particular cases in the vast domain of combinatorial
 analysis. Moreover, he claimed, serialism remains
 encrusted in its historical inheritance while, espe-
 cially through electroacoustics, new areas are open:
 "Why twelve and not thirteen or n sounds? Why not
 the continuity of the frequency spectrum? Of the
 timbre spectrum? Of the intensity spectrum and of
 durations?" (1971a, p. 120).

 Xenakis's second criticism concerns a contradic-

 tion of serial processes with regard to their sound
 result: "Upon audition, the enormous complexity
 prevents one from following the tangle of lines, and
 has as macroscopic effect an unreasoned and fortu-
 itous dispersion of sounds in the whole sound
 spectrum" (1971a, p. 120).

 He concluded: "The macroscopic effect could thus
 be controlled by the mean of the motions of the n

 objects chosen by us. Hence follows the introduc-
 tion of the idea of probability, which again implies
 combinatorial analysis in this precise case" (1971a,
 p. 120). This introduces the concept of overall con-
 trol of complex sound events rather than their ana-
 lytic and mechanistic elaboration, exactly as in sci-
 ence, where statistical methods are a tool for the
 overall prehension of exceedingly complex phe-
 nomena; this conforms to our intuitive idea of
 randomness. But it must be added that Xenakis had,
 on the other hand, a certain musical intuition about
 sound masses, probably anterior to their rational
 justification (Xenakis 1963, pp. 19-20).

 In the course of a long practice of serial tech-
 niques, Gottfried Michael Koenig comes to the same
 conclusion: "The greater the extent to which pa-
 rameters adhere to certain arrangements and the
 greater the extent to which musical meaning is to
 depend on the perception of these arrangements, the
 more unpredictable, 'random,' are the effects of one
 parameter on the other: the various characteristics
 coalesce into 'sounds' whose order is unequivocally
 defined neither by the course of an individual pa-
 rameter nor by the polyphony of all of them" (1971,
 p. 22). The ambition of systematic composition, "A
 formalism completely describing in two directions
 [past and future events] each instant of the work"
 (Koenig 1971, p. 9), upsets itself. Besides, techni-
 cally, complex determinisms generate an excess of
 possibilities, a maze of ambiguities. Hence, for in-
 stance, Koenig's concept of potential and actual
 form: a piece does not necessarily realize all pos-
 sibilities in a domain, but they are available: the
 composer chooses (Koenig 1971, pp. 65-66).

 When the composer does not wish to choose
 throughout, he or she arrives at what serialists have
 called randomness, negotiating a compromise be-
 tween their conception of musical composition and
 Cage's ideas. In certain sections of a piece, the com-
 poser may supply basic material, on which an ad hoc
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 solution must be "improvised." Or, at the macro-
 structural level, the composer may make avail-
 able choices among prefabricated musical modules.
 In any case, the fundamental question of choice is
 only postponed; but the work gains generality-
 attractive combinations of varied perspectives on
 the soundscape (Murray Schafer) accessible to the
 piece.

 But compositional use of randomness is not the
 same as randomness as a metaphysical principle; as
 an impersonal technique intended to let sounds and
 silence be, simply, which Cage practiced beforehand
 (Daniel 1978). In a sense, Cage wishes to liberate the
 sounds from music and musicians, whereas Xenakis
 "is voluntarily in keeping, not with the tradition,
 but with the history of his art" (Revault d'Allonnes
 1973, p. 235).

 Stochastic music is more than a technical solu-

 tion; it is the fruit of a long tradition of rational
 thought. Indeed, probability theory is a formal struc-
 ture based on the fundamental question, What can
 happen in our world, in such and such a given situa-
 tion? Granted a basic hypothesis (homogeneity or
 not, varied concepts of mean, etc.), probability
 theory provides choosing tools, adapted to the
 hypothesis-even inferred from it, and we find our
 conception of artistic creation in choice.

 The stochastic cannons or automata presented
 here might be used to control various dimensions of
 a compositional process, such as the elements of
 pitch, register, duration, amplitude, and so forth. Or
 they might be employed in the composition of sound
 microstructure, in particular in the synthesis of
 sound-wave forms.

 I am deeply indebted to Xenakis: my understand-
 ing of probability theory has come through him-the
 case of a nonmathematician introducing to another
 some mathematical knowledge. In the following
 pages you will find methods for generating random
 variables which are not new, original, or exclusive in
 themselves. For instance, you may read others
 (Knuth; Maurin 1975) that refer to a large literature.
 This paper, however, has been written by a musician
 with the intention of gathering a panoply for musi-
 cal purposes. My aim is to give musicians with even
 less mathematical knowledge than I useful tools. A
 particular aim is to bring many computer applica-

 tions in musical composition out of the eternal and
 poor use of random values directly from the com-
 puter's omnipotent black box: the uniform distribu-
 tion pseudo-random generator.

 2.0 Preliminary Definitions

 2.1 Probability

 A probability is a fraction of a sample space: the set
 of all possible outcomes in a given situation. Out-
 comes could be card configurations in a card game,
 the states of a machine, the colors of cars passing on
 the street, or the 88 keys of a piano. The probability
 of one specific event amongst the whole sample
 space (an event is a subset of the sample space) is

 number of ways the event can happen
 number of outcomes in the sample space

 Clearly, the value of this fraction must be between 0
 and 1, for

 number of ways an event absent
 from the sample space can happen

 0 = number of outcomes in the sample space

 number of outcomes in the sample space
 number of outcomes in the sample space

 A probability is thus a ratio comparing two sets of
 events: the sample space and a subset of the
 latter-an event, measuring the proportion of a spe-
 cific event included in the sample space. The larger
 the probability of an event, the more likely it is to
 happen, provided that something happens.

 In simple cases, probabilities are quite straight-
 forward. For instance, the probability of obtaining an
 odd result when throwing a die is 3/6 (the event is
 three outcomes out of six). But if two dice are
 thrown, some thinking is necessary. Here is a fa-
 mous problem, "Banach's Match Boxes" (Feller
 1966a, p. 166). A smoker has two match boxes of n
 matches each; when he needs a match he selects a
 box at random; when he takes the last match in a
 box, what is the probability that the other still con-
 tains x matches? Complex combinatorial calcula-
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 tions often must be performed merely to determine
 how many ways can the event happen and how
 many events are there in the sample space.

 This intuitive approach to probability can suffice
 for our purpose, and will be completed as needed.
 Except as concrete examples for some basic notions,
 we will not deal here with real situations or mecha-

 nisms; we shall rather describe algorithms-imag-
 inary machines-conforming to some classical
 schemes of probability theory. For thorough and
 formal definitions of probability and elements of
 combinatorial analysis, see Calot (1967, chapters 1
 and 2), or Feller (1966a, chapters 1 and 2). Simple
 introductions to probability theory can be found in
 college mathematical textbooks; Jacquard (1976) is
 clear and quite complete, as is Lipschutz (1965).

 2.2 Random Variables

 A random variable (denoted X hereafter) is a variable
 that assumes specific values randomly (denoted x,
 hereafter) corresponding to specific events out of the
 sample space. Thus if the sample space is an urn
 containing 12 colored balls: 3 red, 5 blue and 4
 white, the random variable X is the color of a ball
 picked at random: it can assume three values {red,
 blue, white} which can be abstracted and ordered as

 {x, 2, x2x3}. Moreover, we know the probabilities P of these values:

 3

 P{X = x 12)
 5

 P{X = x2} = -12 ,and

 4

 P{X = xa} = 12 (1)

 which are read: "the probability that X is x, equals"
 and so forth.

 From the definitions of probabilities and random
 variables, it follows that the sum of the probabilities
 of all eventual values of a random variableX equals 1
 for s covering the range of values of x,

 P{X = x,} = 1 = P{any event in the sample space}. (2)

 In the above example:
 3 3 5 4

 P'{X = x} 1--+-1~ 1+2-= 1. "- 12 12 12

 2.3 Probability Distributions

 The concept of random variable leads to that of
 probability distribution as a function of x: for s cov-
 ering the range of values of x, the function

 f(x,) = P{X = x8}

 is called the probability distribution of the random
 variableX. We have now only stated that P{X = x,}
 is a function of x,. The usefulness of this statement
 is perhaps not apparent for the time being, but it will
 prove to be of extreme importance later on, when we
 shall make use of authentic functions of x to de-

 scribe probability distributions, particularly for con-
 tinuous random variables (Section 2.6). We can at
 least use this terminology in statements such as:

 0 f(x,) ~ ,

 equivalent to Eq. (1), and

 -f(x,) = 1, (3)

 equivalent to Eq. (2).
 Probability distribution can be visualized in a

 two-dimensional graph as any function of x; a graph
 of probability distribution is called a histogram. Fig.
 1 shows the histogram of the urn example in Section
 2.2; each vertical bar has its height scaled to the
 probability it illustrates.

 2.4 Distribution Functions

 The above probability distribution f(x) must be dis-
 tinguished from the distribution function F(x) of X,
 defined as

 F(x8) = f(xr) = P{X < xs} (4)
 ros
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 Fig. 1. Histogram of urn
 example in Section 2.2.

 A(x

 6/12

 3/12-

 1 ,2 X3

 Fig. 2. Distribution func-
 tion of urn example in Sec-
 tion 2.2.

 1 22 3

 8/12-~ -I 1
 xI x2 x

 or, the sum of the probabilities of events not exceed-
 ing x, in order. Stated otherwise: F(x,) is the proba-
 bility of X assuming one of the values

 {x1, x2, . . . , x,},
 forming a subset of the sample space. Equation (3) in
 Section 2.3 represented the particular case when
 F(x,) = 1 because s covers the entire sample space.
 In our urn example,

 2 3 5 2
 F(x,) = f(xr) = - + -

 two times out of three X will be x, or x2 (the ball will
 not be white).

 This concept of distribution function may seem
 pointless now but it will prove fundamental to our
 discussion of algorithms. A distribution function
 can be graphed: for our urn example, Fig. 2 shows
 clearly the cumulative definition of F(x).

 2.5 Discrete Variables

 A random variable X is said to be discrete if it can
 take values from an ordered set of a finite number of
 events. We have only dealt with discrete variables so
 far in order to establish a solid foundation for the
 next paragraph concerning continuous variables.
 Concretely, discrete variables are those which can
 assume only absolutely distinguishable values, such
 as x1, x2, or x3, with no alternative in between. This
 is visible in their histogram made of different verti-
 cal bars in Fig. 1 and their stepwise distribution
 function in Fig. 2.

 For a complete theory of discrete variables, see
 Feller (1966a) or appropriate chapters in Calot
 (1967). Gnedenko and Khintchine (1969) provide a
 very good introduction to discrete probability theory
 that is easy to read. College textbooks such as these
 suggested are often limited to discrete variables.

 2.6 Continuous Variables

 A random variable X is continuous when its dis-

 tribution function F(x) is continuous. This implies
 that its probability distribution f(x)-although it
 may include some discontinuities-is not, as for a
 discrete variable, a collection of discrete values
 [f(x ), f(x2),. . . , f(x,)]. Rather, its distribution is an
 f(x) defined over a range of real numbers which can
 be assumed by X. Figure 3 shows the histogram of a
 continuous distribution (the normal distribution);
 this random variable can assume an infinity of
 values-any real number.

 In the case of discrete variables, Eq. (3) in Section
 2.3 stated that the sum of the probabilities of all
 events in a sample space must equal one. Graph-
 ically, this means that the sum of the histogram's
 vertical bars must be scaled to one (Fig. 1). In
 the case of continuous variables, it is the area
 bounded by the probability distribution and the
 horizontal axis which equals one. This can be intui-
 tively understood by imagining this area as being
 filled with an infinity of vertical bars corresponding
 to the infinity of real values assumable by the ran-
 dom variable, as in the shaded area of Fig. 4. Thus
 when passing from discrete to continuous variables,
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 Fig. 3. Histogram of a con-
 tinuous distribution (nor-
 mal distribution).

 f(x)

 0.5-

 -30 3

 Fig. 4. Distribution func-
 tion as the area under the

 probability distribution:
 the shaded area is

 F(x,) = P{X :x,}.

 f(x)

 ->

 we substitute the integration of Eq. (5) for the sum-
 mation of Eq. (3):

 f(x)dx = 1 (5)

 In the same manner, the definition of a continuous
 distribution function is

 F(x,) = J'f(x)dx = P{X < xJ}, (6)

 instead of Eq. (4) (Section 2.4). This is illustrated in
 Fig. 4.

 In the case of discrete variables, probabilities of
 events correspond to vertical bars of scaled height in
 the histogram (Fig. 1). For continuous variables, be-
 cause of the infinity of possible values, one must
 abandon the idea of a probability associated with one
 specific event; indeed, this probability is zero:

 one specific event 1
 an infinity of outcomes in the sample space 00

 Thus the "height" of f(x,) is not directly the proba-
 bility of x,. We must be satisfied with knowing the
 probability of X assuming a value in a certain inter-
 val called differential (dx), which can be as "thin" as
 we wish, but not null. Thus the probability distribu-
 tion of a continuous variable X is f(x), but the proba-
 bility of a specific x, is zero:

 1
 P{X = x,} - = 0.

 We must introduce the differential in order to han-

 dle a "tangible" probability:

 P{X = in the interval dx around x,} = f(x,)dx.

 This is illustrated in Fig. 5: the area under f(x,) is
 null (the mathematical point f(x,) has no "width")
 and we must approximate P{X - x,} with a small
 differential rectangle of width dx. With this
 mathematical provision, a continuous histogram
 can be read directly: the higher f(x,), the more proba-
 ble is {X x, in dx}.

 For an introduction to differential and integral
 calculus, and an understanding of these transitions
 from discontinuities to continuity, one can study
 Calot (1967) with profit or Guenon (1946) for an
 historical and philosophical point of view. Feller
 (1966b) and Calot contain complete theories of con-
 tinuous variables.

 2.6.1 Continuous Uniform Variables

 The continuous uniform variable, for which we will
 henceforth use the special symbol U, is one that can
 take any real value u between zero and one. It is
 defined as follows:

 f(u) = 0 if u < 0
 f(u) = 1 if 0 < u < 1
 f(u) = 0 if u > 1.

 Figure 6 shows its histogram. The rectangular area
 under f(u) and the U axis measures one by one: the
 total area is thus one, in accordance with Eq. (5) in
 Section 2.6. Figure 7 shows the continuous uniform
 distribution function: notice how F(u) is indeed con-
 tinuous (although f(u) contains two discontinuities),
 and how it increases from zero to one as u also
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 Fig. 5. The area of the
 rectangle measuring f(x,) by
 dx is the probability of X
 assuming a value in the
 interval dx around x,.

 f(x)

 f(x

 Fig. 6. Histogram of the con-
 tinuous uniform distribu-
 tion U.
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 increases in the same interval: in this case, the dis-
 tribution function is simply equal to the variable,
 that is

 F(u,) =J f(u)du = u, = P{U <u}. (7)
 We shall make a constant use of this fact in our

 cannons, since the continuous uniform variable U
 (see Section 4.0, for more details) is the standard
 "pseudorandom number generator" available in
 computers as library function, under names such as
 ran, ranf, rand, and so forth, and all our algorithms
 will rely on it.

 2.7 The Continuous Structure of Musical
 Parameters

 In order to establish the continuous structure of the
 musical parameters we intend to work with, we will
 start with a consideration of pitch, and we shall
 assume the mere capability of perceiving distinct
 pitches. From a collection of discrete pitches comes
 forth some terms for qualifying different sensations
 (the usual "low" and "high"). Then follows the no-
 tion of pitch differences-distances between pitch
 pairs-together with the ability to compare these in
 terms of size. In comparing, we perform mental op-
 erations such as abstracting pitch differences from
 chronological pitch successions, transferring differ-
 ences between various higher or lower pitch pairs,
 inverting the direction of differences, from "toward
 high" to "toward low" or vice versa, perhaps using

 reiterations of a small unit difference (e.g., semitone)
 to measure larger ones, and so forth.

 By these operations we could intuitively arrive at
 a total ordering of pitch sensations, since we could
 evaluate the relative size and direction of differences

 between any two pitches. Moreover, we could
 axiomatically define tempered pitch scales with
 merely a reference pitch and one arbitrary unit dif-
 ference, as Xenakis has shown following Peano's
 axiomatization of numbers (Xenakis 1971a, p. 61).

 Of course, musicians take for granted this totally
 ordered structure of pitches, and have long since
 gained a great ease in the manipulation of pitch
 intervals. If we define addition (D) of two intervals as
 making the arrival point of the first and the starting
 point of the second interval correspond to the same
 pitch, and consider the result of the operation as the
 interval from the starting point of the first to the
 arrival point of the second operand, it can be shown
 that in such usual musical operations, pitch inter-
 vals have the mathematical structure of a commuta-

 tive group. (See Grossman and Magnus, Chapters 1
 and 2 for group definitions):

 (a) stability: addition of any two intervals
 yields another interval;

 (b) associativity: for any three intervals,
 (d, D d2) E d3 = d, D (d2 D dA);

 (c) there exists an identity element I (prime
 interval, or unison) such that

 d EDI = I EDd = d;
 (d) any interval d has its inverse d1 (the same
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 Fig. 7. Distribution func-
 tion of the continuous uni-
 form distribution U.

 F(u)

 o 1

 size of interval, but inverted in direction)
 such that

 d Ed-1= d-1@d = I;

 (e) commutativity comes to boot:
 di E d2 = d2 Ed di.

 Usually this group of intervals of pitch sensations
 has the same structure (i.e., is isomorphous to that
 of rational numbers under arithmetical addition).
 Ancient and traditional music was based on varied

 scales and thus handled rational numbers; and we
 can only gain in theoretical generality if we extend
 this domain to the whole set of real numbers, of
 which the rationals are a subset, to all possible pitch
 intervals. If the starting situation were tempered
 scales, such as twelve-tone equal-temperament, the
 connection would be similar: we can label the inter-

 vals with the number of unit intervals they repre-
 sent in size and direction, in which case we form a
 group isomorphous to that of integers under
 arithmetical addition (a subgroup of the preceding).
 We can expand this situation to cover rational, irra-
 tional, and real numbers as well.

 If we leave the domain of perception for that of
 physical phenomena, and speak in terms of fre-
 quency, the extension to real numbers is as feasible.
 Nontempered scales are built from a group of ra-
 tional ratios under arithmetical multiplication and
 tempered intervals can be considered as irrational
 ratios (for instance, involving roots of two if they
 possess an octave modulo); from here also the exten-
 sion to real numbers follows naturally.

 In such ways, we gradually fill up the gaps be-

 tween integers and rationals, tending toward con-
 tinuity. Leibnitz stated, "It follows, from the actual
 division, that in a part of matter, however small it
 may be, there exists a sort of world consisting of
 innumerable creatures" (Guenon 1946, p. 55). We
 arrive at intervals smaller than our perceptual differ-
 ence threshold, vanishing into continuity, through
 speculative subdivision. But perhaps, conversely, we
 could consider continuity as given, and look at his-
 torical scales as landmark systems arbitrarily ex-
 tracted from it to satisfy our need for ease of manipu-
 lation, hierarchy, order, and comparative norms: "A
 continuous set is not the result of the parts into
 which it is divisible, but, on the contrary, is inde-
 pendent of them, and consequently, that it is given
 to us as a whole by no means implies the actual
 existence of these parts" (Gu6non 1946, p. 60).

 In any case we can claim that the intervals, and
 pitches themselves as embodiments of intervals, are
 isomorphous to real numbers, and to a straight line
 isomorphous to the latter: this musical parameter is
 continuous and totally ordered. Some other parame-
 ters possess the same structure (e.g., amplitude, ex-
 cept those based on qualitative definitions such as
 timbre). Time itself, metrical time, in the mental
 operations we can perform on it, exhibits the same
 structure deeply rooted in our psychology, as shown
 by Piaget (1973, pp. 74-83), where the notion of log-
 ical "grouping" is developed. Leonardo da Vinci un-
 derstood much of this, which is evident from a small
 text from around 1500 that I quote with pleasure: "If
 one applies to the point the terms reserved for time,
 it must be compared to the instant, and the line to
 the length of a great duration of time. And as the
 points constitute the beginning and end of the said
 line, so the instants form the origin and the term of a
 certain portion of given time. And if a line is divisi-
 ble to infinity, it is not impossible that a portion of
 time is also. And if the divided parts of the line can
 offer a certain proportion between them, it is the
 same for the parts of time" (da Vinci 1942, p. 76).

 This justification may seem unnecessary to the
 reader, but it has not been in our musical tradition
 very long. Consider for instance, in 1916, the very
 laborious explanations of Russolo about his noise
 instruments (intonarumori) capable of "a complete
 enharmonic system where each tone possesses all
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 possible mutations by subdividing in an indefinite
 number of fractions" (Russolo 1975, p. 83). Russolo
 finally introduces, in the context of a discussion on
 notation problems, a rather vague notion of
 "dynamic continuity" (Russolo 1975, p. 87) meaning
 pitch continuity. It is only quite recently that such
 notions have been accepted in musical practice.
 Perhaps now they are taken for granted.

 In the following pages, we will stand on the musi-
 cally rather abstract ground of the group of real
 numbers, under addition, since we will have no rea-
 son to venture out of the perceptual domain. But
 since we have established the correspondence of real
 values to musical parameters or characteristics,
 music will always be "virtually" present, and actual
 applications will be preferably left to the reader's
 own imagination.

 2.8 Cannons

 "In the final analysis, randomness, like beauty,
 is in the eye of the beholder. "-R. W. Hamming
 (1973)

 Probability theory normally finds its practical use
 in statistics. We can analyze the results of tests and
 see if they conform to some distribution if abnormal
 configurations imply faults in the testing environ-
 ment. Probability distributions are studied as
 mathematical models of populations-"natural"
 events or series of events happening in everyday life
 as well as in complex scientific experiments. But our
 purpose is the opposite: we wish to synthesize popu-
 lations conforming to probability distributions. For
 this we shall need to transform the formula of prob-
 ability theory in such a way that we make the ran-
 dom variable a function of its distribution function;
 this will be clarified later. We are interested in start-

 ing from a definition of a population, a histogram,
 chosen because of formal, aesthetic, or other musi-
 cal reasons, in order to give shape to a certain mu-
 sical characteristic. Then we want to synthesize
 values fitting it, eventually combining these values
 into sound events.

 Nothing guarantees that our synthetic population,
 which will be composed of a limited number of
 random values, will conform with precision and ele-

 gance to the intended histogram and embody it in an
 ideal manner. Random values are random, neverthe-
 less, and do not necessarily follow our imagination
 and intentions. Conformity of a population to a
 given probability distribution can only be achieved
 for a very large number of sample values. This is
 known as the weak law of large numbers: "If, in a
 trial, the probability of an event is p, and if we repeat
 the trial a large number of times, the ratio between
 the number of times the event happens and the total
 number of trials-that is, the frequency f of the
 event-tends more and more towards p. . . . if the
 number of trials is large enough, it becomes highly
 improbable that the difference between f and p will
 be greater than a given value, as small as it may
 be" (Vessereau 1953, p. 31).

 Thus we must be ready to accept some "strange"
 random values, or successions of values, or perhaps
 choose among some populations the one best em-
 bodying our platonistic Idea of the distribution.
 "This brings up a philosophical point. Do we really
 want genuine random numbers, or do we want a set
 of homogenized, guaranteed, and certified numbers
 whose effect is random but at the same time we do

 not run the risk of the fluctuations of a truly random
 source? ... we usually find that we want to get the
 security of a large [number of samples] by taking [as
 few] as we can" (Hamming 1973, p. 143).

 2.9 Notation Conventions

 In the following pages we shall apply all the preced-
 ing notions and continue using the same symbols,
 reviewed here:

 X is a random variable

 x represents values of X
 x, is one specific value of X
 U is the continuous uniform variable (random

 real number in the range [0, 1])
 u represents values of U
 u, is one specific value of U, standing for a call.

 to the U cannon in statements such as

 "u,: = ran(0)"
 f(x) is the probability distribution of X
 P {X = x,} = f(x,)
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 Fig. 8. Histogram of the dis-
 crete uniform distribution.

 in discrete cases the probability of X takes the
 value x,

 = f(x,)dx
 in continuous cases the probability of X takes
 a value within the interval dx around x,

 F(x) is the distribution function of X

 F(x,) = I xi = P{X < x,} is the probability
 of X taking a value smaller or equal to x, in
 discrete cases and

 = jf(x)dx = P{X <,X}

 in continuous cases

 Where a cannon consists in the application of a
 single formula, this formula only will be given.
 When complete algorithms are implied, they will be
 given in Pascal, a common and easily translatable
 procedural language.'

 We will examine a number of different techniques
 for generating stochastic data according to specific
 formulas. First, discrete distributions will be dis-
 cussed, including the discrete uniform distribution.
 In addition, binomial, Poisson, and permutational
 algorithms will be detailed. Then continuous dis-
 tributions will be covered, including the uniform
 distribution; and a number of weighted functions,
 including: linear, exponential, gamma, bilateral ex-
 ponential (or First Law of Laplace), Cauchy, hyper-
 bolic cosine, logistic, arc sine, Gauss-Laplace, and
 beta distributions.

 3.0 Types of Discrete Distributions

 3.1 The Discrete Uniform Distribution

 This distribution concerns n equiprobable events. It
 is equivalent to the random choice of one of n inte-

 f(x)

 1i/n

 - - - - - - - - - - - -

 X, X2.X z 1-1 2

 gers between (and including) two limits [t and [2 (t1
 < 2). The probability distribution is constant for
 all possible outcomes:

 1
 f(x) = ,

 n

 where n = ([2 - [1) + 1, the number of possible
 integers in the sample set. A histogram is shown in
 Fig. 8. To choose an item, we could use the gen-
 eral method described for other discrete variables,
 but since all probabilities are equal the case is sim-
 ple and we can directly make X a linear function of
 U:

 X = nU + [,,

 and rely on the computer's integer arithmetic to
 truncate this real X to integers. The preceding equa-
 tion could be paraphrased as: given a real u in the
 interval [0, 1], we "stretch" this interval to [0, n ], and

 then transfer it to [ti, n + [t]. When truncated, the
 result will be an integer in [tfl, [2]. Algorithm per-
 forms the task:

 function inrect (11,12: integer): integer;
 var n: integer; u: real;
 begin

 n: = (12 - 11) + 1;
 u: = ran(0);
 inrect: = trunc(n*u) + 11

 end; {inrect}

 Algorithm (1)

 1. In the original manuscript, the author supplied algorithms
 written in Fortran. This code has been converted to Pascal by the
 editor in the interest of readability. The code is Standard Pascal
 with the addition of the exponentiation operator "* *", and a ran( )
 function. Any errors in the code are the responsibility of the
 editor.
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 Fig. 9. P{X = x} as seg-
 ments on [0,1].

 0 P{X=x } P(X=x 2 P}{X=x P{X=x } 1

 x ) --) f( _(-----_ )----- _ __ _ F(x1) F(x2) F(x ) F(x ) F(x) 2n-2 -1n

 3.2 A General Method for Obtaining other
 Distributions

 When the probabilities assigned to n discrete events
 are not equal, it is necessary to use a cumulative
 table of probabilities. Such a table contains the n
 following values:

 (1) P {X = x,
 (2) P{X =x11 +P{X=x21

 (n) P{X = x,1} + P{X = X2
 + . .. + P{X = Xn

 which are equivalent to:

 (1) F(x,)
 (2) F(x2)

 (n) F(x.).

 Since F(x1) > 0 and F(x,) = 1, all these values can be
 assimilated to points dividing a real segment [0, 1]
 into smaller segments equal to the different prob-
 abilities involved (Fig. 9). After obtaining a u, from
 our U cannon, we need only look into which seg-
 ment it falls in order to point at the chosen x,:

 X = x, if 0 < u, < F(xJ)
 X = x2 if F(x1) < u, < F(x2)

 X = x, if F(x_-1) < u, < 1.
 In the following cannons, this simple method will

 be used: scanning F(x) from F(x,) to F(x,) until the
 proper x, is found. Knuth (pp. 101-102) can be con-
 sulted for other algorithms.

 3.3 Other Discrete Variables

 3.3.1 A Choice Between Two Alternatives

 The following algorithm makes a choice between
 two alternatives of given (most likely different)
 probabilities. Only P{X = x} need be specified,
 since P{X = x2} = 1 - P{X= x1}. The following
 parameters are transmitted from the calling pro-
 gram:

 xl: the alternative x,
 x2: the second alternative x,, and
 pl: P{X = x1}.

 function alter2(xl,x2,pxl: real): real;
 begin {alter2}

 u: = ran(0);
 if u < pxl then

 alter2: = xl
 else
 alter2: = x2

 end; {alter2}

 Algorithm (2)

 A particular version of the preceding cannon may be
 useful for choosing between +1 and -1 as equiprob-
 able signs in equations involving a + or - alterna-
 tive. Such cases are frequent (Xenakis 1963, chapter
 4) in formulas of the type

 Zi = zi_ " + x
 where x is a random interval obtained from an

 always-positive random distribution. The preceding
 equation could be programmed:

 z(i):= z(i - 1) + (xsigne(0O)*call to a cannon)

 with the following:
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 Fig. 10. Histogram of the
 binomial distribution

 B(50, 0.05).

 function xsigne(ibidon: real): real;

 begin {xsigne}
 u: = ran(0);
 if u < .5 then xsigne: = 1.0
 else

 xsigne: = -1.0
 end; {xsigne}

 Algorithm (3)

 3.3.2 The Binomial Distribution

 The choices between two alternatives described in
 Section 3.3.1 are called Bernouilli trials. A succes-

 sion of n Bernouilli trials synthesizes a population
 conforming to the binomial distribution:

 B(n,p)

 where p is the probability of one of the alternatives,
 labeled success. This distribution looks at a succes-

 sion of Bernouilli trials, and has as variable the
 number of successes obtained in n trials:

 P{B(n,p) = x} = () px (1 - p)n-x

 forx =0, 1, 2 ... n
 where

 (n) n!
 x!(n - x)!

 It is thus an analytic view of choices between two
 alternatives.

 It is perhaps not necessary to devise a binomial
 cannon, since we can seize the problem by
 straightforward choices rather than by resorting
 to analytic distribution. But if such an algorithm
 were needed, it should be similar to that of the Pois-
 son distribution (Section 3.3.3). First, a cumulative
 table F(x) is prepared:

 F(0) = PIB(nip) = 01
 F(1) = P B(n,p) = 01+ P{B(np) = 1}

 F(n) = P{B(np) = 0} + P(B(np) = 1}
 + . . . + P{B(n,pt = n} = 1

 Then u, is used to point at the resulting x,. We then

 f(x)

 0.3-

 0.2-

 0.1

 0 1 2 3 4 5 6 7 8

 decide that among the next n events there should
 be x, successes, and of course n - xx occurrences of
 the other alternative. Another solution would be to
 use the Poisson cannon directly, since Poisson dis-
 tributions are approximations to binomial distribu-
 tions. A histogram of B(50, 0.50) is shown in Fig. 10.

 It can be shown (Calot 1967, pp. 310-316; Feller
 1966a, Chapter 7) that when n becomes large and p
 is not small, for example, when np and n(1 - p) are
 somewhat greater than 15 or 20, with better approx-
 imations when p is near 1/2, the binomial distribu-
 tion B(n,p) is quite equivalent to a Gauss-Laplace
 distribution of mean np and standard deviation
 \/np(1 - p). In such cases we could more easily use
 the Gauss-Laplace cannon (Section 4) and round the
 result to the nearest integer. Calot (1967, pp. 445-
 449) shows interesting graphical comparisons be-
 tween binomial and Gauss-Laplace histograms,
 while Vessereau (1953, chapter 3) presents a good
 introduction to the family of binomial, Gauss-
 Laplace and Poisson distributions. Gnedenko and
 Khintchine (1969), treating exclusively discrete
 variables, also approach the Gauss-Laplace distribu-
 tion through the binomial.

 3.3.3 The Poisson Distribution

 On the other hand, if n becomes large andp small, it
 can be shown (Calot 1967, pp. 307-309; Feller
 1966a, p. 153) that the binomial distribution can be
 approximated by the Poisson distribution, which has
 the advantage of discarding n from the calculations.
 This approximation is good for values of:
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 Fig. 11. Histogram of the
 Poisson distribution for
 8 = 2.5, quite similar to
 the binomial B(50,0.05) of
 Fig. 10.

 n > 50 and

 p < 0.1,

 such that the product np = 8 is in the order of a few
 units. This parameter a is called the average density
 of the Poisson distribution. This relation between
 Poisson and binomial distributions implies that, for
 a large 8 (somewhat greater than 20), Poisson also
 approximates a Gauss-Laplace distribution of mean
 8 and standard deviation V'/ (Calot 1967, pp. 330-
 331; Feller 1966a, p. 190). A Poisson algorithm
 could, under such conditions, be used as an integer
 Gauss-Laplace cannon. However, the Poisson dis-
 tribution is quite cumbersome to program, so this is
 not very advantageous.

 The Poisson distribution is thus, as the binomial,
 an analytic point of view on a series of Bernouilli
 trials: it gives the probability of obtaining x suc-
 cesses in a large number of trials, when the average
 density of successes is 6:

 e-8fx

 PX = x} = x! forx = 0, 1,2, ....
 Note that n, the number of trials, is not present in
 the formula. A histogram of a Poisson distribution of
 density 2.5 is shown in Fig. 11.

 We are giving an algorithm for this distribution
 because it has attained some popularity through its
 use by Xenakis (1963, p. 35) as an analytic approach
 to phenomena appearing in the time dimension (cf.
 also Truax, in Computer Music Journal, Vol. 1, No 3
 (1977) pp. 30-39). In such cases, the Poisson distribu-
 tion concerns the probability of finding x points per
 time unit on a time axis, when the average density of
 points per time unit is 8 (small enough) and the
 distribution of points conforms to a homogeneous
 exponential distribution (Section 4.3.2). It is as if,
 from a binomial point of view, we regarded time as a
 succession of a very large number of small intervals;
 a success would then be the presence of a point
 occupying an interval. Our binomial-Gauss-
 Laplace-Poisson family, which includes in addition a
 negative-binomial distribution (Calot 1967, p. 321;
 Feller 1966a, p. 164) that we do not study here, is
 thus also related to gamma distributions, of which
 the exponential is a member (Calot 1967, pp. 332-
 337, 354-356; Feller 1966b, pp. 11-12). ". . . the

 f(x)

 0.3

 0.2

 0.1

 0 1 2 3 4 5 6 7 8

 remarkable fact that there exists a few distribu-
 tions of great universality which occur in a surpris-
 ingly great variety of problems. The three principal
 distributions, with ramifications throughout proba-
 bility theory, are the binomial, the [Gauss-Laplace]

 . ., and the Poisson distribution" (Feller 1966a, p.
 156).

 The following algorithm is devised to handle
 several Poisson distributions of independent
 parameters:
 procedure poissoninit (var i, j, n, itot, nmax: integer;

 val, d: real);
 type

 realarray = array [1..itot, ..nmax] of real;
 var

 xfac: real; xk: integer; tab: realarray;
 begin {poissoninit}

 xfac: =1;
 for j:=1 to n-1 do
 begin {loop}

 xk:=j-1;
 if xk<= then

 val:=((d**xk)/xfac)*exp(- d)
 else

 begin
 xfac: =xfac*xk; val:=((d**xk)/xfac)* exp(-d)
 end

 if xk = 0 then

 tab[i, 1]:=val
 else

 tab[i,j]: =tab[i,(j-1)+val]
 end; {loop}
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 tab[i,n]: = 1.0;
 end; {poissoninit}

 Algorithm (4)

 procedure poisson(var i,n,nbr,itot,nmax: integer);
 var u: real;
 begin {poisson}

 u: = ran(0);
 for j:=1 to n do
 begin {loop}

 if u<=tab[i,j] then
 begin

 nbr: =j-1; {transmit value)
 j:=n+1 { terminate loop}

 end

 end {loop}
 end; {poisson}

 Algorithm (5)

 The statement "poissoninit" begins a section of in-
 itialization of the tab tables of the different F(x)
 required. Tab has two dimensions (itot,nmax) and is
 considered as itot vectors, each containing the F(x)
 of the i-th Poisson distribution of a given 8j:

 n-1 e-Saij
 tab(i,n) = - X

 x=O

 Such vectors need more or less length, according to
 the density 8S. One must figure nmax such that, for
 Smax, the greatest density used,

 P{X = nmax= - e-max8nmax nmax!

 is very small and can be neglected: indeed, the al-
 gorithm can never output a result greater than
 nmax - 1.

 A call to poissoninit includes the following pa-
 rameters:

 i:the reference number for the distribu-
 tion with density 8

 n( <nmax):the effectively used length of the tab
 vector for the i-th density, such that
 P (X = N} can be neglected

 d:the average density 8,

 tab:the name of the array declared in the
 main program

 itot:the total number of different densities
 used

 nmax:the length of the longest tab vector

 The calling program must call "poissoninit" with
 the proper parameters in order to initialize all tables.
 After this preparation, the calls are made to proceed
 with "poisson." There we get a u, from ran(0) and
 use it to point at an x,. A new parameter is included
 in the call:

 nbr transmits x,, the result, to the calling pro-
 gram: there should be nbr events.

 All other parameters are as above.

 3.3.4 A Choice Between Several Alternatives

 If the sample space contains more than two events of
 given different probabilities, the following algorithm
 is needed. It simply scans the cumulative table of
 the probabilities in order to designate a resulting x,
 by a u,.

 type
 realarray = array[1 . . n] of real;

 function altern(var boul, prob: realarray):real
 var u, som:real;
 begin{altern}

 som:=0; u:=ran(0); i:=1;
 while i <=n do

 begin {loop}
 som: =som + prob[i];
 if u >= som then

 begin {assign values and exit}
 altern := boul[i];

 i:=n {exit loop}
 end; {assign}

 i:=i+l

 end{loop}
 {not yet successful, assign last value}
 altern: =boul[n]
 end; {altern}

 Algorithm (6)
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 The parameters of the call are

 boul: the name of the calling program's vector
 containing the list of different alterna-
 tives:

 boul(i) = xi
 prob: the name of the calling program's vector

 containing the list of different prob-
 abilities, such as
 prob(i) = P{X = x,} and

 Z prob(i) = 1
 1=1

 n: the dimension of boul and prob.
 altern returns the chosen boul(i) = x,.

 The preceding algorithms were particular cases of
 altern: inrect when all probabilities are equal, and
 alter2 when only two alternatives are valid.

 The multinomial distribution is the analytic ap-
 proach of this problem (Calot 1967, p. 337; Feller
 1966a, p. 167). An algorithm using the multinomial
 distribution would be very cumbersome, since it
 should handle whole vectors of events: in n events
 there should be x,, events x1, x,2 events x2, and so on.
 It would prove quite impractical in face of the
 simplicity of the direct synthesis of the events.

 3.3.5 Exhaustive Trials, Permutations

 A typically serial procedure would be to choose
 events from a sample space without repetition of
 any event before exhaustion of the sample space
 (Koenig 1971, pp. 15-17, 32-33), thus achieving a
 permutation of the events of the sample space. This
 idea is of course valid even if some of the available
 events are identical-twelve-tone rows are but a par-
 ticular case: the classical analogy is that of picking
 balls of different colors from an urn without putting
 them back. The initial configuration is of N balls, n2

 of color x,, n2 of color x2, and so on, so that for the
 first pick

 n.

 P{X = x"} =
 Of course, after the first ball, of color x,, is out of the
 urn,

 n,- 1

 P{X = xs} becomes N-

 and so forth (Gnedenko and Khintchine 1969,
 pp. 103-114).

 There is an analytic approach to this problem: the
 hypergeometric distribution (Calot 1967, p. 316; Fel-
 ler 1966a, pp. 43-47), which would be of little use
 here. A synthetic approach would be to modify the
 above altern algorithm in order for it to adjust the
 prob list of probabilities after the result of each suc-
 cessive choice, or to have the main program handle
 these modifications. But since most likely the sam-
 ple space will be of a rather small number of events,
 it is more practical to use the permutation al-
 gorithm, Algorithm 7 (Koenig, pp. 70-73) and to
 read the permuted array one item at a time as the
 result of an exhaustive series of trials.

 type
 integerarray=array[ 1 .. n] of integer;
 integer2array=array[ 1 .. 2, .. n] of integer;

 procedure permut(varlensmb:integerarray; itrav:
 integer2array;n,iopt:integer);

 var

 ic, i, ix, ir:integer;
 begin (permut}

 ic:=n;
 for i:=l to n do

 itrav[1,i]:= i;
 repeat

 ix: =inrect(1,ix); {call to function inrect (cf.3.1)}
 ir: =itrav[1,ix];
 itrav[2,ic]: =lensmb[ir];
 itrav[ 1,ix]: =itrav[ 1,ic];
 ic: =ic-1;

 until ic=0;
 if iopt= 1 then
 begin

 for i:=l to n do
 lensmb[i]: =itrav[2,i]

 end

 end;

 Algorithm (7)

 The calling program should have declared the two
 arrays lensmb [0 . . n] and itrav[0 . . 2, O .. n].
 In the calling sequence,
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 lensmb is the name of the set of events (array) to
 be permuted

 itrav is a working array
 n is the dimension of lensmb and the second
 dimension of itrav

 iopt is a switch:
 iopt = 1 > the permutation is returned in

 lensmb; that is, lensmb is mod-
 ified

 iopt I 1 4> lensmb is not modified, and the
 calling program finds the per-
 muted events only in itrav[2,j].

 In the algorithm, ic is a counter, itrav[l,j] is used to
 prevent repetitions of the same event, and itrav[2,j]
 stores the permutation while it is prepared. Permut
 uses the inrect cannon (Section 3.1). A calling pro-
 gram may well use several lensmb sets, but only one
 work array itrav[2,nma], is necessary, where nmax is
 the dimension of the largest lensmb.

 4.0 Types of Continuous Distributions

 4.1 Uniform Distributions

 Sol per te le mie ore son generate.
 -Leonardo da Vinci

 As we have seen, the continuous uniform distribu-
 tion in the range [0,1] is the basis of all our al-
 gorithms, source of all randomness. Of course,
 continuity must be understood as limited to the
 precision of the computer words; but current preci-
 sions of eight or more decimal digits are quite suf-
 ficient for our purposes.

 It is taken for granted that a typical U cannon (or
 pseudo-random number generator) is available;
 otherwise, one can be programmed with some
 knowledge or found in the literature. U cannon al-
 gorithms are discussed from a general point of view
 by Hamming (1973, pp. 136-142), Knuth (pp. 1-
 100), and Maurin (1975, chapter 2). Practical exam-
 ples can be found in IBM's Scientific Subroutine
 Package (p. 77) (for 32-bit words), and in Koenig's
 Computer Composition (p. 69) (similar, but for 27(!)-
 bit words). A complete Fortran algorithm that is not
 machine-dependent can be found in Schrage's arti-
 cle. We must be aware of the fact that, being the

 deus ex machina of all stochastic applications, the
 U cannon deserves the utmost care. Particularly in
 cases making use of large quantities of source ran-
 dom numbers, only reliable and tested algorithms
 should be used for the endeavor to be of some
 consistency.

 It is remarkable that, in accordance with the very
 concept of the algorithm, these random generators
 are rigorously deterministic in generating each
 random value through some manipulations of the
 preceding random value:

 u's -- black box us+1
 They embody exactly the old epicurian concept of
 randomness as a subjective point of view on a com-
 plex combination of deterministic causalities stand-
 ing out of our comprehension: "Randomness is an
 uncertain cause with regard to persons, times and
 places" (Aetius 1976, p. 72).

 In order to obtain a continuous distribution in

 another range than [0,1], we use a linear function of
 U, exactly as for the inrect algorithm (Section 3.1),
 but without truncation:

 x, = (r2 - r)u2 + r,,

 whereri, andr2 are two real limifs (r, < r2), generates
 a rectangular continuous distribution in [r1,r2].

 4.2 A General Method for Obtaining Other
 Distributions

 In order to generate a continuous variable X from the
 uniform variable U, the general method is the
 following. We can equate the distribution function
 of U (Eq. 7, Section 2.6)

 F(u8) = u,

 to the F(x) of the desired distribution:

 u, = F(x,).
 We then have u, as a function of x,, and this can be
 algebraically inverted into x, as a function of u,.
 Thus u, is transformed into an x, conforming to the
 desired distribution:

 x, - F-l(u,)
 (Knuth, pp. 102-103; Maurin 1975, chapter 3;
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 Fig. 12. Histogram of the
 linear distribution of pa-
 rameter g.

 Hamming 1973, pp. 142-143; Calot 1967, chapter
 15). This can be intuitively understood as using the
 u, in [0,1] to designate a fraction of the area under
 the desired probability distribution, and looking at
 the correspondingx, (see Figure 4). This is simply a
 more general, continuous application of the discrete
 method described in Section 3.2.

 However, some probability distributions have dis-
 tribution functions F(x) which cannot be integrated
 in order to be handled in this manner. Such cases

 need special algorithms; two (the Gauss-Laplace and
 beta distributions) will be studied in Section 4.4.

 4.3 Directly Obtainable Continuous Distributions

 4.3.1 The Linear Distribution

 This distribution is described by Xenakis for
 generating intervals of pitch, time, etc. (1963, p. 27,
 219) as the probability of picking a segment of length
 x from a line of length g when the two points de-
 limiting the chosen segment are randomly desig-
 nated (with rectangular distribution) on the line
 [0,g]:

 P{X =x}= 1 - dx (0 <x g).

 Its histogram is shown in Fig. 12. This distribution is
 equivalent to the right half of the triangular distribu-
 tion described by Feller (1966b, p. 50).

 The cannon is prepared thus:

 F(x,) = xs 2o 1 -)- dx 2x, 8 x82

 g g

 By equalizing with F(u,) = u, we arrive at the quad-
 ratic equation

 x,2 2x
 2 - + ,u = 0, g2 g

 which has two roots:

 g/2 9

 x = g(1 + x/1 - u),
 of which only

 xs =g(1 - 1-u

 is useful here, since the other would always make
 x, > g, and we must stay in the interval 0 x, < g.
 The term (1 - u,) being merely a uniform random
 number in [0,1], symmetric to u,, we can simplify
 finally to:

 x= g(1 - ).

 As visible on the histogram (Fig. 12), small values
 are favored, and this because of the relation:

 which tends to make 1 - \ always nearer zero.

 4.3.2 The Exponential Distribution

 As mentioned in Section 3.3.3. about the Poisson

 distribution, the exponential distribution has been
 used by Xenakis (1963, pp. 26, 169, 171, 215) to syn-
 thesize stochastic time intervals. Its theoretical

 basis makes it suitable for homogeneous situations
 (Feller 1966b, p. 8). From a musical point of view,
 the exponential distribution is particularly suited for
 time intervals, being at once homogeneous and suf-
 ficiently varied. But of course others can be used to
 introduce variations or radically different configura-
 tions (Section 5).

 The exponential distribution of average density
 8 > 0 (average interval = 1/8) is

 P{X = x} = 6e-8xdx (x > 0).
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 Fig. 13. Histograms of ex-
 ponential distributions for
 different values of 8.

 f(x)

 3 0 .=2.o

 2.5

 .5-: 6=1.0

 6=0.5

 0.5

 1 2 3 4 5

 The distribution function is

 F(x,) =} 8e-adx -1 - e-8S. 0J

 Through equalization with F(u,), we have

 Us= 1 e-x
 inversed into

 -ln(1 - uj)
 Xs

 and finally:

 - In(u,)
 Xs -

 Histograms of exponential distributions for three
 different densities are shown in Fig. 13.

 4.3.3 Gamma Distributions

 The gamma distribution y, of parameter v > 0, is
 1

 P{X = x} = e-xxv-ldx (x 3> 0),

 where F(v) is the Eulerian gamma function

 F(V) = e-xxv-ldx.

 The exponential distribution of density 1 (e-x) is a
 particular case of the gamma distribution for v = 1.
 Histograms of gamma distributions for three differ-
 ent v are shown in Fig. 14. They indicate the particu-
 lar interest of the distribution, its asymmetry. The
 highest probabilities (mode, in statistical terminol-

 Fig. 14. Histograms of
 gamma distributions for
 different values of v.

 f(x)

 0.4

 [] : v=2

 0 : v=4

 S: V=8

 0.2

 2 4 6 8 10 12

 ogy) are for values near v - 1, whereas the mean is
 v (Calot 1967, p. 350). In rhythmical applications, it
 can produce a sort of easing or rubato compared to
 the exponential (see Section 5). It is quite meaning-
 less to use values of v much greater than 10: as v
 increases, the gamma distribution tends toward a
 Gauss-Laplace distribution (Calot 1967, pp. 353-
 354).

 A gamma cannon formula allowing any real value
 for v cannot be arrived at directly. If necessary, an
 algorithm for any real v can be found in J6hnk's
 article (pp. 13-15), but it is not so simple. It requires
 the gamma cannon for integer v parameters de-
 scribed here, plus a beta cannon (see Section 4.4.2).
 Otherwise, an algorithm analogous to the first beta
 cannon described here and in Section 4.4.2 would be

 necessary. But it can be shown (Calot 1967, pp.
 200-201) that for gamma variables of parameters
 v and c, the following equality holds:

 Yv + Yw = Yv+w.
 Provided we are satisfied with integer valued v pa-
 rameters, we can thus synthesize values of y, by
 summation of v independent y, variables:

 V

 V, = Y1. J=1

 This restriction is not drastic, since we can always
 afterward multiply the y, variable obtained by some
 factor 7 in order to set the mode at r(v - 1) and the
 mean at TP, or even devise a linear function 'Ty + /L
 (Calot 1967, p. 352).

 The cannon formula for y, (exponential with
 8 = 1) being
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 Fig. 15. Histogram of the
 First Law of Laplace (with
 our parameters r = 1 and
 = 0).

 x, = -In(u,),

 we need only add successive x,'s v times in a loop.
 Since the following equality holds:

 Ina + Inb = In(ab),

 the algorithm can avoid calling the alog function v
 times:

 function gamma(nu:real):real;
 var sum:real;
 begin {gamma}

 sum:= 1.0;
 for i:= 1 to nu do

 sum: = sum*ran(0);
 gamma: = -alog(sum);

 end; {gamma}

 Algorithm (8)

 This method is described by Knuth (p. 115) for the
 chi-square distribution, closely related to the
 gamma, and by Johnk (pp. 11-12).

 4.3.4 First Law of Laplace

 The bilateral exponential distribution (Feller 1966b,
 p. 49) is described by Calot (1967, pp. 356-357) as
 the First Law of Laplace (I adopt Calot's less techni-
 cal term out of personal admiration for this
 mathematician). The First Law of Laplace is defined
 as:

 P{X=x}= dx -oo < x < oo.

 A histogram of this distribution is shown in Fig. 15.
 It is a symmetrical distribution around a mean, but
 of quite a different shape than the more common
 normal distribution (Section 4.4.1).

 The distribution function is as follows:

 for x < 0
 F(x,) = 2e

 e-sorx

 1 2 for x Y >

 f(x)

 0.5

 -3 0 3

 By equalizing with u, and splitting the outcomes as

 x, < 0 if u, < 0.5 and
 x, > 0 if us > 0.5,

 the two following formulas perform the distribu-
 tion:

 us < 0.5 > x, = ln(2u,)
 us > 0.5 > x, = -ln(2 - 2u,).

 In the following algorithm, we have introduced two
 parameters in order to make it directly generate a
 linear function of X:

 plapla(xmu,tau) = TX + A.

 tt can be a mean other than zero, and 7 is a parameter
 controlling the dispersion (range, or "horizontal
 spread") of the distribution. Thus our algorithm
 generates the following random variable:

 1 -ilx P{X = p + x} - e'dx, for any x.

 function plapla(var xmu,tau: real):real;
 var

 u: real

 begin {plapla}
 u: =ran(0)*2.0;
 if u > 1.0 then

 begin
 u: =2.0-u;
 plapla: = (- tau* alog(u)) +xmu

 end
 else
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 Fig. 16. Histogram of the
 Cauchy distribution
 (7 = 1, IOPT ; 1).

 plapla: = (tau* alog(u)) + xmu
 end; {plapla}

 Algorithm (9)

 4.3.5 Cauchy Distribution

 The Cauchy distribution is another symmetrical
 distribution centered around zero, but it has the
 particularity of having no mean and generating very
 heterogeneous values. The histogram of the Cauchy
 distribution (Fig. 16) is similar to that of the Gauss-
 Laplace distribution, but it approaches the horizon-
 tal axis so slowly that values of X extremely distant
 from the mode are quite probable. No finite mean
 can be computed; this may be difficult to accept
 intuitively, but the mathematical definition of the
 mean, or expectation, of a distribution can make it
 clear (Calot 1967, pp. 213; Feller 1966b pp. 117-
 118).

 With a parameter 7 > 0 scaling the dispersion of
 the variable, the Cauchy distribution is

 P{X = x}= 2 + x2) dx for anyx. rr(T2 + X2)

 The distribution function is

 r 7 1 1 x
 F(x,8 = 2 + 2)dx - + -tan -- -oo *Tr(72 + X2) 2 IT

 from which we obtain the cannon formula:

 X,= ttan[ 7r(us )2]F
 The cannon works by taking the tangent of an angle
 between -7r/2 and 7r/2. In order to optimize our al-
 gorithm, we may as well take the tangent of an angle
 between 0 and 7r, thus implementing this final for-
 mula (for a call with iopt 4 1):

 x, = -[tan(7ru,)].

 This formula makes intuitively tangible the absence
 of mean of the Cauchy distribution: we know that
 the tangent of an angle near 7/2 is extremely large;
 since ru, can designate such an angle with as much
 probability as any other, very large values of X are

 f(z)

 0. 5

 -3 0 3

 quite probable, and can bring out of balance the
 distribution's eventual tendency toward a mean.

 A modified version of the Cauchy distribution is
 generated when the call parameter iopt is equal to 1:
 only positive values are generated, producing, in
 fact, the following distribution:

 2r

 P{X = x} r(r 2) dx for x > 0.
 This version has at least a definite rhythmic inter-
 est: it can generate very dense but irregular aggre-
 gates of time points, separated by relatively enor-
 mous intervals (see Section 5). For the composer, it
 may involve the risk of losing some listeners be-
 cause of a gap of a few days between two successive
 sounds, but it can very well be used with some
 poetic precautions! Nevertheless, the symmetrical
 version has been used by Xenakis (1971b, chapter 9)
 as a source of radical dissymmetries in microcom-
 position applications (stochastic sound wave forms).

 function cauchy(var tau,:real; iopt: integer):real;
 constant

 pi=3.1415927;
 var

 u:real;
 begin {cauchy}

 u: =ran(O);
 if iopt= 1 then

 u: =u/2.0;
 u: =pi*u;
 cauchy: =tau* (sin(u)/cos(u))

 end: {cauchy}

 Algorithm (10)
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 Fig. 17. Histogram of the
 hyperbolic cosine distribu-
 tion.

 f(0)

 0.5.

 -3 0 3

 Fig. 18. Histogram of the
 logistic distribution for
 ,6 = 0 (mean 0) and a = 1.

 0.5-

 -3 0 3

 4.3.6 The Hyperbolic Cosine Distribution

 This is another symmetrical distribution which can
 be of some use. Figure 17 shows its histogram. As
 with the Cauchy distribution, although it is cen-
 tered on zero, this distribution has no mean. It is
 defined as:

 1
 P{X = x} = dx for any x,

 ir cosh x

 where cosh ex + e-
 2

 The distribution function is:

 F(x,) = j cosh1 dx
 Tr -oo cosh x
 2

 - tan-l(exs),
 "IT

 we can easily devise a cannon using the formula

 xS = Intan( )

 4.3.7 The Logistic Distribution

 With two parameters a and p, the logistic distribu-
 tion is defined as:

 =ae(-ax-) dx for any x or f,
 P{X = x} = (1 + e(-x-)2 and a > 0.

 Figure 18 shows its histogram: still another sym-
 metrical distribution, of mean -pl/a and mode:

 f(-pla) = a/4.
 The two parameters a and p thus control the mean
 and dispersion of the distribution (dispersion is in-
 versely proportional to a). The distribution function
 (Feller 1966b, p. 52) is

 F(x,) = 1 + e
 which can be inverted into the cannon formula

 -p - ln(1/u8 - 1)
 Xs

 a

 Both the hyperbolic cosine and the logistic distribu-
 tions have been used by Xenakis in microcomposi-
 tion (sound synthesis) (1971b, chapter 9).

 4.3.8 The Arc Sine Distribution

 This distribution is the same as the 8(0.5,0.5) dis-
 tribution (see Section 4.4.2), but it is still useful
 since it involves a simpler cannon. The histogram is
 shown in Fig. 19. The arc sine distribution is defined
 for 0 < X < 1: the generated values will be in the
 interval [0,1], with stronger probabilities for values
 near 0 and 1. As well as for the uniform variable, a
 random variable can be made a linear function of the
 arc sine distribution A:

 X = (r2 - r2)A + rl
 in order to cover an interval [r,,rj]. The distribution
 is
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 Fig. 19. Histogram of the arc
 sine distribution.

 f(x)

 2-

 0.5 1

 I

 PX = x} = x( x) dx for 0 < x < 1. 7Tl\/x(1 x)
 The distribution function is:

 F(x) =x1 dx
 1 1

 - -sin-i(1 - 2x,),
 2 r

 which gives the following cannon:

 1 - sin[r(u - 1/2)](8) x,= (8)

 Jacquard (1976, p. 50), gives us another formula:

 F(x,) = - sin-'N,
 which amounts to the same thing. This second for-
 mula yields the cannon

 x= sin 2 1(9)
 An algorithm using Eq. (9) would involve three mul-
 tiplications, against which Eq. (8), with two multi-
 plications and two subtractions, can save a few
 microseconds-life is so short!

 4.4 Two Further Distributions

 In the following cases, the distributions do not yield
 a simple cannon formula, and we must rely on ap-
 proximation algorithms or indirect methods.

 4.4.1 Gauss-Laplace Distribution

 Strictly speaking, Calot (1967, p. 362) restricts the
 denomination normal distribution to the function
 of mean 0 and standard deviation 1, defined as

 P{X = x}= I eT'dx for anyx,
 and names Gauss-Laplace the concrete applications
 of the normal distribution with any mean ~ and
 standard deviation -, which can be seen either as a
 linear function of a normal variable:

 Gauss-Laplace = cr(normal) + g,

 or as the complete distribution

 1

 P{X = x} = I ' e-(x-")2dx for any x.

 I have adopted this terminology in the present dis-
 cussion.

 The theoretical importance of the normal dis-
 tribution has been mentioned (Section 3.3.3). It is
 the classical bell-shaped distribution shown in Fig-
 ure 3. Statistically, it accounts for a great number of
 phenomena because of its very fundamental theoret-
 ical basis and role, which explain its "natural look":
 relatively strong probabilities for the mean and near
 the mean, rounded mode, smooth vanishing of the
 probabilities for far fetched values, and so forth. Fig-
 ure 20 analyzes some characteristics of this impor-
 tant distribution. Note for instance that the proba-
 bility of values outside the range [-2cr,2cr] is -0.04,
 and outside of [-3cr,3o-] it is less than 0.003. Tables
 of values for f(x) and F(x) can be found in any book on
 probabilities.

 In spite of its nobility, we may use the Gauss-
 Laplace distribution freely. For instance, Xenakis
 has used it for durations (1963 p. 174) and for his
 well-known glissandi textures (Pithoprakta
 (1955-56), in particular (1963, p. 27)), through an
 analogy with the Maxwell-Boltzmann distribution
 for three-dimensional velocities of molecules in a
 gas (see also Feller, 1966b, pp. 29-32).

 Because of mathematical properties (it is not pos-
 sible to get the integral out of F(x), so to speak), no
 simple cannon formula can be programmed. The
 Gauss-Laplace distribution function has to be ap-
 proximated. The algorithm described here is
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 Fig. 20. Histogram of the
 normal distribution

 (A = 0, ao = 1). Some im-
 portant characteristics are

 shown. Indicated percent-
 ages are of the area under
 f(x) (Feller 1966a, p. 178).

 f(x)

 0.53

 0.2
 O. 3

 0."67 0. " 7
 -4 -3 - -"067 0 0.67 1 4

 S 68.3%
 95.6%

 99.75

 sketched in Hamming's book (1973, p. 143), and de-
 veloped in IBM's Scientific Subroutine Package
 (p. 77). It is based on the following formula (from the
 central limit theorem; see Les ProbabilitiBs [Jac-
 quard 1976, pp. 91-92], for instance, where it is ex-
 pressed in a form similar to the following):

 k k

 I u' 2- X i=1

 where the ui are, as usual, uniform values in [0,1]
 and X approaches a truly normal distribution as k
 approaches infinity. A compromise is to use
 k = 12:, the algorithm then simplifies into

 12

 X = u~- 6.
 i=1

 Adjustment to the required g and oa are done as

 gauss = crX + ji.

 function gauss(var xmu, sigma:real):real;
 var

 s:real;
 i:integer;

 begin {gauss}
 s:= 0.0;
 for i:=l to 12 do

 s: = s+ran(0);

 gauss: =(sigma* (s-6.0)) +xmu;
 end; {gauss}

 Algorithm (11)

 The efficienicy of this algorithm is poor: twelve calls
 to the U cannon are required for each generation;
 but its simplicity is quite appealing. In cases where
 execution speed is critical, it may be preferable to
 use tables of the distribution function F(x), in a pro-
 cedure similar to the first algorithm described in
 Section 4.4.2 for beta distributions. Such tables can

 be computed in the algorithm, of course, or given as
 data from manuals (Calot 1967, p. 455; Feller 1966a,
 p. 176). Methods more effective than straightforward
 scanning of these tables can be devised; we can rely
 more on linear interpolation in order to reduce the
 size of the table and searching time.

 4.4.2 Beta Distributions

 The beta distribution is defined with two positive
 parameters a and b, for a random variable in [0,1]:

 P(X = x} = xa-'(1 - x)b-Idx B(a,b)
 for 0 < x < 1

 and a > 0, b > 0,
 where B(a,b) is the Eulerian beta function:

 I

 B(a,b) = xa-(1 - x)b-ldx.
 0

 These distributions are closely related to the gamma
 distribution. For different parameter values, histo-
 grams of the beta distribution can take different
 shapes: more or less symmetrical bell shapes, expo-
 nential from left to right or from right to left (see
 Calot 1967, p. 358; Jacquard 1976, p. 97 for graphs).
 However, we will limit ourselves to cases where
 a < 1 and b < 1, because of the very interesting
 distributions they imply: more or less symmetrical
 "U"-shaped histograms. Figure 21 shows some
 cases: the "depth" of the distribution is inversely
 proportional to a near 1, and to b near 0. For
 a = b = 1, we have the continuous uniform dis-
 tribution as a special case. For a = b = 0.5, we
 have the arc sine distribution (Section 4.3.8).
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 Fig. 21. Beta distributions
 for four different (a,b) pa-
 rameter pairs.

 f(x) f(x)

 2- 2

 a=b=0.5 a=b=0.25

 1- 1

 , ....------- >x-- t,> x:

 0 1 0 1

 f(x) f(x)

 2- 2

 a=0.75 a=0.5
 b=0.5 b=0.75
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 In order to devise a cannon, we can use tables of
 F(x). The following algorithm can handle several
 beta distributions of different parameter pairs (a,b);
 for the i-th pair (a,b)j, it prepares an approximation
 table of F(x), for x incremented by steps of 0.05 from
 0 to 1:

 tabl(i,n) =F(0.05*[n - 1])

 1 ,-O.05(n--1) xal-(1 - x)b-idx for (a,b),. (10)
 B(a,b) o0

 In order to compute the factor 1/B(a,b) we use the
 property:

 (b) a)F(b)
 r(a + b)

 (see Section 4.3.3 for a definition of F[a]). We can
 thus use the fgamma(2) function following to com-
 pute this constant, and then approximate F(x) step
 by step:

 xsIdx

 F(x,) , f(idx)dx
 i=1

 We use a microincrement dx = 0.000125, entering in
 table(i,n) only the values for an increment of 0.05, as
 in Eq. (10). This initialization is done in the first part
 of the program (procedure beinit), and is of course
 quite time-consuming, but the resulting tables can
 be stored for quick reference in actual use.

 An actual call for a random value uses the proce-
 dure beta. As in discrete cases, we there use a u, to
 point between two successive entries of the F(x)
 table. A linear interpolation is used to simulate con-
 tinuity.

 program betauser(input, output);
 constant

 ntot=10; {ten a,b pairs}
 type

 real2array=array[0 .. ntot,o .. 21] of real;

 procedure beinit(var nordr,ntot:integer;
 xa,xb:real; tabl:real2array);

 constant

 dx= .000125;
 var

 ab,sbeta,som,x,a,b,px:real;
 begin {beinit}

 ab: =xa+xb;
 sbeta:= (fgamma(ab)/fgamma(xa)) *fgamma(xb);

 {see fgamma code below}
 tabl[nordr, 1]: =0.0;
 som: =0.0;
 x: =-.0000625;
 a: =xa- 1.0;
 b:=xb- 1.0;
 for i:=2 to 20 do

 begin {outerloop}
 for j:=1 to 400 do
 begin {inner loop}

 x: =x+dx;
 px: =(x**a)*((1.0-x)* *b)*sbeta;
 som: =som+(px*dx)

 end; {innerloop}
 tabl[nordr, i]: = som

 end; {outerloop}
 tabl[nordr,21]:= 1.0

 end {beinit}
 end. {betauser}

 Algorithm (12)

 procedure beta(var nordr,ntot:integer;
 xx:real; tabl:real2array);

 var

 u,z,ds,db:real;
 k:integer;

 begin {beta}
 u: =ran(0);
 for k:=2 to 21 do

 begin {loop}
 if u < tabl[nordr,k] then
 begin (innerblock}

 z: = tabl[nordr, k- 1]:
 ds:=u-z;
 db: =tabl[nordr,k]-z;
 xx: =0.05 *((ds/db)+ (k-2)

 end {innerblock}
 end {loop}

 end; {beta}

 Algorithm (13)
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 The "beinit" call parameters are:

 nordr the reference number for the i-th distribu-

 tion with parameter pair (a,b)i
 xa,xb the given parameter pair
 tabl the name of the array [ntot,21] declared in

 the calling program
 ntot the number of different parameter pairs

 used in the calling program(s).

 When using the procedure "beta":

 nordr, tabl, ntot: as for "beinit" xx returns the
 generated random value x,.

 The following function: "fgamma(2)" is called by
 "beinit." It is an approximation for computing F(z),
 (Hastings 1955, p. 157) in a configuration intended
 for:

 F(1 + z), where 0 < z < 1.
 But, by the property:

 F(z) (1 + z)
 r(z) =  z

 we can use it for 0 < z -< 1:

 type
 realarray7=array[1 . . 7] of real;

 function fgamma(var z:real):real;
 type

 flag= (on,off);
 var

 x,r:real; i:integer; f:flag;
 c:realarray7;

 begin {fgamma}
 c[1]:=-.57710166; c[2]:=.98585399;
 c[3]:=-.87642182; c[4]:=.8328212;
 c[5]: =-.5684729; c[6]:=.25482049;
 c[7]:=-.514993;

 f:= off;
 if x >= 1.0 then

 begin {large x}
 x:=x-1.0;
 f:= on;

 end; {large x}
 r:= 1.0;
 for i:=l to 7 do
 r:=r+(c[i]*(x* *i)
 if f=off then

 fgamma: = r/x
 else

 fgamma: =r
 end; {fgamma}

 Algorithm (14)

 Once the F(x) tables are computed, Algorithm (14)
 is quite efficient: it requires one call to the U can-
 non, a search in the table, and linear interpolation.
 However, it certainly lacks elegance, and has been
 described mainly as an example procedure for cases
 where the computing of tables and linear interpola-
 tion would be unavoidable or more efficient, for
 example, in extensive use of Gauss-Laplace (Section
 4.4.1). A very astute beta cannon has been devised by
 Johnk (pp. 9-10), valid for any positive real parame-
 ters a and b, and without the theoretical shortcom-
 ing of approximation:

 function beta(var a,b:real):real;
 var

 ea,eb,yl,y2,s:real;
 begin {beta}

 ea:= 1.0/a;
 eb:= 1.0/b;
 repeat

 yl: = ran(0) * *ea;
 y2:=ran(0)* *eb;
 s:=yl+y2

 until s <= 1.0;
 beta: =yl/s

 end; {beta}

 Algorithm (15)

 The efficiency of Algorithm (15) is interesting, at
 least for the parameter values in which we are in-
 terested (a < 1 and b < 1). In such cases,
 "s:=yl+y2;" has a fair chance of not being greater
 than 1, since the exponents ea and eb are greater
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 Fig. 22. Right halves of the
 histograms of four distribu-
 tions, all scaled so that
 F(3) = 0.99865.

 than 1. Thus yl and y2 are even smaller than the u
 variables generating them. For a = b = 0.75, 3.15
 calls to ran are necessary on average; for
 a = b = 0.5, 2.55 calls are required.

 5.0 Some Comparisons and Applications

 L'action n'est possible que dans une certaine
 insouciance et la vie n'est qu'un acte de
 confiance en nous-memes et dans la bienveil-
 lance des hasards.--R6my de Gourmont

 In order to compare the five symmetrical distribu-
 tions with one central mode that we have described
 (of Laplace, Cauchy, hyperbolic cosine, logistic, and
 Gauss-Laplace) we can adjust them to a common
 characteristic. For instance, we can scale their dis-
 persions by means of multiplying factors. Let us take
 as starting point

 y = F(3) = 0.99865

 of the normal distribution, (I = 0, o- = 1): the
 probability of values greater than 3 is 1 - y
 = 0.00135. We can center the other distributions on

 zero as well, and scale them to conform to this
 condition. This can be done easily by replacingx, by
 3, and u, by y(=0.99865) in the cannon formulas, and
 solving for the scaling factor.

 This gives, for the first law of Laplace:

 --7ln(2 - 2y) = 3 - > = 0.50723
 for the Cauchy distribution:

 7 tan[Ir(y - 1/2)] = 3 --> = 0.01272
 for the hyperbolic cosine:

 7 In[tan( )] = 3 -->~ = 0.48732
 2

 logistic (with p = 0, in order to have the mean at 0):
 1

 -In(y- 1)
 = 3 -- a = 2.2021.

 a

 Figure 22 shows the right halves of the histograms,
 with the proper factors. The Cauchy distribution is
 not shown because its representation is impossible

 f(x)

 0.8

 m: normal
 0.6 : hyperbolic cosine

 : logistic
 z: first law of Laplace

 0.42

 0.2

 0

 on the same scale as the others: with the above 7, it
 gives

 f(0) = 25.02436,
 f(1) = 0.00405, etc.:

 a vertiginously abrupt mode! Otherwise, the figure
 speaks for itself: each distribution has a certain
 "personality," a certain demeanor. Their differences
 can, for instance, be considered in modulating vari-
 ous behaviors of pitch clouds, more or less centered
 on their mean. Of course, large numbers of random
 values are necessary for this kind of process to have
 any significant overall relation to the histograms.

 5.1 Application of the Gamma Distribution

 Random variables generated by the gamma, expo-
 nential, and linear distributions can be applied, for
 instance, to time intervals. Each distribution again
 has a personality. In order to make the comparison
 clear, all sequences of random intervals should be
 set to the same average density: we choose
 e = 2.71828 . . . points per second. The mean of
 the linear distribution of parameter g is g13. Setting
 g = 3/e will generate the average value 1/e as inter-
 val between points, that is: e points per second. The
 exponential cannon can be called directly with
 8 = e. For the gamma distributions, we know that
 the mean of y, is v; in order to set this mean to lie,
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 Fig. 23. The same average
 density generated by differ-
 ent distributions: (a) linear,
 (b) y, (exponential), (c) Y,
 (d) Y4, (e) y8, (f) y16, (g)
 scaled Cauchy (see text).
 An "x" represents a

 "point"; rotations of this
 symbol are used to render
 somewhat visible clusters

 of two or more neighbor-
 ing points, superimposed
 because of the figure's exi-

 guity. There are three lines
 of points per rectangle,.
 representing a total of
 40 units.

 )-4 +A- + +-x4 + +- - x+--+-*-A 4-4- kY x +- #

 a. + k x +k- xx - + A + x x Y x l -- x + X 4 4k x *A-+
 - x - + * -+ x +*- x - )x "e -A-x AX,- k-+x - + +- -x + 3Ax .k + A-

 b +- -/-+ - A-+ x A-+ A- x 4. + + Ax- x +- x1x 4- + x ! +-
 xx - + + x y, + XA W X-k +( - .+ kA- x + x + --+k x4 +

 x)+ - x -x - , + - x) x I-+ rc + x - x + 4 + k x + X)(+4- A- A- A * -A- $ + -4- - A - x 4-+- x++ A-x A- A 4- -
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 x Y-+ A-+ XA - + - -- +Ax +4A- 4 +A-) x -+ A- X 4- A- x 4 +AA-  4-+ + k x A - + A- X X 4 - + kAx -+ - X - + -+ X 44A A X ++ - x A, + A- x- +-1-- + XI + -4- A- + xx + 4 + X -A- 4, + + k X A A Y- A X --4 + Ak X ++

 **$-i-k( X -A4- -rA r x$ -
 + ? A4 A A-A-4-A-X*$4~-Ac

 we must set:

 X-
 ve

 We have chosen to test these distributions (includ-
 ing the exponential as Yi) with v = 1, 2, 4, 8, 16.
 This exponential scaling of v amounts to a rather
 linear rhythmical regularization from the perceptual
 point of view, obviously due to the fact that the
 gamma distribution loses its asymmetry for large
 v's. Figure 23, from (b) to (f), shows results of this
 comparison. Each rectangle represents 40 units, and
 the average density per unit is each time near e (less
 than 2% difference). From y,(b) to y71(f), the increase
 of symmetry is clear. The linear distribution (a)
 stands somewhere between the y, and the y,. For the
 sake of comparison, (g) shows a Cauchy distribution

 of intervals (obtained with iopt = 1 in the al-
 gorithm in Section 4.3.5) which has been scaled a
 posteriori to give the same density of e points per
 unit. This distribution's irregularity seems truly un-
 predictable, and no romantic effort to control it by
 its parameter 7 can overcome the mathematical fact
 that it has no predictable mean. The example shown
 has been chosen as an illustration of a sort of

 maximum acceptable asymmetry; more would be
 difficult to use in such a context.

 5.2 Application of the Beta Distribution

 In rhythmic applications also, the beta distributions,
 including the continuous uniform as the special case
 13(1,1), show an interesting progression. The mean of
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 Fig. 24. The same average
 density generated by differ-
 ent beta distributions: (a)
 3(0. 125,0.125), (b)
 6(0.25,0.25), (c) 3(0.5,0.5),
 (d) p(0.75,0.75), (e) P(1,1),
 equivalent to the continu-

 ous uniform. An "x" repre-
 sents a "point"; rotations of
 this symbol are used to ren-
 der somewhat visible clus-

 ters of two or more neigh-
 boring points,
 superimposed because of

 the figure's exiguity. There
 are three lines of points per
 rectangle, representing a
 total of 40 units.
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 x~~~~ -/.a $-- --~ -/, +x < 3-/-b 4 x re $ + ? &x X-- -- .k $. ? ? & t s -/- + /

 e -I ,-A-A- -- A- x A-- X x -A- A A- A- x A -A + + * x +-Y + A- -iA-+A- X A-+A- A-X
 +-/ - A-x *-- x A A.- -IAk xI-/ A+ - x-. .x+- A-- X A A -- - A- -A - A- A- X .

 a 8(a,b) distribution is

 al(a + b)

 Since here also we would like to compare the differ-
 ent distributions with a common average density of
 e points per unit, a multiplying factor must be
 applied to the random values generated in [0,1] by
 the cannons, in order to bring the mean interval to
 lie:

 X = #(a,b)a + b
 ae

 We then have cases (Figure 24) of time intervals in
 the finite range [0,(a + b)/ae].

 In our examples, since we have always set a = b,
 the actual range is [0,2/e]. As compared with asym-
 metrical cases of Fig. 23, a greater homogeneity is
 achieved even for (a), due to the fact that a sort of
 basic pulsation is present, equal to the longest inter-
 val, 2/e, and the random values can be perceived as
 subdivisions of this quasi-tempo. In (a), since
 ,8(0.125, 0.125) greatly favors values near 0 and 1, we
 have many configurations of this type:

 with different numbers of short notes. From (a) to (e)
 this characteristic becomes less important, since
 mean values become more and more probable, until
 reaching equiprobability in (e),

 6.0 Conclusion

 The preceding comparisons and examples are merely
 suggested as starting points for composition. Even
 with these stochastic generators specified, a central
 problem in compositional design remains in apply-
 ing these automata to some music processes. There
 is no limit to the use of stochastic variables in
 music. For instance, the points of Fig. 23 could be
 read as lists of selected pitches on a frequency axis,
 and they could then be used as material for further
 development. The durations of sounds could be con-
 trolled by some symmetrically centered distribu-
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 tion, Or by some time interval distribution-perhaps
 different from the ones controlling attack times.

 Going beyond these direct applications of static
 stochastic processes, one may devise stochastic
 transitions between different distributions. One dis-

 tribution may be used to control the parameters of
 another distribution, creating a hierarchical stochas-
 tic system.

 If probability is an answer to certain problems of
 compositional choice and selection, there still re-
 mains a lot to choose-the music is still left to be
 made!
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